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THIS. 



DOCTRINE AND APPLICATION 



OF 



FLUXIONS. 



PART THE SECOND, 



SECTION I. 

The Manner of Investigating the Fluxions 
af Exponentials, with Those of the Sides 
and Angles of Spherical Triangles. 

S50. 1 HE method of deriving the fluxion of anj 
power, 3c"y of a flowing quantity^ when the Exponent 
(v) is given or invanable, has been already shown : 
but, if the exponent be variable, that method fails ; in 
which ease the quantity x" is called an exponential ; 
whose fiuxion is thus determined. 

Put jKa jr% and let the hyperbolic I<%arithm of x be 
donotdidbyy; then that of x^ (z) will, by the nature 
of logsri^ms, be = vy; apd tWefore its fiiixion=i 
1^+vy ; but the fluxion of the logarithm of z {=jif) 
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g OF THE FLUXIONS 

I 

z z 

•Art. 136. is also expressed by — ; * whence we have — = t^y + yv^ 

z z 

and consequently z = zvt^ + 2>yv : which equation, by subst i- 

X zvx 
+Art. 126. tuting — for its equal y,f becomes z = zyv H = 

X X 

vx , ,1 

x" yv + x" X — = x^yv -f- t?j""'x = x'"v X hyp. log. ar 
4- vx^'^^x. 



The same otherwise^ without introducing the Properties 

of Logarithms, 

« 

251. Let 1 +js:= J, and n + w=^Vi supposing n con- 
stant and tie; variable : then a?" = 1 + ^l" "=14-^1" 

t£7 — 1 



xTT^*=r+11" X (l+wz + '^x^ x.^- + 

1 ^ 



tt> M? -- 1 Z£7 — 2 



$Art,.99. Y X — ^ X — g— X 2^ + &C.)t =1 + 2^1 X 



1+WZ + ^W^ — |Z£7 XJBf^ + ^tt?^ — i«)* + ^ X S^ + &C. 

whose fluxion, found the common way, is ni x 

l+2rl"~* X (l-^WZ + ^W^ — ^W X Z' + iw^ —■^w--\-jw 



xz^ &c.) 4-1 -{-z^** x(wz+wz-\-imb — ^w x 2^ -\' jW- — ^ 



w 



x^zz-\-\w'^W'-ww-\'^XZ^ '^\w^---\w'^ '\- \w X 3z"z 
&c.) which, by substituting x and v for their equals z 



and u?, becomes nx x l4-^*~ x (1 4- «^^ + \^" — 2«^ 



X 2^ 4- &c.) 4-*l4-^l" X «52: 4- w^ac 4- mw— |t7 x^r^ + ^c. 

But, if 2£? be, now, supposed to vanish, we shall have 
the true value of the fluxion when « = w ; which, in 

% 

that circumstance, appears to be = «* x 1 + ^l""" 



OF EXPONENTIALS. 



^vx^xz— f ;s^ + 5-2:^ —%z* &c. Q. £. /. 

It IS plain, because the series, z '— ^ s^ -{- r^ z^ Sec. 
here brought out, is known to express the fluent of 

.= , or the hyperbolic logarithm of 1 + ar,* that the * Art 196. 

X "T* -Jo 

two conclusions agree exactly with each other : from 
either of which the following iZttfe, for the fluxions of 
exponentials, is deduced. 

252. To the FItixionfound by the common Rule (Art. 14) 
considering the Exponent as constant^ add the Quantity 
arising by multiplying the Fluxion of the Exponent, 
the hyperbolic Logarithm of the Root, and the proposed 
Quantity itself, continually, together : the sum will be 
the Fluxion when the Exponent is variable. 

Thus, for example, let the quantity proposed be 



aM-^% then the fluxion thereof will be zx^zzx 

oM^*""' + i X oM^* X hyp. log. (»« + z^). 

But, if the root is constant, and only the exponent 
variable, the exponential will be more simple ; and its 
' fluxion. will then be had by barely multiplying the quan- 
tity itself by the product under the logarithm of the root 
arid the fluxion of the exponent. 

Thus, the fluxion of a* will be expressed by a' x « 

X hyp. log. a ; and that of a« + i-p by oHTJ^" X ni 

xhyp. log. a^ + 6^. These kind of exponentials oftner 
occur, in practice, than any other ; but, as it is very 
rare that we meet with any, I • shall therefore proceed 
now to the other consideration proposed in the head of 
this i^ection ; namely, the method of determining the 
fluxions of the sides and angles of spherical triangles 
(a thinff very usefiil in Practical Astronomy) which 
I shall deliver in the following Propositions. 

b2 



•F THE FLUXIO)«l 



PROPOSITION I. 

2^8. To determine the Ratio of the Fluxions of the 
several Parts of a right-angled spherical Triangle ; 
supposing the Hypothenurse^ one Legy or one Anglcj to 
remain constant^ while the other Parts vary. 



G 



._'--'-% I V 



.K 




Let A, F, and G be the 
poles of the three great- 
circles D E F G, ABI>, and 
A C E ; where^rf the position 
of each is supposed to con- 
tinue invariable, while ano- 
ther sreat-oircle H F C B is 
conceived to revolve about 
the pole F : whence, if G H 
be supposed perpendicular to 
F H, three variable right- 
angled triangles, F G H, 
FCE, and ABC, will be 

formed ; in the first whereof, the hypothenuse F G will 
remain constant ; in the second, the leg E F ; and in 
the third the angle A. 

Let B b (a J be the fluxion (or inddSnitely small in- 

Ari. 134.crement)^ of the base A B, or the angle F ; and let 

C d meet the great circle i F A, at right-angles, in d; 

then it will be (per Spherics) as sin. F B (rad,) *. sin. 

, . ^ 1 >i » /co^. BC . , co^. BC 

skd, tang. C : rad. I'.Cd ( j^ x q) : ^r 

* ^ \ rod. ^ tang.C 

X f ss the fluxion of B C. 

Moreover, sin. C : rad. :^,C<tY J^j^ xq) I 

co-9. BC 
jtit* c 



rut 



X 9= the iluxion of A C. 



OF SPHBRIOAL TBIANGLES 

Lastly, sine of FB (rod.) \ «fn.FH (BC) I \lih(q) \ 
— '— — X q (=Hm) = the fluxicm of GH, or its 

complement 'C. 

Now, if the several miantities, in these three equa- 
tions for the trian^e A B C^ be expounded by their re- 
spective equals in the other two triangles C £ F and 
F G H, we shall also have 

sin. CF n /^ T^ 

xq:=i—fiux. C F. 



tang, C 
sin. CF 



sin, C 
co-5. C F 



X9=— flux. C E. 



x:^ =s flux. C. 



rad. 

And 
ca-s. FH 



to^tang. GH 
co-s, F H 



X j^=flux. FH. 



cos, GH 

sin. F H 
rad. 



x^j^=flux« G. 

Xflf3=-flux, GH. Q.-E./ 

C^KOtLAftY 1. 



S54. Hence^ if, in any right-angled spherical-tri- 
angle, the hjmotbenuse be denoted by A, the two legs 
by L and /, the angles, respectively, adjacent to them 
by A and a, we shall, by substituting above, have three 
equations for each of the three cases. From the coixb- 
parison and composition of which, the three following 
fbUiB asc deduced ; exhibiting all the different varieties 
tbat can posaibly fatppea^ whether an «ngle» a kg^ (ur 
the hypothenuse be supposed invariable. 



OF THE FLUXIONS 

TABLE I. 

When one Angle A is invariable, 

• tang, a : sin. a : rod, 
L=: — 2—7 x/= jxn=i-i — , xa 

co^, I co^. I nn, I 

; co^, I r c(U8. a ; CO. tang, I 

i=r- xi=— ^- xA=-- 2—xa 

tang, a R tang, a 

• co-s. I • R \ co4,ans. I 
hz=:—. X L=z X /= — T-s— X a 

sin, a CD'S, a sin. a 

sin. I. ' tang, a ; sin. a ; 

a=— p-xL=— 7^— ,x/= — >xA 

R co-tang. I co-tang. I 



TABLE IL 

When one Leg L is invariable, 

xa 



; tang, a ; sin. a : R 



sin. h sin<, h co-s. h 

cos. h • sin. a : tang, a 1 

R tang, h tang, h 

sin. h ' cos, a ; tang, h 

A=r xA— — =- x/=— 7-^ — xa 

tang, a R tang, a 

; sin. h ' R ; tang, h 

/x=-: XA=Z xA= r^ Xa 

8in, a cos. a sin. a 



TABLE in. 
When the Hyp. is invariable, 
; co-tang. I ' COS. I . R ■ 

A=z ^ XL=: F-xa= -: f Xt 

COS. Jb cos. la sxn. Li 

• cos, L ; sin. I tang. I ; 

L= 1 jXA=i-'=- xa=— 7-^-7 xl 

co-tang, I R tang, L 

Where, and also in the two preceding tables, the leg L 
is adjacent to the angle Ai and the leg / to the angle a. 



OF SPHEAICAL TRIANGLES. 



COUOLLABY II. 

255. From the third original equation, expressing 
the fluxion of the angle C (Vide Art. 253) it appears 
that the superficies of any spherical-triangle ABC, is 
proportional to the excess of its three angles above 
two right-angles. For (BC db) the fluxion of the 
triangle ABC, is = sine BC x Bb (by Art. 161) which 

being to, — — — x Bi, the fluxion of the angle C, 

above specified, in the constant ratio of radius to 
unity, the fluents themselves (properly corrected) must 
therefore be in that ratio ; that is, the superficies of 
the triangle ABC will always be proportional to the 
increase of the angle C, firom its coinciding with A^ 
or as the excess of A and C above two right-angles. 



PROPOSITION II. 

256. To determine the Ratio of the Fluxions^ or the in- 
definitef^ small Increments^ of the different Parts of 
an oblique Spherical-Triangle ABC; two Sides 
thereof A B, A C being invariable^ in Length. 



Let C c be an indefinitely 
small part of the parallel de- 
scribed by the extreme C of 
the given side AC, in its 
motion about the given point 
A ; moreover, let C d be part 
of another parallel, whose 
pole is the given point B ; let 
the great-circle B c meet C d 
in d ; and let the three sides, 
AB, A C, and B C, of the 
triangle be denoted by JO, jB, 
and F respectively. 



^o_Ji 
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OF THE VLUXIOXS 

Then (per Spherics) we shall have 

R:S.E::CAc (jj : Cc = 



S.E. 
R 



X A ; 



and, R : S. F::CBd (B) '. Cd= 



S.F 
R 



B. 



Also, R\ .y.rfCcCACB): :Cc : F= ^'^^f'^ x J.- 

It" 

ButS.C:S.D::S.B:S.E; therefore S.ExS.C 
=S.Dx S. B, and consequently F, also, = — * 



R 



xA 



S.E 



Again, R '. co^. d Cc (ACB) : : Cc ( 



S.E. xco-s. C 
whence B = 



X i ( = C d; = 



S.F 
R 



X J): 

B; 



S.E X COS. C 
RxS.F 



X A. 



S.F 



Lastly, co-t.cCd (C) '.Ry.Cd (-^ x BJ : F = 



\ R 



S.F 



X B. 



co-t. C 

Whence, by the very same argument (substituting 
D for E, and C for B in the two last equations) we 

likewise have C =—^i ~ ^ ^ ^y *d^ f (= 

K X o. r 



S.F i, . S.F /, 

X B) = r-^ X C. 



co-t. C " ' co-f, B 

Now, from the equations thus found, it is manifost. 



1». A 

2°. A 
S\ A 
4'. B 
5'. C 

e°. B 



F 
B 
C 
F 

F 

c 



R^: S.DxS.B {:: co^seca, D \ S. B) 
RxS.F: S.Exco^.C 
RxS.F:: S.Dxco^.B 
co^t C :S.F 
co-t.B : S.F 

co-t. c : co-t. B (::T.B:T.C) Q.E.i. 



OF SPHEBICAL TRIANGLES. 

257. These proportions, for the fluxions of the parts 
of 9. spherical triangle, are very useful in various cases 
in Practical Astronomy ; whereof I shall here put down 
one or two instances. 

The first is : to determine the annual alteration of 
the declination and right-ascension of a fixed star, 
through the precession of the equinox. 

Here A must denote the pole of the ecliptic, B that 
of the equinoctial, and C the place of the star ;. and 
then (by the first and fourth proportions) we have 

Coseca. D \ sin. B \\A \ F ; and 

s, F, : co-t c :: F\B; 

That is 1°, As the cosecant of the obliquity of 

the ecliptic is to the sine of the starts right ascension 

from the solstitial colure, so is the precession of the 

. equinox^ or alteration of longitude, t& the alteration of 

declination, 

2°. As the co^ne of the starts declination i^^ to the 
cotangent of its angle of position, so is the aberation 
ofdedmation (found as abwite) to the alteration of rigfU 
ascension corresponding. 

The second example is to find how much the ampli- 
tude, and the time of the apparent rising and setting of 
the sun, or a star, are a£Pecte(l by refraction. 

In this case A must de- 
note the pofe of the equa- 
tor, and B the zenith, and 
the side BG must be an 
arch of 90 degrees^ s6 
that the star CmBj co- 
incide with the horizon 
Q G : then, from; tht- V«y 
same proportion, we have 

Sin. B : co^eca. 6 \\ F '^ A, 

And, R : cort. c :: F:jb 

But, R\oo4.C (T.QCA) :: sin. B (CQl \ co.-ia^. 
D (tang. QA). 
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OF THE FLUXIONS 

Hence it appears, 

1**. Thati as the co-sine of the true amplitude (con- 
sidered independent of refraction J is to the tangent of the 
poWs elevation^ so is the given horizontal refraction to 
the difference of amplitudes thence arising. 

^. And that, as the co-sine of the true amplitude 
is to the secant of the pole's elevation^ so is the said 
horizontal refraction to the effect thereof in the time 
of risings or setting of the sun, or star. 

But this last proportion may be otherwise expressed, 
without the amphtude : thus, 

S.AB X S.AC xS.J : R^ :: the horizontal refraction, 
to the same effect. 

PROPOSITION III. 

268. To determine the same as in the preceding Problem; 
supposing one side A B and one of its adjacent Angles^ 
B, to continue invariable. 

If from the end oi the 
given side, opposite to the 
given angle, a perpendicular 
A D be let fall, that perpen 
dicular, as well as tne seg- 
ment B D cut off thereby, 
will be a constant quantity, 
while the other parts^ of tne 
triangle Aa D vary, by the 
motion of a along the arch 
a B D. Therefore the problem is resolved by Case 2 of 
right angled triangles. Vide Art. 264. , 

269* It may not be amiss to give one example of the 
use of this last proposition : which shall be, m finding 
the parallax of a planet in longitude and latitude ; that 
of altitude being given. 

Here A must stand for the pole of the ecliptic, B 
the zenith, and a the planet : then, if the hypothe- 
nuse A a be denoted by A, the leg. D a by /, and the 

given parallax in altitude by /, it will appear, from 
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the place above quoted, that A (the parallax in long.) 

.,; , sin. a ; sin, BaA ; i i / ^l 

will be = -: — =- X e = — ; 3 — X /, and h (the 

sin, h sm. Aa 

„ .IX co-5. a : cos, BaA : 

parallax m lat.) = = — x i = 5 x L 

* rad, . rad. 

If the planet be in (or very near) the ecUjptic, and 
aQ be supposed a portion of the ecliptic, meeting A B, 

at right^angleSj in Q, then (per Spherics J — r^— ^ — 

8tn, A.€L 

(COS, BaQ\^tang, Qa , cos. BaA /sin, BaQ\ 
radius / "" tang. Ba ' rad, \ rod. / 

; whence, by substituting these values 



tang, 
sin. QB 
sin, Ba 



above, we shall, in this case^ have A =s — ^' p x 

tang, JO a 

/, and A = — r^ — ^ — x / ; that is, in words, 
sin* JD a 

As the tangent of the planefs zenith, distance^ is to 
the tangent of its longitude from the nonagesimal degree 
of the ecliptic^ so is the parallax in altitude to the 
parallax in longitude. 

And^ as the sine of the zenith distance to the cO'Stne 
of the altitude of the nonagesimAl degree^ so is the pa- 
rallax in altitude to the parallax in latitude. 

Because the parallax ii^ altitude, the horizontal pa- 
rallax CM) being given, is nearly = — '— — x iHf, if 

• 
this value be substituted for /, in the two last equations, 

i_ 11 .1 ^n* Q^ %r J i tane.Qa x sin,Ba 
we shall get h = ^=^— x iif,and^= — ^--^ — — ^ 

rad, rod, x tang. Ba 

,.-, sin, AB X sin, BAa ,- 



N • 



1£ 
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Whence, we have these two other theorems, for 
finding the required parallaxes immediately from the 
horizontal parallax, without either the altitude or its 
parallax, 

1. As radttta to the cosing of the altitude of the 
non^gesimal degree of the ecliptic^ so is the horizontal 
parallax to the parallax in latitude, 

2. And as the square of the radius to the rectangle 
under the sines of the altitude of the nonagesimal degree 
olut ihg planets longitude from thence^ so is the hiyri- 
zonkd parallax to the parallax in Umgitude, 

PROPOSITION IV. 

S60. StUlj to detemtme the same Thing ; supposing one 
Angle Ay and the Length of its opposite Side B D 

(or) Bliy to rematn. Constant. 

Let 6l)' (equal to 
B D) intersect B D in 
an indefinitely small an- 
gle at P, and meet AB 

and AD in j^ and D ; 
also in BS produced, 
let there be taken P N 

=»P6aiidP]Vl=P6, 
and let iV^, j5, and Jlf, 1^ be joined. 

Since, by hypothesis, D B = li 6 == M N, if from the 
first and last of these equal quantities D M, common, 
be taken away, there will remain B M=D Jff. 

Moreover, sinee the triangles B M B and D N p, in 
their ultimate state, may & considered as rectilineal, 
• Art 134. and right-angled at M and Nj^ it will therefore be, as 

B M : B IB :: co-«. S : rodiiw. 
And D N : D D : : co-«. 2> : radius. 
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^ Ftom wfaence, the extremes in both pn^ortiMiB! being 

the same, we have B B : D D : : ca-«. D I co-«. 3 : 
and therefore, if A B be denoted by H^ and AD byJTy 

it appears that H \ K \\ cos. D \ cos, B, 

Again, per Spherics^ sin. J : sin. BD (GJ H sin. 
D : sin. H : I JImx. sin. D \ jtux. sin. H ; because, 
the sines themsdives being in a constant ratio, their 
fluxions must be in the same ratio : but the fluxion 
of the sine of any arc, or an^le, is to the fluxion of 
the arc or angle itself, as the co-sine to radius^** Art 142. 

therefore the flux. sin. D being = ' — xD, and 

rod. 

COS. H 
fixLx. sin. Zr= -^ — X -ff, it follows that, nil. A 

: sin. G : : co^s. D X i): cos. H X H; otD \ H: : 
sin. A X COS. H \ sin. G x cos. D: and, by the very 

same argument, B I K [l sin. A x cos. K \ sin. G x 
COS. B. Now, by compounding the former of these 
two proportions with the first above given, we get 

i) I Ky, sin. A X COS. H \ sin. G x cos. B. And, by 

compounding this last with ^ '. B y, 8in.Gx cos. B : 
sin. A X cos. K (that immediately preceding it) we also 

dbtam D \i \ : cos. H : cos. K. 

Whence, by collecting these several propertiims toge- 
ther, we have the ftiitewing Tdble for all ike diffiersnt 



H\K\\ COS. D : CO-*. B 

D\ B : \cos. H : COS. K 

D. H \\ tang. D : tang. H 

B\K\: tang. B : tang. K 

K \ D \\ sin. G X cos. B : sin. A x cos, H 

H '. B \i sin. O X cos. D : sin. A x to^' K 



14 THE RESOLUTION 

It may be observed, that the fourth and the last are ho 
new cases, but only the third and fifth repeated : and 
that, though the forpier of the two last named differs 
fipom that found above, yet it is very easily deduced 

from it : for, since it appears that D \ H \\ -- — '—fr : 

—F9 ^"^ because sin, A : sin. G \ ! sin, D : sin, 

co^s, H 

sin. D sin H 



Hy it follows that 2> : ^ : : ^ . ,, . 

co^s. D co-s. H 

tang. D : tang. H. Q. E. I. 

There is yet another problem, when two angles re- 
maiin constant ; but this, by taking the triangle formed 
by the poles of the three given circles, is reduced to 
Problem 2. 



SECTION II. 

Of the Resolution of jiuxional Equations^ or 

the manner of finding the Relation of the 

flowing Quantities from that of the Fluxions. 

261. \A' HEN an equation, expressing the relation of 
the fluxions of the two variable quantities, contains only 
one of those fluxions with its respective flowing quantity 
in each term, the relation of the quantities will be ob- 
tained by finding the fluent of every term : as has been 
already taught, m Sect. VI, Part I. 

Thus, i{ ax^x=zy^y^ then will -q- = ^^ * 

And, if x^i/^x:=zay ; by reducing it first to o(f x=. 
ay^y (so that its variable quantities may be separated) 

we have — -- = --^ — . 
n+1 1 — ?» 
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But, if the given equation has its indetenninate quan- 
tities and their fluxions so complicated together, that 
it cannot be brought under the form there prescribed, 
the task will become much more difficult ^ nor is there 
any general method to be given for such kinds of equa- 
tions, whereof there are an infinite ^variety. 

The method of infinite series {in some measure ex- 
plained already, and more fully considered hereafter) is 
mdeed very comprehensive, and may be applied to good 
purpose in various cases ; but, bemg tedious and at- 
tended with a number of inconveniencies, it is a me- 
thod we ought never to have recourse to till we have 
tried what may be, otherways, effected, by help of such 
particular rules and observations as we have been able, 
to collect. 

Accordingly, I shall, here, first point out some of 
the most proper ways to be tried, in order, if possible, 
to bring out the solution without an infinite series. 

262. Tht first method lis, by multiplying^ or dividing^ 
the given equation into some power or product of the 
quantities concerned ; so as to bring ity if possible^ under 
the form of s%Lch fluxions^ «w, we know^ do arise, if not 
from the first, yet from the second or third, of the three 
general rules in the direct method. 



Thus, if the given equation be — h— = 



oTx 



X y ajf 

then, the whole beirig multiplied by ocy, so that the two 
first terms, ^i + jjy, may become the ^nown) fluxion of 

the rectangle xy^^ there arises yx -^r xij -=. : but • Art. la 

still we are at a loss for the fluent of the last term, 
unless n be taken =1 (so t^at y may vanish). In that 

case we have ysy = ; expressing the relation 

m -f 2 xa 

of the fluents when that of the fluxions is — + ^ = 

X y 

txf^x 

— : which appears to be the only case, of the given 

^uatioh, where this method is of use. 



are 
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ost ird oif X 
Agaip, let the equation ^---f-^=— - be |Mfo- 

pos^. 

Here, WultipljiDg by x^^' (where the exponents 

the Mine as the co-efficients of — and ^ ) we get 

jMp^'i X y + x^ X rjf^^y = — -z; ; in which the 

former part of the equation is known to express the 

• Art. 15. ^uxion of x^ y^.* Tnerefore, when w=r, the relation 

c£ the fluents may be found, and will be expressed by 

x^jf = - = : which, if no correction by a 

constant quantity be tiecessary, may be reduced to 

fii+p + lxa 

The same method may also be extended to fluxions 
of the higher orders: l^t x—xz^=:fz' (which equa- 
tion occurs hpreafter, ui the resolution of a problem 
of some difficulty). Then, multiplying by i, it be- 
comes ix—orxi^rs^-x; where, i being constant, each 
term admits, now, of a perfect fluent, and we therefore 

. have -^ — ^-g- sfc jx i^ : from whence, supposing no 

X 

correction necessary, i = . =, and z = hyp. 

Y AtJX ^" X " 

l6g. f+ X -h V^^?Hh^ (by Art. 126). 

£69. /( mf^, happen that the solution of an equation 
will become more easy hy first taking the fluxion thereof; 
wheHf hjf that means^ some of the terms destroy each other. 

The Allowing is an instance of it (which, also, occurs 
hereafter) . Let y + ^ — ^ = x — *?- : whose fluxion, 

« y 
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!• . . . vxa — X — it/ 
nuuang x constant, is y + '^ ^ ^ = i — 

X 

■ .o : which, by reason of the terms destroying 



r 



-• •* 



one another, is reduced to ^-f — f =:'?^ : therefore, 

by expunging y, &c. we get jjry"~i=ijrx «— afl"~i, and 

consequently %J=— 2xa — ssr+sowe constant quan- 
tity, 

264. Another method^ applicable to equations^ of the 
^rst order of fiurioTis^ wherein only one of the two ua- 
riable quantities (x or y) enters^ is, to substitute for the 
ratio of the two fluxions (x and y ) : from whence the 
value of that quantity will be had^ immediately, in terms 
of the scud assumed ratio : and then^ hy taking itsfuxioHf 
that of the other quantity (and from thence the quantity 
itself) wiU become known. 



Thus, let aiy^ =y x «^ + y^j* (being the equation of 
the curve that generates the solid of the least re- 
sistance, when the bulk and greatest diameter are given). 

» 

Then, by putting ~ = i;, and substituting above, we 

get avy^ =yx t?«y*+y*'' = yy^ X v* -f 11^ ; and coti- 

, <i© - ^ . avSavH 
sequently y = ■\^ : therefore y ss -: rr — ; 

- 1 • V avv—SavH , 

and consequently x ( = vy J =• — ■ — : whose 

fluent may be &und, from Art. 84, or,, otherwise, 
thus: put tD*=©^+l; then ©*=t£;^— 1, and wws^ 
vv ; by substituting which values there arises x = 

■ — ■ = 46aww^ — Saww"^ ; and there- 

to'^ 

VOL. II. C . 
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^ iatiT^ 8ai»~2 a Sa Saw- -- 2a 



Sa X t?«+l— 2a a x St?^ + 1 

! — — -=±=:=r; — = -r — ^^. ^ ; which, corrected 
2x1SHni* 2x^mT1 



(by taking j^, or t;=0) becomes xzz^L^^^ | 

From this equation, bj completing the square, &c. 
V may be found in terms of x ; whence the correspond- 

a© \ . 
ms value of y (= ,o ) will also be known. ^ 

265. The fourth method, which chiefly obtains when 
one of the indeterminate quantities and its fluxion, 
arise but to a single dimension each, may be thus : 

Let the value of thcU quantity, jvhich is least involved, 
he first sought, from the fictitious equation arising by neg- 
lectir^ all the termsin tiie given equation, where neither 
that quantity, nor its fluxion, are found : then, to that 
value^ let some power, or powers, of the other quan^ 
ii^, with unknown co^ejicients, be added (according to 
the dimensions of the terms neglected) and let the sum 
he substituted in the given equation, as the true value of 
the first mentumed quantity: by which means a new 
equation will result ; from whence the assumed coefficients 
may, smnetivus, be determined. 

Ex. JiCt the given equation be cx'^x+yx^zay. 

By n^lecting cx^x, or feigning yx s ay, we get 

X V X 

— =s^ : and consequently — = hyp. log. y — hyp. 

* Art 196log. d* = hyp log. ^ ; d being any constant quan- 
tity, which the nature of the problem may. require. 
Hence ^ = the number whose hyperbolical logarithth 

is - : which number, if JIf be put for (2,71828 &o.) 
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the number whose hyp. log. is unity, will . be ex- 

X 

—I 

pressed by M\' (since it is evident that the hyp. log. 

hereof is - x hs. Jtf" = — ) : therefore ^ = 
a a/ a 

* X 

M]* and y =z d x M]' . Now, to the value thus 
found, let there be added Ax^ 4 Bx + Q9 in order to get 

dx 
the true vdue; and then, y being=2Axjc4-Bi+ — 

« ■ - • 

X M]' ,♦ we shall, by substituting in the given equa- * Art. 14. 

X 

tion, have cX'X + Ax^x-\-Bxx + Cx + dxM' =2Aari 



4-Bai4-£fcif*, and consequently c + A x x^x + 

B— lEAtf X xac+C— Ba x «=0. Whence A= — c,f .j. ^yt. 84. 
B=— 2ac, C±=— 2a^c; and consequently ^=— ex 



x^ + Zax-^^^ + dM* . By the very same way, the 
value of ^, in' the equation cx*x-\-yx=zayy will come 



out = — cx»Mr* + (aa[f~* -]' n.n ^ l,€t^3!f"*+ n. w— 1.* 



. * 



266. But, what is a little remarkable, in these ^ua- 

X 

tions, is, that the Exponential dM' , though a variable 
qiiandity, should only serve, as it were, to correct the 
fluent, or perform tne office of a constant quantity. 
What I here mean will plainly appear, if.it be con- 

sidered, that the equation y=— cxa'* + 2ar + 2a% 
where the said Exponential is wanting, answers ^ the 
conditions of the fluxiopal equation first proposed; 
which, upon trial, will be found ; . and must.peeds be 

c 2 . * ^ 
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ffae case, seeing d may be, either, taken nothing at 
all, or any quantity at pleasure. 

But the equation ^= — c X x^ + 9ax + 2a« (when 

. dM' is tiranting) caftmot be conrected, in the usual way,^ 
so as to give j^=0, when ^=0 ; since, if ainy other con- 
stant quantity, besides -*- .2a*c be introduced, the fint 
conditions wiU not be answered : the correction must, 

therefore, be by the exponential dM' ; and is thus : 

a 

Since j< == — ex* — ^eax — ^ca* + dJlf*,ifybe 
iakm^ and x«= 0, then— 2ca^+<lilf^^0, or ds 
^ca^ ; and so the equation, truly corrected, is y = — c x - 



267; We come now to the last method ; iiamdy, 
that of infinite series ; which, though less accurate, is 
vJEistly more comprehensiye, than any yet explained: 
the manner of it is thus : 

^or the qmntitj/ whose value you would Jind^ let an 
infinite aeries^ consisting of the powers of the dtkeir quan- 
tUjf with unienown co^jjicients^ be assumed ; which series, 
together with its fiuxion^ or Jluxiohs^ must be substi- 
tuted instead of their equals in the given equation; 
when a new equation will arise, fr&in, which, ty com^ 
paring the homologous terms, the assumed co-effkients^ and 
consequently the imue sought, wUl be determined. 

Thus, left the eqiflitkm r^^ti^ (Mv^le U&^ 

y-^jryisO) be proposed ; to find x in terms dPjr. 
Tfhcib assuming x=:iW+By* + Cy +By*+^? &c. 
Wte hav* i^Af+9Byy^9C^p+4py^^^ 

Which Values b^iiigisnbititutild in i— ^— jri>st:0, Wc^get 
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Tharefwe A-^l^Q, «fr A=:l; 2B-A=0, or Bss 
^ = i; dC - B = 0, «r C = |=glg; 4D- C 

Aud coB^equendy ;?: (Aj[^ -H ftjf^ + Cjf^ &c.) = y + 

A^in, let It be required to find the value of y^ in 
the equation cx^x -hyjJ = ay, or ay— yi— CT^ac=0. 
Here, assuming y = Aa? + Bj?^ + Cv' + Djc* + E«* 4^ Pa;* 
&c. and proceemng as bdbre, we shall have 

aM+SdBxx^aaCx'^x+idDs^X'^BdEx^d: + &c.^ 
e ^ Aj:x- B»*«- C*^x- J)x^x-&Q.y\\ 
-^ cxH J ^ 

Whence A=:0; ^Bt=A=0; SoG « B-f« = c, or 

C^^;^D = C.^, orD = g^;5.E^D 
(Ax - Ba:« + Cx^ + &c.) = '£+J^^+ ^' 



8a 8.4«« 3.4.6a» 



ex* 



3. 4. 5. 6 a'* 

^8. It appears bpm this ex^nnpl^ that the quantity 
to be i^pund, will not always require all the tern^ of ther 
series Aar + Bx^ + Cx' &c. And it may happen, in 
innumerable cases, that the series to be assumed will de- 
mand a very different law from that where the exponents 
proceed according to the terms of an arithmetical pro- 
fession having unity for the common difference. And, 
indeed, the greatest difficulty we have here to en- 
counter is, to know what kind of series, with regard 
to its expon^ts, ought to be assumed, so as to answer 
the conditions of the equatioti, without introducing 
more terms than ^re actually necessary. 



fti tut RESOtffttOK 

I'he fdllowing rules will be found very usefat trpott 
this ocoasion' : which, though they may become im- 
practicable in certain particular cases, never take in any . 
superfluous tenps. 

1**. Having (if necessary) freed jfwr equatitmfrmn 
fractions ana surds^ let the quantity, whose value is 
sought y he supposed equcU to some power of the other quan- 
tity with an unknown exponent (n) ; and kt that power, 
together with its Jluxion, or fuxixms, he substituted for 
their (supposed) equals in the given equation, 

^'. Let the least exponents of the variahle, or inde- 
terminate^ quantity, in the new equation, thence arising, 
he put equal to each other : whence the value of the un- 
known exponent n will he found, 

3°. Substitute the value of n, so frmnd, in all the ex- 

ponents where n is concerned; and then take the difo 

forence between one of the equal ones, above mentioned, 

, and every other exponent, of the variable quantity, in 

the whole equation, 

41*, To these differences, write down all the least num- 
bers thdt can he composed out of them, by continual addi- 
tion, either to themselves^ or to one another ; till you have, 
by that means, got, in the whole, as many different terms, 
as you would have the required series continued to. 

5**. Lastly, let each of those terms he increased hy the 
value ofn f found hy Rule 2 J and you will then have the 
exponents of the series to be assumed, 

EXAMPLE I. 

269. Let the Value of x, in the Equation a^Jc^ + x^z^ 

—a^'Z-^-Q, he required. 

First, by writing z* for x, and nsf^^z for x, the 
indices of z will be 2n— 2, 2n, and (which arc deter- 
mined by inspection, without regarding the co-efficients) 
whereof the two least (2w— 2 and 0) being put equal 
• to each other, we here find n=l : therefore, the ex- 
ponents being 0, 2, 0, the differences (according to 
Uule 8) are also 0^ 2 ; from whence, by adding 2 con- 
tinually, we get 0, 2, 4, 6, 8 &c. which (being each 
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iuoreased by the value of n) give 1, 3^ 5, 7^ 9 &e« £sr 

the exponents in this case. 

Let, therefore, ac = Az + Bzl + Cz^ + Dz' + &c 
Then, putting i= 1, in order to fiicilitate the operation, 
we shall have i = A + 3Bjk« + 5Cz* + 7D^ + &c. 
which two values being squared, and substituted in the 
given equation, it will become 

a«A2 + 6a3 AB«2 + 10a^ACz^+ lia^ADz^ + ,&c "| 

+9a«B2^*-h80a« BCz^ + &c- i H 
* + A2;?« +2AB;54 +2AC^ -h &c. ? o 

— a2 -hB^ar<^ + &c. J 

Whence, a-A«=:a", and therefore A=l; 6a«Bss — 

1 1 

A, and therefore B= —5—. = - ^^-—s » 10«' A C 

= -9a^B2 - 2AB = - B X 9a^B + 2A = - B x 



14AD = - 30a2 x - ^x 



11111 



2 X 



120a* 36a* "" 24a* GOa* 36a^ 

1 



and therefore D = — 



360a*' ^ o^ - ^4 360^6 - 

2.3.4.5.6.7 :7^' '"^' consequently, x=.-^+ 
2. 3. 4. $a* "" 2. 3. 4. 5. 6. Ta* **'" 



EXAMPLE II. 

270. ic* «Ac given Equation be a-iy— 2a^iy4-a<ri« 

+ a?^y=0; to find y. 

Here, substituting x" for y^ the exponents will b^ 
n— 1, n— 1, 1, ahdn+1; where, milking n— 1=1, 
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we get ns=2 : wfaenoe, the diflferences being 0, S, die 
series to be assumed for ^ will be A»^+B»*+Ca^4' 
D«^ + Ejr'*4-&c. From wbich^ making x = 1, we 
liavey=2A»-h4Bjr^ -h6Ca?* H-SDar' &c. and 

jf=2A ^l«Bx^^30Cx'^56Bx^ &c. 
And, these values being substituted, the equation be- 
comes 

Sa^ Ax +12a«Bjc*+80a«Cjr5 + 56a*Dx7 + &c. 
-4<^A^-8a^Bjr5 -l^a^Cj^-iea^Rr? + &c. 
+crx +«Aj:' 4-12Bx^ 4-S0Cx7 4. &c. 

1 2A 1 
Therefore A = ; B = — -: — = ; 

2a' 4a2 4a^ 

r--l^-JLl) 80C 1 . 

and so jr = x- — .-r + ^ --_ + -— — &c. 




2a 4a' "^ Sa5 ' 8a' ^ lOa^ 



oro; 



.Which series is known to express the fluent of -j , 

a -^x 
(j2 _|. ^2 
or, f a X hyp. log. ^ — : consequently y is also= 

fl3 ^ ^2 

|a X hyp. log. — . In this manner, it comes to 

pass, thatf though we are obliged, in very complicated 
cases, to have recourse to infinite series, we are 
sometimes aUe, at last, to give the solution in finite 
terms, or at least, by help of logarithm^, sines and 
tangents: which will always happen when the series 
can be summed, or is found to agree with that arising 
from some known quantity. 

271. Sometimes it happens, in equations involving 
the higher orders of fluxions, that the exponents, 
mentioned m Rule 2, whereof the least ought to be 
made equal to each other, are i$o expressed, as to render 
such an equality impossible. When this is the case, 
the value of w, and the first term of the required 
series, can (mly be deteirmined from the nature of the 
problem to which the equation belongs. We know. 
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uidei^r ftm the e^iia^an its^f^ 4mic • ams^W mther 
equal ta notUiig, or to amm patH^i've mtepr^ kss Atn 
that ^siPffesfliBg the oider of the hu^mi flimoii m die 
equatiw: beotuse the tenn that Ims the least ex- 
pfment, and which th^^ore canoot he cotapaied with 
any other (being alwajjv a&cted by two or more of the 
&ctors n, n^l, n— S9 Sfe») will then (one of these 
factors being=^0) vanish entirely eot of the equation ; 
which, thereby, is rendered possible. 

When n and A are known, die rest of the terms 
will be found in the common way, as in 



EXAMPLE III. 

Where the Equation proposed is j^i^+oiy— a^y=0; 

tojind y. 

By supposing isr 1, and writing af for y, nif^^ for 

y, and nxw^lxo?"^ finr y, we get «• 4 nar^* — 

Tixn— 1 xa^af^: but it is plain that no two of the 
indices of x can, here^ be equal : the value of n must 
therefore be either=0^ or unity (in both which cases 

the term — » x n— 1 x 0*0^""' vanishes) but I shall 
take the latter value, and suppose the first term of the 
series to be Ace ; then, the differences of the foresaid 
e^^ponents being 1 and % the law of the series will be 
expressed by 1, S, ^ 4, k^. Whence, assimiin^ y^ 
Ax + Rr^+Cx^ + D»* &c. and proceeding as m the 
former examples, y will be found = , A into x + 

x'^ , X^ X* X^ «^ o A . . 

TT + tr::+ ^T-;-^ prr-^-^ T^^r^r «c« or = A into x + 

x^ 2x^ Sx* 5x^ 8jc^ 

2a"*"2.3a«"^2.3.4a' 2.3.4.5a*"*"2.3.4. S.ea^"^ 

&c. where the law of continuation is manifest, the 
co-efficient of every numerator being composed by the 
addition of the two preceding ones. 
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272. It will be proper to observe here, thst^ id tqus- 
tioDs like the two last proposed, where the hitler 
orders of fluxions are oonoenied, thct series expressiiif 
the relation of the two quantities must always be firana 
in terms of the quantity flowing uniformly. And, 
that) if the number of dimensions of the fluxion of the 
said quantity, after substitution, be not the same in 
every term, the equation itself, put down to be re- 
solved, is absurd and impossible, and such as never ean 
'arise in the solution of any problem. In all jmiper 
equations the number of fluxional points (sujfqMMii^ 
the powers of the fluxions to be wrote without mdioes) 
will be the same in every term. 

EXAMPLE IV. 

278. Where let the given Equation be a^y^a^x+x^yj 

=:X^x; tojindy. 

By proceeding as usual the indices will here be n— 1, 
^n, 2n+l and 8 ; whereof the least (which can be no 
other than n— 1 and 8) being compared, n will be given 
= 4 : and the differences will therefore be 0, 6, D; to 
which the doable of the second and the sum of the 
second and third, &C' being put down, and then every 
term increased by 4, there arises 4, 9, 10, 14, 15, 16, 19, 
&c. for the exponents of the series to be assumed for ^. 

Let therefore j^= Ax* + Ba?94.Cx'°-h Dx"&c. then, 
making «=1, y is=4Aa:' + 9Bx» + 10Cx9 + 14D«'^ 
4-&C. 

And, by substituting these values above, we have 

4a' Ax^ + 9a'Bx» + 10a'Cx9 + 14a'Dx'' +&c.> _^ 

— x' — aA^x* +4A«x9 -2aABx'' +&c.$ "" 

1 1 

Whence A = -r-^ , B = ^ .. , , &c. 

4a' 144a* 

^«^ 3' = 4;P'^T44?'^40^^4082a'' 



* If, for y, the series Aa:4 + Bx5 + Cx6 + Dx7 &c. whose 
exponents are in arithmetical progression, had been as- 
sumed, according to the method of some very good authors, 
no less than seven superfluous terms must have been in- 
troduced to obtain the four above g^ven. 



' 274. Before I quit tliifi siifajeet, it msy tkoi be amiss 
to stibjoin the following remarks. 

P. If the indeterminate quantities are g^reat in re- 
j^iect to the ^ven ones, a descending smes will, in most 
cases (where It is practicaUe) ocmverge better than «fx 
ascending' one. To obtain such a series, compare the 
greatest exponents, mentioned in Rule £, instead oi the 
least, and proceed according* to the third and .fourth 
iRules,* whence a series of numbers will be found ^'-^^^^ 
which, being successively subtracted fiom the value of 
n, you will have the exponenta of a descending series. 

Thus, let the common algebraic equation a^x + or' 
— a^^— ^4— be propounded ; to find ^, when x is great 
in comparison of a. 

Then, proceeding as usual, the exponents of the 
four terms of the equation will be 1, 3, n, 4 n ; whereof 
the two greatest (4n and S) being made equal, we get 
71=1; therefore the differences are 0, 2 and 2| ; , and 
the numbers to be subtracted from n, are 0, 2, ^y 4, 
y, &c. Consequently the series to be assumed for J^ is 

2 — • —6 —13 

Aj:* + B;c * + Cx ^+Dx + &c. From wltence 

9 10 Z 7 

y will be found==a*ap*H j ^^^ TT^* 

4x^ 4^x^ 358«' 

9^, But, if the quantity (x) in whose terms the 
other is to be ' expressed, be neither much greater nor 
much smaller than the given quantity (a)^ it will be 
proper to substitute for the excess, or defect, of the 
said quantity fx) above, or below, some given quan- 
tity ; so that, having, by this means, exterminated jr, 
the series arising from the new equation (wherein the 
said excess, or defect, is the converging quanrity) 
will have a due rate of convergency. 

The use of this is so obvious that it needs no example, 
or farther explanation. 

3"*. Lastly, it will be proper to observe, that, if the 
equation for the value of A, arising from the first co- 
lumn of homologous t^rms, admits of two or more. 
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equal raoti ^nWflk 13 » ciae tfant may, perfaips, neeer 
happen in practice) all th^ ftvqroing preoepte will be ia- 
aun&sieiit ; uoless ibe equation idso adnuts of some pdier 
root, beudea li« eq^al imes, wKeieby A may be uKUPe 
cominodioBdy .es|maeiL To 4^<;eraliIle the expon^Us, 
in that particular case, divide eacb of the dirorenoes, 
mentianfid in Rule 3, fay the wmbcar of the equal 
loots; and then jHrooeed as usual. The leasona of 
which, as well as cf the rules themselves, I have hmg 
ago given elsewhere, and have not room to repeat tbem 
here. 



Scholium. 

275. Although the business of reverting series 19 
not a braa^ of the doctrine of fluxions, out, more 
properly, belongs to common algebra; yet, as it is 
often useful where fluxions are ccnacemed, and $iUs 
under the general rules illustrated in the foregoing^ 
pages, I shall here add an example or two on that 

Let, then, ax+hr^+csf^-^'dx^+ex^ &c.=:y ; to re- 
vert the series, or, to find x in an infinite series op- 
pressed in the powers of ^. 

Here, by writing y* for x, the indices of the powers 
c^ ^, in the equation, will be n, ^n, 3n, &c. and 1 ; 
therefore n=l, and the differences are 0, 1, 2, 3, 4, 6, 
&c. and so the series to be assumed, in this case, is 
A^ + By2 4- Cy^ + Dy* &c. Which being involved and sub- 
stituted for the respective powers of x (neglecting, every 
where, all such powers of x and y as exceed the highest 
you would have the series carried to) there arises 

aAy + aBy2 +aCy +aDy* &c. 

* 4-6Ay--h26ABy+2JACy ? 

* * +cAy -f3cA«By^ 

* * * +dAy 
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Whence, by c<y<ti^aring the homdbgotis t^rttts, A= 

1 ^ h ^ , 2ftAB4-cA\ 9,b^-ac 
— ; B =s =; C ( = ^ r— )= ' — ; 

^ , 2iAC + 4B2 + ScA^B + iA\ Saic -5i^-^a 
&c. tod consequently a: == ^ — -^+ - ^ x j^' 

~^, X y &C. 

For fti instance of the use of this o<mdii|ton, let j?-<- 

jC2 -^3 ^4 

•2-4- ■5-— ;t- &c. = y: then, a being, in this 

by substituting these valites, hav«$ a; a=^ 4-^4-^4- 

•^ fice. ^rom wheti(9e, wh^ j^ is giveh, ^ win lAko be 

given ; provided the value of ^ be suffid^btly 6BiaIl»* • ^rt 92. 

Exam^ % \xX there be given ar+fty4-cx*4-dry4- 
cy« +^ + Ji^^4-Ary« + w;^+A:j*-fir^ ftcisO} to 
find^. 

By assuming^= Aar^ B»*+ Cai^H- Dx* &a and pnK 
cee^ftg as ab^ve^ A wiQ be found s — ^, Bstt •* 

c+iiA -heA« ^ rfB+&AB+/+«A+Ai^+»A* ^_ 

b b 

b 

+ T — &c. 
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JExaw^ 8. Lastly, let jT + bif^^ + cxT^^^ + di-^^+ 

Here, in order to determine the form of the senes 
to be assumed, let z* be wrote for x in the given equa- 
tion, according to the usual method ; and then the ex- 
ponents, supposing z transposed, will be 1, nm, n9fi+ 
np, iim'{'2npj nm+S njp, &c. respectively ; whereof the 
two least (1 and nm) being made equal to each other. 

It is found =: — ; and the dii^nces are ~ , ^ 

9ft m tn 

So 

—9 &c. Whence the series to be assumed 'fiur x is 

9ft 

1 lit '±^ 1±!? 

ar + B« * + C z * + Da; • -h &c. (for it is evi- 

dent, by inspection, that the co-efficient (A) of the 
first term must here be an unit). This series being 
tlierefiire raised to the several powers of j:, in the given 
equation, by Art. 108, and the co-efficients of the ho- 
mologous terms in the new equation compared together. 



itwaibefi«i.dth«t,B=-i,C=^""'"\^f-^'^, 
n— ^^ + 9mp + 9p^ 4- Sm+ 6p -fl x b[ 



l+m-i-Spxbc d ^ 

From the g^eral value of «, found above; innu- 
merable theorems, for reverting particular forms of 
series, may be deduced. 

Thus, if « 4- 6»^ + c^ + dx\ &c. =s « ; then (m 
being = 1 and n=l) x hzsz-^bz'^ + 9h" - c x z"— 
56^-5&c+<Ix z* &c. 
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And, if x+bx^ 4. cr* + da:' + &c = 2f ; (m being 

= l,and|>=2) :c=z-62'4-36*-c x ^'-lai'-Sci+d 
X z' dtc. 

Also, ifx+bx+cx-^-dx &c. 2=^,- then 

fmbeingssf and p=:l) x=zz^'^9bz*+W~'2cxz^'- 

SOb^'-lSbc+^xsfi &c. &c. 

276. It may be observed that, in all these forms of 
series, the first term is without a co-e£Scient (which 
renders the condusion much more simple)! There- 
fore, when the series to be reverted has a co-efficient 
in its first term, the whole equation must be first of 
' all divided thereby : thus, if the equation was 8x— 
6x^ 4. 8x^ — 13a?* &c = y; by dividing the whole 

Ss^ \Sx* 
by S it will become a? — 9x^ + "a a" *c. = J^y .- 

where, putting z^^y, we have, by Form. 1, a^=jar+ 



SECTION III. 

Of the Comparison of Fluents, or the Manner 
of finding one Fluent from another. 

JW7. We have, already, pointed out the most re- 
markable forms of fluxions whose fluents are expli- 
cable in finite terms ;* and also shown the use of in- * Art. 77, 
finite series in approximating the values of such^®j®^^> 
flttots as do not come under any of those forms :*|*j.^t, 99. 
but this last inethod (as is before hinted) being trouble- 
some,, and attend^ with many obstacles;, mathema- 
' ticians have therefore invented, and shown, jhe way of 
depving one fluent from another : which is of good. 



advantage when ftbe fluent sought can be referred to 
one, like those in Art. 126, and 142, expressing the 
logarithm of a number, or the arch of aenrlei; since 
the trouble of an infinite series is, then, avoided. 

As the subject here proposed is of such a nature, 
that it would be very tedious and difficult, if not 
altogether impracticable, to lay down rules and pic^ 
cepts for all the various cases ; I shall ddiver, what I 
have to offer thereon, by way of Problems ; beginning 
with some very easy ones, for the sake of the Ytmng 
Proficient, 

PROB. I. 
«Ta TktFhttnJt^f jiL^-^^ being gimi (by Art 126) it 



isprop&sed toJi$id,from thence^ the Fluent ^"/^ 



+J« 



Let both the numerator and denominator of 
J : , be multiplied by x, so that the quantity 

without the vinculum, in the fluxion, T ^ » 

thus transformed, may become some constant part of the 
fluxion of the highest term under the vinculum: 
which part, in this case, being |, let ^ of the fluxion 
of the first term under the vinculum (or \ a^xx) be 
therefore added to the numerator, in order to have the 

toAofe, y''-/ Mfr r^ a tompUu fluxion ; and then iim 
Va^x^+x 

•Art 77. fluent thereof, by the common rule,* will be I 
|/i«»M^* tt= ixVc^ + x^z but, fipom this, weai^ 



^a^xat 



ndm to deduct the flu^t tt the quantity y ^ ^ ' > { 
(3r-5=t=i==:) that was added: which fluent, w 



^hat of -7^^ M gr^-hgp. tog. (x +y a* + **),♦* Art. 186. 

will be :as |a2 X /^. ^. C« 4- 1^a« + jf«) ; and Mi^ 
sequeotly the fluent sought ;;= | j: V^a« + x* -i- fa* x 
Ayp. log. X + •«- + »*. Q. JB. /. 

PROBL^EM II. 

279. ^e^ it he proposed to find the Fluent of , — * , 
• ■ . 

yrom thA of ,^ ; gtwn by Art, 142. 

By proceeding as above, and adding -* j a^xx to 

the numerator, we have — / * ; whereof 

VaT' x2 ;- j:4 

the fluent, by the common rule^ i& — f V^ja^i^ — x* 

(= — I j: V^a- — a:*) : from which, deducting the 

|a-xi . i.a*« . 

fluent of — / I : — u , Of — >■ •■ — =- (inven 

as -^la* X arc ("^^ whose i^us is litiity, stai ishit 

= — t^ there comes out f a« J — | x l/a^— x«. t Art. 142. 

Q. £. /. 

S80. In the same manner, if the power without 
tfte vneulum, in the expression whose flhient is sought, 
ei^tA that m the otfier expression green, by the ^- 
-pcffimH *fiBder the vmcnlum, or by any mtdtipk of itj 
ti^«ragpi|;edftueat&iay be determined, by one,, or bjr 
'several o|KecatioDs^, according ta the value of die sai4 
nrnUqfle. '/ 

Thus, if the ffue^t of . was sought ; then^ 

■ « 

because the index of x^ without the vtncii/um, exceeds 

VOL. II D 
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that in y '; t r by twice the exponent under the 

vinculum^ the required fluent may be had from that <^ 

-7====;, at two operations; by the first whereof, 
V a- — jc- 



«5« 



we have already found the fluent of y " =» to be= 

I a* -4 — I » l/a^ — X'l whence, putting this value 
ss B, and proceeding as before, we also get — | Va'^x^—x^ 

+ J a^^ JB == — I xVa«-a7» - --g— V'a^ — x^ + 



— - — = :. .-i . = the true 

• o ,0 • 

fluent of 



l/a«-.x« * 



PROBLEM III. 

«81. Supponi^ tkeFlnent o^ a'\'cz'\ " x z^^"' z to be 
given = J, to fnd the Fluent of a+csff xs^'^^^z 

z=:B (where the Exponent ofz, without tAe Vinculum 
29 inCireaaed by the Exponent under the Vinculum). 

Let the part affected by the ,vinculum be multi^>Iied 
by s^f and the part without be divided by the same 
quantity; t&en our fluxion will be transfimmd to 



aja:*+c2;"+«r x £:A«+»-«^»i = jB.- where let 5 be now 

so taken that the exponent (n + q) of the highest power 
ofz under the vinauum may be equal to (pn+n—mqj 
that of the power without the vinculum 4- 1 ; that 

is, let 7 = ^ ^ : then (by Art. 77, if the first term 
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under the vinculum was constant, the fluent of the 
said expression, or its equal ai* + ca*"*"*]* x s^*"* i. 



"■•■••■•^^-"■•■••i'>>«i>Mi^P«Vy 



+ 1 



would be had = -, Til-. ' . But the 

m+Txn+q xc 

fluxion hereof, supposing both terms to be variable 
(as thej actually are) is asfl + csf^^ f x s**^^i + 

Qd ■ 

X asfl + ca""*"*!" X ^'"'i (by the common 



n+jxc 

rule). Therrfore , ,.. ' -=?= x 

m+lxn+qxc n-f-? X c 



Jbf. of aaf» + csT-^^X" x a*"'i = B; that is, 

=== — ' '. ===i X Jfe. a+cjf| X 

m+lxn + ^xc n + y X c "^ 

a:^'*"*""* z zs B i or, by substituting for y, 
M+p-^lxnc m+p+lxc 



:f^^z = B: but the jfe. of a+ca"| x $f^i is 

^ ^i.-«..£„ 1 .1 a + CB" r"*"' X a*" 
given :=: A; ther^ire, lastly, ■ = — 

w+p-flxnc 
^ =5. flE. I. 



m+p+l X c 

iSSt, If the quantity under the vinculum be a mul- 
tinoittial, a \ csT + &«« + a^y &c. Then, since 

the fluxion of a + <p" + da** + c«^ &c. P"*"' x*'" w 

«• + 1 X «c5:^*i + *iifc*^Vi + aw»*^'i Ac. X 

J) ^ 
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a + «)Br-f *•» Acl"" X i^ + a + c«* + &*• &c. \^^ 

j * m+r X ncz^^"'' i+mTi x 2nd2^«^'i&c. ) 

(p»ki2r^' z 4-/>nc2^+— * i +pwc/2^+*^* i &c. ) ^ 

a'+ c«" + d;2'^" &c. ", it is evident, that if the 
fluents of z^"'z, 5:^+"-'i, j^pn+u-i ^ ^^ ii^mi, 



into the general multiplicator a + cjsr" + dz^ &c. j**, be 
denoted bj ^, J?, C, 2>, &c. the fluent -of the 
whole quantity exhibited above (which fluent is 
a + cz"" rkdz^ -{■ €z^ ftcP"^* X z^) will also be ex-' 



pressed^bypnM +p + wi + 1 x ncJB +^ + Sm -h 2 x wiC -h 

|>+^ + 3xweZ) &c. Therefore, if there be ^vea 
as many of the fluents Ay B^ C, 2>, &c. as there are 
terms in a + C2" + dzr'' + ez^" &c. mtati^^ one^ diat 
other fluent, be it which it will^ will |lso be given firQBi 
hence. Thus, if d=0, c=.0, &c! and the value of 

A be given, we shall have a +' cz"!*"^* x z^ =^pnaA 4- 

a + cz"!"'*'* xz^ 



j?4-«i + 1 X nc-B; ^nd.con^eqpently jSsf 



p-hm + l xnc 



/>+7»-|-l xc 



-, the very same as before. 



PROBLEM IV. 



588S. The Fluent of a-^czT x 2^' i ic«^ given, (j^ 
in the preceding Problem) to determine^ from thence^ 

the Fluent of a+cz"\ xz^'^^'^^i; supposing v to 
dew9U au^hok'Positive Niiwikr, 
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Leta + cz"V*"^*. be denoted by M ; also put /> 4- 1 = 
Pi ^ + 1 (P + ^)=P» P + 1 (P+8) = P &C- a'^d liet the 

fluents of a + c^-f x 2^"* i, a + cz'T x z^' «, 
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a + cz"f X z^^*i, a + C2!"r x 2^-" 5, 'Ac. be r«prtu 
sented by J, J?^ C, Z>, &c. respectively. Then,, siUifie 

' ' '■■ — ^ = JB Y^y ihe prti^JSfig 

m+ji + lxnc m-fp + l)<c 

Prob.) it follows, froim tiie very same argument, that 
Mz^ paB 



m+/?+lxwc m+j> + lxc 

naC 

D 



Mz^ paC 

■ ■*■■- — ■ r, = 



w+p + lxwci, mH-/? + lxc 

Hence, 'by writing the value of B in the second equa- 



tion, we have 



iw+J^ + Ix»e m-\-p + \ xiii+)> + l>fW 
ppa^A 



==^- — =£?. In the saibe manner, 
m-h/^ + l X « +P+1 xc^ 

by siObstituting this value for C in the 3d cqu£^tion, we get 

'Mz^ paMz^ 

III ' I rnT^ : ^ -r , , , ■ : ^ ' . ,; ■ :■ ' 4- 



m+p^lxnc «te -f'p -f 1 X m *^ p'+l'X nc^ 



S8 
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m-i-j>-|-l xm-fp + 1 xm+jf-hjxjic* 



D. 



m4-J^+lxm+p + l xw-fjS+l xc' 



Where the law of continuation is manifest ; and from 
whence it appears that the value of any of the quanti- 
ties Bt C» J)f E9 &c. or the fluent expressed in a ge- 



neral manner, w31 be 



Mz^ 



«irf j+lxnc 



qaM;^"' 



— ix« 



y xy— 1 xal^Mzr*^" 



m-^-q+lxtn-^qyificc m-hj+l xw-l-jxiiirf y— Ixnc* 



pxp+^ xp-^^xp+S (v) X arJ 



m^ • 



- m-|-|i+lxm-h|>+«x«+|>-h3(t))x<f ' 

JTJFT'' xiT 



or. 



9 



.•H'kfn 



*+l xnc 



x(z 






q.q^i.q^ixaH^ . p f + l p-fg 



tH-3 



a'^ 



(») X -^ : where, ^ssfluent of flTc?l" 



xz'^'i,. 9=jpf»— 1, *=5+Jii, t=p+m-fl; and 
where the sign of the last term (in which A is 
feund) must be taken + or — according as v is an 
even or odd number : note, also, that ,the parenthesia 
(v) is put to express the nun^ber of terms, or fiictors, 
to which the series, or product, preceding it, is to be 
continued. The like notation is to be understood in 
other cases of ike same kind, when they bereafierv 
occur. 
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/ 



TAe 9CBme othetwite. 

884. Let J = p + t> — 1» and kt oTeFT'^^ x 

JRz^ -f 152*—+ TzT^ + A x^ + I5il, be 

assumed for the fluent sought : then, by tidcng tbe 

flimon thereof,' you will have « 4-1 X nczf^^i x a +4;z*| 

x -Bz*" + Sz*^ + A z^ + a + czT^' x 

qnzRzr-^ + qn-^n x iiJi*-^ . . . ... -f jpnf A^'^ 

+5xaTc?]" X z^^'i; whidi must be sip a+c?f 

X ^'^^■"^^i (or a"+"c?]'* x ^'^•"'i) the fluxion 
proposed : whence, dividing the whole equation by 

a+cuf'V y( sT'^Zy and transposing, there eomes out 

w+lxficx-R»»"+iyz**-*+3V'^. +A2^1 ' 

a +CZ" X jnJBaf'^+ jji— nxiy^r"** x/mAs'^r =' 

Which, reduced, and the homologous terms united^ 
becomes 

«i-f-y+l X «c-S) X2«" + » + 9 X nc«y) f«-H.."l 

-1) +««aJrf ^* .+ (: 

+jji-.|ixa*y) +^ 1^^ > 

=0 : where, by making m + j + 1 x ncJR — 1 s 0, 

_ 1 
i«+5 xiic<y+ jiiail=0,&c. we have JZ=g == , 

,»l + f + lX€l» 

» = ■*• — . — , i r= — ■*■ — ; or (putting 
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8 + lxnc 8c #4-lx«fie^ 

_ q—lxaS gxa— 1>^^' 

T= — ^== = : ^ -= r , Ac- 

\ #— IXiC « + l X5X»— 1 xwc^ 

Wiicm, liecause ife exponcDt of the fint tetm ^ ifat 
equation is jn (pn+vn-^n) and that of the last term 
(m which A and /^ acre concerned) =sjm, it follows '*dmt 
the number of coefficients to be tticen as above (whereof 
A is the last) is expressed by v : from which last, the 
value of ./3 is giv^i = — pna A . 

Buty from the law of the said coefficients, Ry S^ 
.<«.• A, it appears that the value of A (wiios^pkib 
fiom the beginning is denoted by v) wiU be s ^ 

i=% — ' X -^— = + 

<r ^ P^^) = ± (,+l)...(^i).....p + m + l 

X— = -f ^^- —7z ^ — w ^ . X T (puttfaig 

pvfwi+l=c^, as hefore). Now, if the several valiies of 

Jl^ Sy T an(J 0, thus found, be substituted in 

the a^sume^ expression, you. will have tibe very -sa^Hie 
jCbnclusion as in the preceding article. 

Co»OLLARY I. 

S85. Since 4jf IS =p + »—lj the fluent a +cz"I x 
JKz*" + ^Ss*"-" . , , • 'H- A z;'* + & -4, given above, may 
be expressed by JV x /fz— " + yz-"-"" + Tz"^ 
<©) 4- e^ ; where JV == a + cz"]":^' x z^, i? = 



> 



— ^ : and, where the co-eflicient (0) of the 

given fluent C-i^ will always he expressed hj the filst of 
the quantities R^ S, T.. .A, .multiplied by — |uta7 
this is evident, because it is fimnd that /? =: — pna A . 
And the same thing will also appear from the several par- 
ticular cases (in Art. S83) for the values of B^ C, and 
Z> ; in each of which the op-cffioieBt -of the fast term 
(where A is concerned) is to that of the term imme- 
diately preceding it, in the constant ratio oi pa to 

J . • . • - ." • • 

— , Qir ieff i> It a to cmity. 



CoKOhhAtLY 11^ 



386. If the value of c be negative, the genial fluent 
(in Alt. ^88) when »+'««• aa^O (provided m+l, n, und 

p. he poidtive) will become barely = ± y x » ' ^ X 

-ri~a (^) X "^^5 because, an this -cucum^tance, an 
t +.«5 ' if 

the terms multiplied by a + ca:^*"*" entirely vahi^. 
f^ ihtNftte, :% be written for -* c (to vender l3ie ex* 

jiressiofi more commodious) we shall have ^ x-^ — - 

^f^TT^^^^ ^ "jT for the true fluent of a — M* x 
^p»+«».-i^^ generated while i^e", Srom . nothing, he- 
comes = a : where A dc^ote^ the fluent dl a— ft^;*!* 
x^iif*^^i, gdieraled in the .same ^tittie; and whore 
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I =p 4- m -f 1. HeQce it follows that the fluent of 



(where e, ff g axe any given quantities) will bess A x 
^^P^^P,i^l^^ p.p+J.p+l ^' + &; ia the 



e 

ferementioned drcumstance. 



PROBLEM. V. 



i . 



.-2 >.. 



287. The Fluent (A) of a+^xsf^^H being gmn^ 

to find the Fluent ofaTcPT^ x s^^z ; eupposingr 
to denote a whoU p^titive Number. 

Since a+ca^r"*"* =a+ ca^rxa+ca", it is evide&t 

that a + C2-1"^* X s^^z = ^+"1?^ x azT-^i + 

a + c»"r X c«^"*^*"'i: whose fluent (by Prob. 8) 

. J . a + curf^' X z^ paA 

18 aA -f 1 = — ; \ — 7 = . 

m+p + 1 X n m + p + 1 



°lfj!_^ '^+* + ^ >< '^^^ In like manner; if 
p+m+lxn p + m + i 

thia fluent, of a + aff*'* x «^'i, be denoted Iqr 

B, that of a + as'f** x t^'i by C, Ac. it will i^ 

pear that i^E^^iT + SZOJL^? = C; 
p+w+ax« |i H- m + X 

f^ELiLfT+EIL^ == A &c. Whence, 
byjubsttttttingdiese values, .one by one, as in.the ^jjKh 



oediiig-problettit ttid putting Q s a + cjb*, we get 
^ p -I- m -h a,ii p 4- m + S.p -f-m + iTii "^ 



m -f^ 2.m + 1 X a»^ • Q-+3 ji* 



/I + m -f- 2.|» -*•«• + 1* p + » -H 3.11 



|i4-m+8.p+»»+2. n |»+»»+8.|»+jii+2.|»+i»w-1.i» 






evidmty by inspection, that . the fluent of a^rc?\ 
xV^'if expressed in a general manner, wfll be 



-^T—r • -^-^ ^T— T- 1 ^ 1 • *«• Which, 

by putting m-frss/*, p+ii»+r=g', and making Q""^' x 
2^ a general multiplicatiHr, will bje reduced to Q"**^' x 



m+l _ w+2 m+S , , , ^ 1 . 

X -7j fr> a'il; where it 



p+m-^l p+m + S p + m+8 

mpears (from tfie foregoing values of S, (7, and DJ 
that the co^^ciont of ^ is always equal to the last term 

-of the-preoeding series, multiplied bym+lxna (in. 
stead ofOr^' sT). Q. E. I. 



COROLLAEY. 



S88. If c be n^ative, so that Q, olr its equal, 
a+ctp miTf become equal to nothing, the fluent will, 
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in I '% Mi ^J^ ■■ 

m that circumstance, be barely = r-rX" ^-^—x 

X ^^^^-^.frj X <fA ; • provided <Jie viditts of %i-f 1* 

Pf and n are positive : or, if c, |> ahd n be poilitive) aJdd 
TTt+f +|> ii^ative^ the same expression will /exhibit the 
true value of the wlbole fluent, generated while z, iOrom 
nothing, becomes infinite. 



PROBLEM VL 

289. The same being given as in the preceding Probtem ; 

il is prf^osed to find the Fluent ^ a-^es^ % 
zP*''z. 

If — r be written instead of r, in the las^ arlidlc^ 
we shall have m—r^f^ p+m-^r^^gf and Q"+* f 

ff» g.g—l^n p + m + I 

(—r^ X cT'J^ expressing the required fluent 

p + wi+x 

in this case. 

Biit -x X —^ \ &c. continued to -^-^r 

liters, signifies the same thing as the product con- 
tinued downwaids, or the contrary way, to r ^uBtdrs^ 
according to the same law : and therefore ib :t± 

C-I — X ^--- =— X ;r— f r> After the same 

m m— 1 w— 2 

manner we have — — + - — v ~" ^y = 

gn g-.g-— l.w 

or jTT. Q-^^ _ i^. i^. ^-^ 






? (r) and consequently the fluent itself = Q""*"' sf x 



-Q-' 



ff+i.Q' 



iCr; 






Corollary. 

290. It appears from hence that the co-efficient of A^ 
the given fluent, will always be equal to that of the 

last tamo of tlie .precediog series, multiplied hjp+mxn: 
for, seeing the co-efficiept of the saia last term (whose 
distance from the first, inclusive,, is deno t ed by rj mmbe 

i+T.gg.iTf....g4;r-l ^ 1 1, ^^^ .^^f 

the series) where jf+r=»» andg'+r— l=^-f-i»— 1 (afi 
aroears from above), it follbws, by irfverting the oraet 

X— Will abb express the same conefflcient: whi(^« 

nar *^ 



p+m. p+w^-1. p+wi-2 (V;> 



1 . • 

X -y, the very co-efficient of -4, above determined: The 

use of this conclusion will be seen in what follows. 



t 






\ 
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PBOBLEM Vn. 

891. Tke $ame bemg, still, givem ; ioJM At FlmaA ^ 

m + c*i* X «*■ " 'i. 

By pioeeednig as m die last Problem, tlie re q u i irf 
fluent of a+«*r x :^ " ' is demed from fiol of 
a + c»T X ^'"^••^i TiJftoa ijr /Vo6. 4) and comes out 



\ + l.M f + l.f + 



«.»«< 







5+l.jr+«.y + 5.Jia' P-l P-« P- 



X — : where, Q = a + es", f =p— o— 1, #sfli+^ 

t^p+m+1: and where the e»-effident of jl is eousl 
tottiatof the last of the preceding tenns, mnltipKed 

hf^m+pxne. If the manner of dednring the re- 
paired fluent, in this, and die last, proUem, sboold not 
appesr snflkienthr pUum and sarisfiictofy to the beanner ; 
Snimeconda^ 0117 be, odxnrL, bnn^UoTt; 
by finding A, in terms at B, C, ex D, from the se- 
▼er|d particalar equations in Art S8S, or, by sssiiming 
a descRnding series, instead of an ascending one. Vuk 
Art.S84. 



PROBLEM Vni. 
892. The$ame bcuigf stSU givem ; tojbidtht FhuM^ 



a + arr^ X ff'^^^z. 



Let the fluent of a+crf x ^'•^^'i (l^»f^ h 
Preb. 4) be denoted by JB, and that required, by F: 



then, if p+f be put =? p, the viJue of F (the fluent 
of oTc?)*^' X z^^z) will be given from that of B 



(the fluent of a + c^")" X «^^^>) by writing jB for 
A mdptorpf in Art. 287. Whence we get F=(2*^* 



%^%^!=—'\- ^ ^ + ^ -^ — ^ — (r) + 
' X — ^ 1 — — (r) X (fB: where 



p+w+l jp+wi+S p+»+3 
/i=|>+»,/=»i+r,g(ssjp + w+r)=sjp+m+«+r,and 

Which fluent, by substituting the value of jB {in 
Prob. 4) becomes F= Q-+' z*- x ^^ /^Q^ 

+ ^ ^ _L r-^ (r) + X -T (-) 

ff-«r-i*«r— «•» jj + »i + 1 p+iii+2 

(») ± -: — X ; (r) X <f X f xf-— 

p+w+1 jp+w+2 ^ ^ "^ * 

■^ » » ■ 



T • ' 



is + or — . aeoordiitt ias « is an evol 
ft. ^. /. ^ 



».. -4 '» 
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S9^. If the last term of the first series, exclusive 
of the general multiplicator Q*"^* %^j be denoted by 

&y tb£ multiplicator, x (r) x a', to 



•Art. 287. the second series will be=m+l xnajS ;* and there- 
fore the first term of this serioiGi^ h;iclu£ng ite mul- 



tiplicators, is = =L=:r : which, if K 

be put to denote the last- term /3 QT^ rf"**^' of Aft 
first series (with its multiplicator) will be expounded bj^ 



> ■ -' . Hence it follows, that the fluent of 

S + l.CJZ" 

f 

a 4- cz")*""*"*" x 2^"'"'*~'i, given above, will also be triily 
txpress^d ,by ^^ + -^ , x-pr- H-*^^ — ^x 

a*y flr-^l aT Q—% aV . 



' . ^ 



m-f l'.w^-f^2.ni-fa(y^ xp.^-H.y4'2(p) fl'^'^ jy 
J — ■ — 1^ — — — ■ c* * 

p + m + l.p + m+2 (r) x Ut -\-\.t + 2 (v) 

lAeffi jffi /, -K, L • Xv aS^ 'Sr ^ &c, rra^i 

sent the terms immediately preceding those where they 
sti^^, lufd^ tbeii^pfop^ fSkgl^: R being ihe leafe t^mr 
of d*i?,,.fi^ft si^i^;,^ 4m> f^nk-^-Tf, g;;?,»4'*^+i>4-«> 

9=p4-v — 1, a=m+9, ^=:wi+p+l, and Qaca+cM 
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293, Since the divisor, jp4-m+ 1. p+m i-2 (r) x 
«.0+l). (J+%) (v)y of the last term of the fluent (bj. 



T- 



substituting for t andp Ac.) is =» p+iH + l. |/4-m+'B 

f €>> xpT^TiMvl. |i+c+«+8 (r) : where, the ktt 

M^jkor fp-i-m+v) of die first progres^loin, is less hjr 
unity than the first faetor of th^ second ; it is evident 
that the said second progression is only n ^ohttnuation 
of the first to r m<yre factors : and so, the hst term of 
the fluent, where A is found, is truly expressed hy ± 

p.p + l.p^ fv) X m+l.«+^.m4-8 (r) d^A 

. Pence it fellows, th^t tb^ fluent of ifTaFf^ 
X z^^'^^ft, er that of a^br^l^ x z^"^ z 

(makiQ^ c^ -^bj will, vhen a — hz* beoomci' equal 
te Qothmg, be barely s= 

p. p+T. pT^(v) X w+l. m+2. m^(r) a^^^'A 

m-f^+1. «+p+3. «>fp+8 Tf^+r^ * 

. -4 being the fluent of <r— &?)*" x z^*~^ i, in that dr- 
cumstanoe, v and r nfiolft positivp ni]^b^ fuid ^ luid 
in-f J «ay pwtiy^ nnuirtiei?!, eitW ^U f^ Ihw^^- 



Scwj^igji. 



29*.* If the fluent ot a+cz'f^ x z^^'f fgivcn 
by Prob. 5) be denoted by C; then (jFV the fluent of 

a + crPx 5;^"+''»-*'i (where m=m+r) will be had, 
from C (by Piob. 4) according to a new form,, dif- 

VOL, II. IS 
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fercnt from those already given. And, by following 



the same method, the fluents of a+c2"l"^ x 
«^-»^'i, oTc?!"'*"'' X 2^—' i, and a + cz"] 



X 2^"***"" i may also be found, each, according to two 
different forms, nrom a combination of the corresponding 
cases in the foregoing Problems. ■ , 

But as it is extremely tiresome to repeat the same 
thing again and again, where. such a number of syn^k 
4ire necessarily concerned, T 3hall. here put down one. 
solution to eaoi case (because of their use) leaving tl\e 
process and the other forms (which contain nq new £f« 
nculty) to those who will be at the trouble to set aibout 
them. , 



1°. The fluent of 'oTcFT^ x z^""^"^ z . is = 

'QR q aS 0-1 dT q-9, aV / 
— - — X — - — - — =-x *-^x— r rV 

■ cz' « cz" »— 1 czT «— 2 cz' 






H x— " " " * ^" 



'Wh^e jff, % Ky L\..Rj SyT, Sec. denote. the 
terms immediately preening those where th^ stanB, 
under their proper signs ; R being the last term of the 
first series, also Q=Ka+c2;*,y==m— r, g^=p+«i + t)— r, 
qs:zp + v — 1, *=»l^-p+t^-^l,"t^|> + m + l, and Ats 

th^ given fluent of a +r;z" *. x- ^^""' i. 
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». The fluent of a + cz-f**" x 2^"*-* i is =« 
^+r+i ^ j^.-.- 5^2 jFTca* g+8 ^(f£ i- I 

. fi + 2 *+3 fi-f4. . m-hl m+2 m+3. . ^'J 

where 3=/)— w— 3, .«=5m+r+3, jr=m + r, g^p'\-m 
+ r, and the rest as in the preceding case. 



3^ The fluent of a +02"! "^ x z'^-^-' i is = 

« + l Qi? *+2 -Sfcz" «+S Tc2" ^ , 
j+1 a y+2 a y+3 a ^ ^ 

T^ . ^—2. r^. 1^. <-^5 Tr + p) '^''^ 

^ i». m-1. m^;^(r) x p^. p^. jp-3(i?) ^ a'^" * 

In which f^zm^r^ g^zm-^p^V'^v^ 5f=|i— »— 1, 
«=9 + m, and the lest asjbefore. 

295. Fropn wh^t has been delivered in this section^ 
the fluents of various forms of fluxions may be ex- 
hibited by means of circular arcs and logarithms. 

For, since the fluents of a + c^V^ x 2*"""* i, 

aTc?l~* X «*"*"' i, and a -f ci")"^ x z""' i (which 

I call <nriffinal ones) are all of them explicable by c^ne 
or the other of these two kinds of quantities (as will 

appear fiirther m) those of a+c;s"(~'^ x ^^'^•"""'i, 

« + C2"|"^- X ri-t'-^i, and 7T^-*-' x 

«+•»-» i will also be given from thence, by the fore- 

E 2 



I 



I 
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Soing thedrems. Whence tKe Inost ulefiil ,<ferttit of 
uent8 in CoUis Hamumia Jlienaurarum will be ob- 
€aiited, liesides some otben, more' general than any, iH 
the sariie kind, put dowti by thift 'sagacious anthor.' 

Here follow a &w examples of some of the moat uaeAil 
esses. 



EXAMPLE I. 

296. Let the Fluxion given be Z7== (» ^+^ 
X z^zj V being any whole positive Number, 

z 



)? 



Then, the fluent of d- + i*]— i x i, or -/rs-— 

being = hyp. %. ^^ .^ ^ ^^ 5 ^j *^"«* ^ ^ 

&149. lurdi whose sine is -i and ta^tts iaSiy ; * aennding 

as the seo^d'term, in 8^H:a:% is^c^tite 6r*i^<^ive; 
let A be, therefore, taken to denote the \said -irai,-tfr 

logarithm; and letd^±z*i"^ >< )? be dbtilpirea with 

a+c?l* X z^^^z (whose. fluent is, all along^ sup- 

^posed to be given = A) and you 'will li'ave ai=stf^, cs= 

+ 1, n=s«, m r= — ^, 2^— i===0/ariil therefofe^^^ : 

whence, by 'substituting those v^ues in Art. ItsS, Ve 

H . likewise get y (p + t?-!) = -5-, s T^+ft) = © 

*^. ^1> t Ck+p+l) s= 1 ; riftd,s50Ugequendy, the 'flbeiit 



Sc-1. Sc - 8. d42«-^ «» — 1. gp-8. go-5. iPz^? ^ 
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13 5 7 
(vj + lx?x^Xs (v) X *'-4 : ip which the last 

and V at the same time, an od4 ^^^Q^F ^ (>uf i^ all olhef 
cases, affinnative* 



EXAMPLE II. 

297. JUt z!'^ l/5r±7? (car ^±^'^^' ^ z^^i) be 

propounded. 

I][ere| denoting the flurait a£ dr ± sf] *z hy A (as 

above) and comparing tf + z* j'"*"''' x z^i, with 

a+c?"!"*' X a^+^' 4 ^Pi* P*ob. 8) we J»ve r=l, 
and the rest as in the last example: whence also 

P (Pfv) = »+f» fCm+r) = l;g =.P+l, Q=<P± 
2% and the fluent itself = '"""/'^i^ ^ + ''^^ 



8p+2 - Sef* 
_ 2o-r.«f5' _ ^-S.tPT 1 8 

X -^ Ct?) X ^^ — ^* ri?i*y:» 7^ Ae- being the pr^«Art.m. 
cedini; terms with their siims) = — LJ= — x f z^*"*"* + 



19 5 7 d^*^ A • 

(t> -h 1) ± 2^i^6^8 ^^^ ^ 2p„g ' ^here the 

s^ 9f ^ la^ iierm must J|:^ ijegulated as in tl^e 
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preoecUng example. If the fluent of ' ^4tf-i :fe:^ or 

rf r^i •d^+z* (in which the expcmflnt is negiitm) 

be ijcquired ; the answer will be had in finite tenns, in- 
dependent o£Af by Art. 85. 

EXAMPLE III. 

898. Wherein the Fluxion prapased is d"— z"!"**** x 
^m+m-t^ ; r and v being any whole pesitive Nmmberr. 



Since the fluent of d"— z")"^ x rf^'i (as will 

ft 

appear hereafter) is truly expressed by - x archj whose 

1- 
sine is _-- and radius unity, let this value be ^ 
d*" 

noted by A ; and then, by writing d" for a, -r 1 foxL c, 

— i for m, and | for |>, in Art 292, we shall have/ 

2r— 1 
(m+r)= -5-',gr(m+p + r + t?)=r + t?,j(|i + t>-l) 

^rLJ, ,(m+9> = r-l, l(p+m+l)=l, Q 

(a-^-cz') =: d" — 2% and the fluent itself equal to 
Qriz"^^^ a^l Id'H 2r-8 

4- r- X — TT- +^ 



r+c.n r+t?— 1 Q ' r+t?— 2 

jdrj Zr-5 T^'^xx |d"jg 2p-1 

irf^y 2£-3 jdrT. . 1.8.5.7 (r)x 1.8. 5. 7(t;) 
«" • t?-2^ z- ^^^"*" •2.4.6.8.10.12(r+t)) 

Art.293.*xd^^^: in which H, I, K . . . ^, S, T, &e. 
denote the preceding terms, with thdir signs ; R being 
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the last term of the first series. Hence, because all the 
terms but the last vanish, when QacO, it fidlows that 

the whole fluent of d" — 2*1 x a"^^""' «, generated 
while z, from nothing, becomes e^ual to d, is truly 

expressed by ^ ^ ^ ^/^^ ^^ ^^^^V ^ ,f^^, „ 

1.8.5.7(r)>,1.8 5.7(.) ^ *:-G ^ ,. 
^ 2.4.6.8.10.12 (r+t)) '^ « ' ^^ 

the semi-periphoy of the drele whose radius is unify. 



EXAMPLE IV. 

299. Let it be required to find the wbole Fluent of 

. ' xa J generated while bz% fr^fm jWk 

things becomes^ a; that of a-^bz'f x 2^*"'i being 
given {^ A). 

Here, by expanding d+fcz")""^, ottr given fluxion 
becomes ^ = a — 62r"]" x z'***^ into d""^ x (1 — 

Which series being compared with e'\-fir -{■ gz-* '&c. 
(vide Art. 286) we have e = 1, /= -^ -v^g- =' 

\ ' ' \ &a and consequently the flucint sought 

(by substituting these values) equal to ~ into 1 — 

a^ 

7 ^ 1 ^ irf "^ T * 7+1 ^ r ' ""2" ^ w 
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p £+1 p+9 P 0+\ 0+2 ^» • 

beiilgiiip^m+l). 
Here the vBiuMtiriit+l, » and p are sttppoeed pou- 

^ jyrt 8M.tivev* and it id xequisttc that 1 + 73- should abo fe- 

' poutive; otherwise the fliMUt will fitU, Altliott^ ibj^ 
series hnniffht out above runs on to infim^, jet it may 
be MMBsedt in wany eases: thai, if the given fliudafl 

be —IT — J I ^ ^ ?; then^ the fixresaid series be- 

1 z ^ . T « «*)* ^ 
jsmmg 1— Ixj^+IxJXtj — Ae. its sum 

• oa 00' 



wiS^bel ^ -jjl : aciid eonsequently j- xI+tJ 
« the fluent nought: where Jf (the wMe flnent of 
«— 6a"}"^ X 2*^' i) being = "/== X semi - peri- 

pheiy of the circle whose radius is unity, the fluent 

1 

fflven above will, therefere, be =s — > , > • ^ 
^ ' ' nV bd* -^ adk 

X by the same semh^eriphery. If the reader is de* 
sirous to see a furth^ application of the summation of 
teries, to the finding of fluents, I must refer iiim ta 
my Dtssertatt&ns (where it is handled in a general man* 
neir) having neither room nor inclination to ti^t tf it 
Bei^c;. 



SECTION IV. 

O/* <Ae Tnwfformatian of FlmximiB* 

301. 13 Y the TnmsfimnatioB of Fluxicns may lie 
undersUwdo ibe radwping: onjf flazioiMd quanti^ ta a 
difierent, or more commodMniSf fbrm; aeooraiig tg 
wUcb sense, a great part of the second seccioh would 
properly £dl ^mder dus head. But, nihat is here pro- 
posed, and what is oommonlj tneant hy dbe traiiubr* 
mation of fluxions, tis, the method of ordermg those 
kinds oT expressions whidi involve one variable ouan- 
titjr <m^ .with its fluxion ; which, yet, are so arocted 
by radical sign% that the fluent, without an infinity 
series, would be impracticable^ were it not for a new 
sobstitution, or soiqib other kind of transfimnatian, 
whereby the given fluxion is rendered more martayaHg* 
Something of this sort has been ahready touched Upon 
in Art. 88. And in what follows I shall farther point 
out ai^ exemplify the principd cases wheit^ eiidi a 
pr^Kedurc WtU be of service. 

302. jy^tkeHumherofdimendimsofttuvariabkguan' 
tUjfy niltnoitd the viiicuium, increased hy imUgj he some 
aliquot party or parts, of the dimensions iff the same quaU" 
titj/j under the vinculum, the Jbadon mil he redu^ tft 
a better firm hy substituting fir that power vf the 
variabk quantity, which arises ly diniding its exponentj 
under the viMulum, by the denrnnbuOiyr rfttte fracUm^ 
expressing the said slinuot part, or parts. 

Thus, if the fluxion propounded be -7 — \ — ; by 

yc*±s^ 

subatitntkig xsRZ**, and taking the fluxion of both sides 

of the equation, we have i, = J n s*^*f ; and there*- 

tote 2"^*i =r -• : which value, with that rf «*, 

being wrote for their equals, in the ^r&i fluxion, it 
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X 

will be transformed to -z ■ : whkh, putting 

a zs c^. (to make the terms homologous), is also ex- 

X 

expressed by . , : whereof the fluept will be 

given by Art 196, or Art. 14S, aoeording as the laga 
ol jfi is positive or negative. 

SOS. If the power of die variable quantity under 
the vinculum has a oo-eflScicnt, it will be best to bring 
that co-efficitot without the vinculunL 

Ex. 2. Where let the fluxion given be -7=j=s=r : 

whtdi, by bring^g c without the vmcii/tcm, beeqmes 

= : from whence, by putting x ^si v 



s/\ 



c*V -+«• 



and praooediiig 'as above, we get 



i 



n^\/t + 



.MM.** 



whose fluent, by Art. 126, is — j x hyp. log. (x + 

\nc* 

2 



\/ - + x«). This, by restoring r, becomes — jX 
hyp. log {z^ + \/ — + sT). Which, corrected (by 



2 

supposing it = when 2 = 0) gives, at length, — - x 

lie* 



hyp, log. (i4-+ V - + 2') - hyp. log. V ~ = 

-?T X hyp. log. (v— + v/l + -") for the true 
fluent of the quantity proposed. 



I 
I 
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But, whai c 18 a negative qua&tity^ this fluent fiuk^ 
because the square r^ol ef c is to be extraettd. In 

this case -r--'« — y must be tranaforaied to 



li .''' : and then its fluent (by 
-^ — i« 

1 
Art. 142) will be had = 7= x the arch of a 

circle whose v^us is unity, and right-sine =s 






c 

jEJ«. 3. Let the given fluxion be — 7=5==, 

> . , , sVa + c? 

Which, by bringing c without the vinculum^ and put- 

... rf 

ting^x=s:2^% is transformed to 



ifu*xY - + ^' 



c 
1 



whereof the fluent, by Art. 126, is — -p, x hyp. logi 

nva 

—7=^ > = — -;= X hyp. log. 



V'a — t/a + "" 



V'o + V'a + -" 



But here, when c is positive, - 



cz' 

the numerator will be negative ; in which case it will 
be proper to change its signs, and express the fluent by 

1 , , V^a -\r csT - /a 
— y-= X hyp. log. y «r -r 7=. That, such 
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oa alteraMn of thi^ «igiif wi make no ibfl^vew^ in 
the fluxmiy b evld^t Iropi (h^ mituiie of kgyinithiaM « 

because ihe fiiaxioii of ike k^. of— » (aB-*^;^: ^ i 

is the same with that of the hyp. log. of x. It wOl be 
proper to observe farther, that, instead of fhe lo{garithm 
illbove derived^ any ont of the fidknfing equal quan- 

titles may be taken ; vui. hyp. log. — ' — 

(found by multiplying batb the numerator and deno^ 

minator of the foresaid logarithm by YqlTc? — l/Sj 

V^a + CJ8* — V^fl 
= 2 X hyp. log. -^ I7=S C^y ^ WSn^ 

1r C Z 

of l(ig|Ufitbnis ) = 2 X hyp. log. ..-i ■■ , ■■ ■ ■ ■ - y 

V a 'k' er -^ y a 

( by multiplying, equally, by V'a H^ ca?* + V^?) 

But, take whieh of these fonms yon wiU| die fluent 
fidls whetl a isfi^tive ; because the general multiplicator 

=: is then impossible. In this case the fluent of 

X " , z 

■ ■ ^ . =^ or its equal — >\ , \Will 

I „ * ^ ^ 4 / a . « a^ V a .+ car 

^ c 

1 

be given by Art. 142, and is expounded by .t 



iwf^ 



7? 

2 
X il =s ; Inhere A denotes the arch whose 

X / ez*\ 

radius is unity, and secant — /== (=\/ — )• 



In ite Bsmemftn^et Afe llttMrt; rf >^; k found 

a + c«* 

1 

= — 7=r X archj whose racilus is unity and tan- 
nvac 

#»t i/^ or «tual te /rp^— x Iqrp. log. 

--^= — T7== > aocorcliiig as die vdtie dF ^ is dte^ 
iriat^e or h^ftTe^ a It^iiig Mft^KibA itflSmiitiV^. 

304. When the potOtr^ dr plwfers^ of the variaMe 
quantity wiihM ike vuidtfitUi^ ot tadicdl iKgn, fall^ 
mostly y in the denominator^ it may he of use to sub- 
itttute ybr fkt ^iM^ocAl of Hhe =^did ijutAUityy %r for 
'the quotient whi^ Arises ^by ditiiUng ^mne knoion guan- 
tityy either^ly ity or by some cprnpownd of it intnc ie- 
nominat&t. 



"oposed 



aH 



xWd^ -f- ^ * 



then, tputtmg a: = — , ^ne have r = — , and isr — 
TT ; and coni^uently — . ' zsz ■■ . : : 

"wheseef the 4uent is— V^«* +«« = — A/ -+dP. 
Ex, 2. Le* eAe ftvfn Fluxumbe >, y^ ' " ^^t 

Ifftfte, piHitii]^ jTae -- — , irfe >lMve ««= *-^i^^^ — «= 



A it % 






j: ' - - 0* ' ' " " »' 



> 



Va^Tam«== « i^a^ — oa? 4- a:^ ; and therefore the 

X 
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tpMBtitf propoied is tunrfbnnd to y—- = 

a* Y Or— ax +** 

whose fluent may be fiMind firom a uUe of kgazitlims ; 
as wiB a|i|NSBff fiuther on. 

806. Jf ike Fhaum gioen is afieUd if two dtf- 
ftrent twrdtj and ike raHomal fadar^ or ike fmadl^ 
tpttlunU the Yincaliiin^ be in a etnutaMt ratio to tk 
fMxiom of the qmnUiiy mtder tie Tiocahun of eUktr 
surd^ or he reUOed tott as m Art. 83, tke givenjbaiiim 
wHl be redueed to a wunxatmpUfirwLjhf ss u ^tult vsgfi^ 
that surd* 



•'Art. 279. 



Then patdng x = V^F+F, we have ««srap«— i«, 
2i = «r, and V^c«— jg«=i/c" + ft^ — ««= V^a« — «* 

(by raakii^ a= Vtfi + b^) Whence -—;===—= 

— - ■ » 

Or, if d? be put = V^c«^ (instead of V^F+F) ; 
then «« = c« — j:«, 2 i = — x op, /i« -H «« = 
l/fcs + ^ — j7« = V^a* — x«; and consequently 

— T— = — jc V a« — x« : whose fluent is 

given by Art. 297, or 131. 

Ex. 2. Let the given Fluxion be a 4- cz^V x e+fsT^ x 
t Art. 83. 2^^i; supposing p to denote any whole positive Number.f 

In this case, let that of the two quantities, a + cs^ 
ande+^% whose index (m or r) is the most com- 
plex (which we will suppose the latter) be put = x ; 

then we shall have z" = ■ ^ ; sr'~' z = — > ; 
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X 



ex "■" CC CX ■ 

a + C2;"=a 4- — ?— .= ^ "i" "7 0^7 putting d = a — 

^^" 

ce \ J - J . cxf X — cr X 4^ i 
-^ ) and consequently a + -7. x j^ 

=the£[uid6n proposed: where, p — 1 being a whole 

positive number, the value of x — e]^'* will therefore 
be expressed in finite terms ; whence, if m be also a 
whole positive number, the fluent itself will be had in 
'finite terms : but, if m and r be the halves of odd 
numbers, then the fluent will be found (from Art. 
298 or ^4) by means of circular arcs and logarithms. 

306. If the given expremon be €cffected by two surds 
wherein the powers of the variable quantity are the 
same^ and the rational quantify^ without the vinculums, 
he related to the fiuxion of either surd, as in Art, 88, 
it may be of use to substitute for the quotient, or ratio, 
of the two quantities, under the radical signs ; especially, 
if the sum of the said radical signs^ or exponents 
(supposing both surds to be reduced to the denominator) 
is a whole number. . _ 



. Ex. 1 . Let the given Fluxion be 



zH 



-^4 ,4* 



mu V V •\- Z^ , , C^X^V* 

Inen, wntmffap=-- -, we have s'=-=-r .; 



1+xP "^ c^ — z^\ 



^ 



. . ■ • ■ < ' . . . ■ 2 

'XC* — 2*r=:.« xc — — :; ) = ■ i 

1+a? ^ .1 4- j:)2 
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and oonlequently 



2"S X^jt 






vhose fluent is 7- — -=s— x v/ — — . 



Ex. 2. Zet tAere ie given 



a + cz-f X e-f/^f 
Here, putting x = "t-. , j^^ni trill fcave jbT 






'i < s? «^' 



«-.!.% ax — e 
/-or 



^' a/— ce X i 



11 x/— CJj 



X e 4-/«"r (=a+ca"r x=^=r ssa+cx^ J 

X if ) := ^ ^1 X df ; and oonse^endj tbe 

fluxion given= ' ^-- - ^h^ r. 

Wliere, if m + r be a ^ole positive number, greater 
tkan p f idso a whole positive number) the fluent will 
he truly had in finite terms ; because both the series 

fiwr the values of ax — cT^ amd /*— cr)"*^*^*^ do 

Art99L in that case terminate.* But, if r and m + r— p—l 
be the halves of whdie numbers, positive er mc^dve, 
tfian the fluent will be ^ven hj tlie last section, 

207. A triwmialis reduced to a binomial hf taking 
awag its midtBe ierm ; that is, bg substituting for the 
sum or difference of the power of the variable quantity 



. I 
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in that term and half its eoeffkierU ; according as . the 
signs of the ttbo terms, where the said quantity is found, 

are alike or unlike, 

* 
z 

Ex. 1. Let the given fuiion be -y==;=?r; 



then, putti&g at=J2:-f i^» or zszx^lc, we have i=i, 

and y/^+cz + z- (= t/fr^ + c«— |c^ + j;^— cx + |c-) 

= v/*2_ic3^j.2; whence (making a- = 6« — J c« ; 

. ' z ' \ X 

there results y, = = / = : whose 

V6-4-C2 + 2^ Va^ + af- 
fluent is given by Art. 126. 

Ex. 2. ie^ we fiuocion given be , ■"■■■■; 

First, by bringing c without the vinculum, according 
to Art. 303, we have V^a + &?Tc^ = V^c x 

/"a bz* 

^ — + V — h 22* : and, by putting x = 2" + 

--, or 3" = x — — , we also get 2***"* i = — , and 

V c c ^ V c c 2c- 

bx 6«\ ^ /"a 52 . 

~ "^ i^y = V 7 - 4^ + ** = ' therefore the 

fx 
fluxion transformed is -L : 

whose fluent is given by Art. 126, when c is a positive 

quantity: but when c is negative, the fluxion must be 

, fx 

thus, > : 



expressed 

t, 4/i::7^s,4/JLj-__ 

4Bf 



raswering to Form 2, Art. 142. 
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OF THE TRANSFORMATION 

Ex.3. rr/^'i-^g'^-^-Hfe^-'i-H/r.^-i 

be proposed. 

Then, fcllowing the steps of the last example, 



be transform^ to c* x r — 4- x- i : more- 

over, «" being = x — — = x-ci(by putting d =: 

A V ir 

;5-) and «*~-'i = — , we aho have ^^li-i^ (^ «. 



je" X 2;*'" 



3^\ a:jp — dx 



»i = «— dx— I = — ^ ; sr^W 



(= 22" x a*^' i) arx-dr X — = 



3c JT'i— 2cfci + dejc 



» n 






&c. &c. From whence, by substituting these se- 
veral values in the given flu^don, and putting 

— — -v-g- «? €\ ther^ comes out 
/« + ^ X XX " dx + A X x^oc — ^4ri + d^i 4- &^ 



•« -- c^+x^T 



WC™ X 



whose fluent, when the exponent m is the half of 
any t^teg-er, positive or negative, ^will be found, }3j 
means of drcuiar arcs and logarithms, from Art. 295- 



308. When the JDenominator is a rational trinomial^ 
or multinomial (thaf is, when it is withml a viDcnhiro) 
the best way of proceedings for the general part^ is, to 
resolve the given fraction into binomial ones. In order 
to thisf let its denominator be feigned ss ; igf 



OF FLUXIONS. 67 

of which equation^ whose roots must befoundy you will^ 
% subtracting each root from the indetermintde quantity 
fx)y have the binomial denominators of the required 
fracti&as into which the given one. may be resolved: 
whose corresponding numeratorSf let be denoted Axy Biy 
Cxy Sfc. ; tnen^ iy. putting the sum of the fractions^ thus 
arising^ equal to the given fraxXum^ and reducing the 
whole equation to the same dfnominator, the assumed 
quantities^ A^ J?, C, &c. by comparing the homologous 
termsy will be determined. 

Ex. 1. Let tke given fraction be — ^; then, 

feeing a^+aJc+issO, the two roots of die equaticm 

will be — |a-l/ja2 — ^, and — |a4- X^ia^^br • 

which being denojied by p and 9, i^e have x-^p ttoA 
x-^qiot the two binomid factors, whereby ±^ -fa* +i 

may be resolved, or by whose multipUcation (x ^p 

XX -^ q) the juiid quantity is produced. 

Let therefore 1 bo now assumed ( =r 

0? — p X ^ q 

X ' \. ^ X \ 

=- 1 = ^== == ; then, by reducinc: the 

x'^+ ax +0/ x-^p X x—q " ° 

whole equation to one denomination, &c. we get 
A '\- B X xx-- qA'\- pB + 1 x « = : whence A 

11 " 

is found =5 , jB=c ; and, consequently, 

XXX 

*. ■ ^ ... — -l- n ■■' . .1 , = 5S ■'* ■ •' ■ 

p—qxx^p q^pxx-^q X'-\-ax-\'b 

Ex. 2. Let the quantity proposed be ^ ^-r-v 

* "y* ax "T" ox "T c • 

Here, if the binomial fectorv wherdb^ x^+ax--^bx 
+ c is produced be represented by x^p, Jf^,— ?> and 

« — r, and there be assumed — 2L-j 5.4. 



F 2 
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X -f-ax -tox-j-cy^ ^ — pxx — qxx'-r 
this case, we shall have Axx—q'x x—r + B xx—p x 
x-'r'\'Cxx — j5 X x—q — x"' = ; that is, by reduction, 

A 



nf q + rxA^ 

^> X x'^ — p-^rxB>x 

— Ij pTqxC^ 



X + 




Whence-4 + 5 + C=l,Jx9+r+jBxp + r+Cx|>+^ 
=0, znd. Aqr-\-Bpr-\-Cpq=^0^ Now, from the first 
of these equations, multiplied by p + 99 subtract the 

second, and you will have A xp — r-\-B xq — r^p+q: 
also, from the first, multiplied by pq^ subtract the third; 

then Axpq—^rq-^Bxpq—przszpq: lastly, from the 
former of the two equations thus arising, multiplied by 

/?, subtract the latter, then Axp'^^pr—pq'\-qr:=:p% 
that is, Axp—qxp^rz=:p^ ; and consequently A=^ 

p' 

: whence, by the very same argument, 

jB^ ^ and C = — - . 



q—pxq—r r—pxr—q 

309. After the same manner, you may proceed in other 
cases : but there is an artifice, or compendium, for 
more readily determining the assumed quantities -4, JB, C, 
&c. by which a great deal of trouble is avoided : and 
that is, by considering the equation iij such circum- 
stances of the indeterminate quantity x^ when it becomes 
most simple, or when most of its terms vanish. 

Thus, in the preceding example, because Axx—q 

X X --r + B X x—p X X ^r + C X x^p X x-- q --x^is^O 
(in all circumstances of j? whatever) let x be taken =.p ; 
then, all the terms vanishing, except the first and last, we 
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have Jxp—qxp— T'-jir = ; and consequently A = 

=^ — ; the, very same cis hefore. y 

p—q xp—r 

More universally 9 let the given fraction be 
a;" 4- flJT""* + biT''^ + cx"'^ &c. "" 



x—^px;v^q X X— r x x— « Sec. 



(where m and n may 



represent any . whole positive number^ whatever, pro- 
vided the latter hp greater than the former). Then, 

^Ax Bx Cx , Dx ^ 

assuming -f -|-. — -\- &c. = 

x—p x^q x— r x—s 



x"* X 



x" -f ax'-' + ix*-* &c. 



&c. we shall have A x 



a;— ^x J?— r xa-— a &c. +J?xt— p x«r— r x J?— « &c» 

•\-Cxx — pxx — qxx — s &c. &c. — a:'"=0: from 
whence, by expounding x by p, q^ r, &c. successively, 



.m 



we obtain A = ■ ^ • ": — « io = 



p— 5f. |h— r. jp— s &c. 



9:" ^ ^ ^ ^" 



q — p. 5^— r. y-^s &c. r— r^. r — ^r. r — « &c. ? 

&c. Whence the fractions themselves, whereof these 
quantities are tlft coefficients, or numerators, will like- 
wise be given. * 

But the numerators thus found may sometimes be 
more commodiously expressed by help of the given 
coefficients a, i, c, <4 ^c. so as to involve only one of 
the roots p, 9, r, &c. in each fraction. For, since 

X — jp XX — q X X — r &c. is supposed, universally, =: x" 
4- axT"^ + &x"~^ -f cx"*^ &c. if both sides of the 
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equation be divided by x-^p^ we shall have x — ^x 

^ X" + ox"-' + ix"-* + cjT^ &c. 

X — r X X— ^ &c. = — 



X — p 

Which last expression, when x is = p,. that is, when 
both the numerator and the denominator become equal 

to nothing, will manifestly be equal to (p — q xp — r 

X p — « &c.) the divisor of A. Therefore, if the 
fluxion of the numerator be taken and divided by that 
of the denominator, and p be wrote instead of x (vide 



page 156.) we shall have np''^^ + n — 1 x apT^ + 

- —^ — — ___ .__^ « 

a— Sxip""^ &c. = />— qixp— rxp— » &0. and theie- 

foie J (= ^==. P" ) = 

p—q. p—r. p'^9 &c.' 

P~ 
np 

very same reasoning B = 



— , ■ '■' . J ■ ■ ■ - — r-T— . By the 

"-» + n-1. ap"-« + n— 8. ip-^ &c. "^ 



C ^ 



nf^^ 4- »— 1. a?"""' + n— 2. ijT^ &c. 



r* 



n^-"-* + n-1. ar*^^ + w— 2. ftr*"' &c. 

Hence it appears^ that^ if the numeratoif of the given 
Jraetum be divided by the Jluxifm of the den€mimi»r 
(neglecting ±) and the severed roots^ p, q^ r, S^c. (found 
by feigning the denominator ssO) fte, successively f mbati' 
tuted in the quotient^ instead ofx;I say^ it is emdent, 
that the quofUities so resulting, divided ly x— ji, x-^^,. 
«— r 4r^ i»01 be the required, binomal, fractums «Uo 
which the proposed multinomial one may be resolved, 

310. If some of the roots p, q, r, &c. are impos- 
sible, which is often the case, the fractions dms 
found, where the impossible ropts are concerned, must 
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be united in pairs^ and so reduced to tiinotmal ones, in 
order to take away t\ie iniaginary terms. 

Thus, let the fraction Proposed be -r- — '-;; ? 

and let two of the roots, p and 9, of the equatiim 
a:'+a*- + i'a: + c =t be impossiUe: then, 4- 

JDX C/JCf ■ • uCX ■ '11 1 

\-- behiff = -; ; , we shall, by 

. . , . . , \ -4 -f JB X xX'^Aq+Bpxx 

uniting the imaginary terms, have -^ •■- l-t 2 — £. — 

x^—p + qxx+pq 

Cx XX / 

H , also = — ; — = : where the impos- 

x-^r x^-\-aX' ^hx-^-c * 

sible q.uantities destroy one another. But, to render 
this more obvious, let a be takto 3= 0, 6=0, and 6= 

-<-l, so that the gtren fraetion may become 



n 



then the three roots fp, q, r) of the equation, x^ — t 

=o,wmhe«be-^+V^:i|. - l-V^^, 

and 1 ; wher^f the two former arc impossible. More- 
over, by dividing the numerator (x) by the fluxion of 
the denominator (3x^ (accor£ng to the prescript) wcT 

1 ... 

have ^ ; which, by writing p, 5, r, successively, in- 

11 1 

Head of r, becomes^, ^ and c~ for the values of J, 

B^ and C, respectively. Whence === — ^ ^ 

x^-'-p+qxx-j-pq 

x-^r »'— 1/ tu^ + ac + l ^ — 1 
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wise, investigated in a more general manner ; by a»- 

Px+Q , « « , -. 

suming—— -J + -.— =-j_^, and proceeding as 

in the first and second examples ; whence the very same 
conclusion will be derived. 



If the fraction proposed be of this form, viz. 

, the method of resolution 



^1 M 



sT 4- asT""' + bsT"*-^ &c. 

will still be the same: since, by putting xszz% the 
given expression is reduced to 

n 

x"* + ax"-' -f bx"^ &c. • 

It may also be proper to observe, thatf in very 
complicated cases, tne application of two, or more, 
of the six foregoing rules, may become necessary. 
Thus, for example, if the fluxion given be 

a+^r Tc+f^ + gz-' by resolving ^^:^^;r^rp 
into two binomial fractions, -z h-i (according 

4o Art. 308) we shall have 



rte 



+ . ,im — -7—1 : where, 



a+csrr X h+z" a+ c^^*" x Ar-fz" 

if m be a whole positive number, greater than p, the 
fluent will be had in finite terms (by Art 306, Ex. 2). 



7S 



SECTION V. 

The Investigation of Fluents of rational 
Fractions, of several Diniensiotts, according 
to the Forms in Cotes's Harmonia 
Mensurarum. 

311. ^S the subject here proposed is a matter of 
considerable difficulty, and has exercised the attention 
of some of the most celebrated mathematicians (who, 
yet, seem to have condescended very little to the in- 
formation of their less expeiienced readers) I shall en- 
deavour to set it in the clearest light possible : in order 
to which, it will be requisite to premise the fdlowing 
Lemmas. 



Lemma I. 

If the Sine of the Mean of thrte equi^ifferent Arcs, 
supposing Radius Unity, be multiplied by the Double of 
the Co-sine of the common Difference, and from the Pro- 
duct, the Sine of (he lesser EoGlreme be subtracted, the 
Semainder wiU be the sine ofthegreater Extreme. 



Lemma II. 

312. IfGbe talf^en to denote the greater, and L the 
lesser, of two unequal Arcs, and their Difference be ex- 
pressed by D; then will, 

- sm.,G, X COS. D^sin.L.xrad* ^ 

!• — — — • s =; = COS. Cr 

Sin. D 
^ COS. L X rad. — co-s. G x cos. D . ^ 

4C, — ' ; =- i ss sm. Lr 

sm. D 

a sin. G. X rad. — sin. L x cos. D j. . 

O. ' ; y^ = cos. Lf. 

sm. D 
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The former of these two Lenraias mMV be met with 
in most authors upon Trigonometry ; and the latter im 
nothing^more than a Conmary to the common theofieras 
for finmng the sine and oo-sine of the sum and dif- 
ftrenee of two giTen arcs; fer wMch reasons I shall 
nflt stop here to give their demonstfBtkm. 



Corollary. v 

818. If any toA of the drde, whose radius is 
u^ty^ be denoted by O, its sine by «, and its eo-sine 
hfa; aM there be taken ^=2a, A=r2a^— 1, Cs 
^toR-J, Drs^%aC^B^ E:=:9aD-C, F-ZaE-^D, 
&e. it fi^owB (from Lemma 1)^ that, 

Sm. *Q (sin. 4x8a-^n. 6)=3&a-0=:sJ 
Sm. 3Q (9in. 9.Qx%a-8in. Q)=^Aa-8=:8B 
Sin. ^Q(8in. 3Qx2a-«nt. ftQ)=:^Ba-sA=sC 
Sin. 5Q (sin. 4Qx2a-«n. 3QJ=:&Ca-«S=«Z) 
Sin. 6Q (sin. BQx^^-nn. 4iQ)=:Z8Da-8C:=8E 

L£imA lit. 

Sli. Tof^Mte the 7Vtiiomur/r**—2fc^af * + »'•, tderc 
n is any fekok Nimbcr, into siinpte trifumM Fdctot^. 

Since the first term of the given quantity r*" ~ 
ikr^af + «*• is divisilde, only by the powers t)f r, 
and the last, only, by those of x ; and it appears that 
r dnd if are cohcd^ed; exactly, alike ; tet dierefore 
r'— Sorof + J?^ (where f iAi x are, dlso^ aJike coneernecQ 
be assumed for one of the required trinomial factors, 
whereby r** — 2At*x" + x^ may be resolved : and let 

r^—Zarx + x^ x (r* + Arx + J?r V + Cr^x^ + Dr^x* + 

Cf^a^+Sr'^x^-^Arx'^-^31^) (where r and x are, still, af- 
fected alike) be assumed=r'°— 2Ar*j:^ + «'" (the value 
of n, to render the operation more perspicuous, being 
first expressed by 5). 



BY nMOt;ft»0 tHUU IHTd MOtt iMPtt OMfe. 

[lien, by miA^j^ieattoii and fraofipeBitfOdy ^ AaD 
save ' 
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Whence, uisSo, B:sz2Aa^h C^UB^Ai D^SaC 
-JB, and2C— 2aD+2A:=0. But, if Q be taken to 
denote the arch (£ F) of a circle £ H K, whose radiiw 
£ O is unity, and co-sine (O^^ = a ; and a be put for 
{Ff) the sine of the same ardi ; then (by Corel, to 
Lem. 1) sA^s^sin. S Q, « B^sin. 3 Q, « C:=,8in. 4 Q 

&c. and consequently A = — '- , B = — '- — ^, C 



8 

sin. 4 Q rk ^^' ^ Q / ^^^' ^ Q 
-, JJ = ■ • ( or, 



8 



8 



8 



)• 



More- 



over, because, 2C*-2aI>+ 2Jt:=0, or I> >: a— C x 1 =ft, 
where (as appears from above) 2>xa— Cx1 = 

sin. 5Q X CO-*. Q — m«. 4Q o< rod. ^ ^ ., 

; = co^. 5 Q (by 

s 

Case 1, Lem. 2) we therefore have cos. 5Q (nQ) 
=A:. Whence this construction. 



GM 



Take R to denote 
the arch ( £ M ) whose 
co-sine (ON) is the 
given co-efficient k^ and 
let Q (£F)be taken 
to £M as 1 to n ; then 
the co-sine ( Of) of 
this last arch willbe the 
true value of d. But 
this is only one of the 
values that a will admit 
of: for it is well known 

that the co-sine of any arch, is also the co-sine of the 
same arch increased by any number of times the whole 
periphery (Pj. Therefore, seeing the co-sine of n Q 

( = co-sine of R ) h likewise = co-sine P -^ R :=• 

eo-s. 2?+^=: cos. 3P+JB &c. it follows that Q (whose 
co-sine is a) will be expressed by any one of the arcs, 

R P+R 9.P^R 3P+i2^^^^^|,yEF,EG,£H,£I, 




n 



n 



n 



n 
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&c. supposing the whole periphery to be dividea^into n 
equal parts, firora the point F). Hence, if the co- 
^nes of these several arcs, expressing lall the different, 
values of a, be represented by b, c and dj &c. respec- 
tively, we shall have r®— 2Jr»+j?% r^— 2crj?+«*> t^^ 
^drX'\'X^^ &c. for the several required factors, by which 
r^"^2kr^ otf+x** may be resolved : and consequently 

r^— ^rj:-f«2xr2— gcrx+jr* x r^—^rx+x^ (n) = 
r^— afcr-tf' + a?'-. Q. E. L 

# 

Kote. If the sign of the middle term 2fcr* of" be po- 
sitive, the distance (or co-sine) O K must be taken on 
the contrary side of the center : but when k is greater 
than unity, this method of solution falls ; since no co- 
sine can be greater than the radius. 



Corollary L 

» 

31'(3. If ^ 2= 1, the arch R (whose co-sine . is A: ) 
being =0, the values of &, c, df, &c. will be expressed 

u.u c ^. o P 2P SP . 

by the co-smes ot the arcs — , — , — , &c. re- 

spectively : and our general equation will here become 



r^— ^drjc+«* (n). From whence, by extracting the 
square-root, oh both sides, we also have r" o) ap" = 

_4 ^ i 

r"— 36rx -h ap8| x r«-2cr«4-««) (n). 



. r Corollary II. 

816. But, if i = - 1 (or the middle tam be 

P 

+ 2r" x" ) then the arch R being = — , the values of 

ft, c, d, See, will, Acre, be defined by the co-sines of 
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*** *"* &' "fa"' ^' *«. mkI OHt fl^aiu*, by 
tafciog the mot, aa ' abovej will Wcobw r^ + j;* a 



817. From the two preceding condlmei, the de* 
iDDnstutioQ of that lemarkahle propertj itf the aide 
given, and applied to finding a vast number ctf fluenta, 
m Ctitei'a Harmona MauKrantm, ii Tery raaSy, and 
natiually, deduced. 
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paR>AB,Bfl, 


^W \\ ^B 


Ab. te « 


w^^ 


there ai9 n&itii 


in the given in- 
t^erMfwlha* 


AB, a6, a*. 


»c.tni 


y ' 





P SP 3J* 
arcs -, =— : — &c, (vidt Corol. 1). Moreover, let 

O Q be the co-sine of the first of them ; and, in the 
ntdiw QA ^radqfscd if necessarr) 1m th^ie be t«ken 
OP=x,- and 1ft OB, QB, PB, &c. ftc. be drawn: 

then, the co-sine of the angle A B ( = — ) to 
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the radius 1, beiog ^pneesed by c {vide Cprolt 1) it 
wiilbel:c::r(OB):OQ«er: wb^BSQ PBU"*^ 
OB^ + 0P*-20Q X OP) =5f*-f ^»r-S5crJ :??; r«-8flr|P 

By the very same argoinent PB* is=r*-2ifrx+a*, 

i 

&c. &c. Therefore, because r* CO jr*=r^— 24ri + a?«) 

xr« — 2cra?+a7«) x r«-.^x+jp«] (n), by Gordi. 1 
it follows thai their equals^ AO*^ OP" and PA x PB h 

PB X PB &e. must be ei[ual likewise: which u thejbrat 
part of the theorem above hintedi ^^* 

After the same mapner, if the ayes AC, AC, a6, 

P SP 5P 

A C be taken respectively equal to ^, -5—, ^ &c. 

it will appear (from Cowl, «> that AO" + PO" is 

=pcxP(5xPd(») wkM^ in «A« (m^pqn^^the 

sarne theorem. 

Hence (by the ^e) all the roots of the equa* 
tion X" =s r^ are very rei^y fi>und : fov^ smoe 

AO'cyjPOrsPAxPfl X p6 Aa where Ae second 
factor and t)ie last, the third and the last b^t pne, &c. 
s|re respectively e^ual to mik othet^ it is evident that 

AO" 03 PO' (r» cwj;;) is also=qPA x PB^ x PB»j<Pfi2= 

* , 

Wbenice, «"to r" l^ing ?= P, i% follows tlMUt ri^^y, 

r^r-%yrX'\-of^ &c. is == Q : firom whidi, by extracting 
the roots out of the ^nations r O) a: = 0^ r* — 9ctx 

+ JT* ±= 0, r^ — Sdrac 4- »« =' &c. we get r, r x 



.\ 



8(> OF THE FLUENTS OF RATIONAL FRACTIONS^ 

&c. for the several roots of the equation o^ s= r^ ; 
whereof the first, only, is possible, when n is odd ; and 
the first and last whien n is even. 

By the same way of proceeding all the roots of the 

equation, x" + r"* = 0, will also be found : for, seeing 

^i I 

X* -h r" is = r^ — 2brx + x^ x r^ - Scrx + ««) &c 

(=PC X P(5 X P6 &c) where the first factor and the 
last, the second and the last but one, &c. are respect 
tively equal to each other, it is plain that xT + r^h 

likewise = r« — Sbrx -h ap« x r^ — ^crx + «« &c. and 



consequently x = r x h + l/6* — 1 &c. &c. Where 
the roots are all impossible; except the last, when their 
number (n ) is odd. 



Lemma IV. . 

S18. Supposing every thing to remain as tVi ihepre' 

tilt 
ceding Lemma, and that A:, &, c, df, &c. denote the 

Sines of the Arcs J?, — , ^' &c. (whose 

^ ' n^ n ^ n ^ 



Co-^nes are ky b, c^ d, &c.) then^ I say, the Fraction 

nkr^ «" . - brx 

r** - 2Arr^ X- -h «^ ^ ^^^ ^^ r» - 91yrx + ««"*" 

crx drx ^ 

&c. 



' r* — Zcrx + x« r* - 2drx + x'^ 

For, since r" — 2At* «*+x'*' (r'* - 2*t" af +«*'') is 



+ CVV + jBr^x^ + Jrx'^ + x*) (by the foresaid Lemma) 

, . . , n y_ . J sin.2Q n sin,3Cl 
and It IS also proved that A = , jff= , 



sin. 4 Q 



C = 



&c. it ii^ evident, therefore, that 



— — ;r — (= 'T+Jr^x + Jr^ x^ &c.) IS =r*+ 



5zn. 2 Q 



« 



- X r^iT&c. and consequently 






= stn. Qxr^ + M. 2<f x r^« + sin. 3 Q x r^x^ + 
sin. 4 Q X r^«^ +stiwr5 Qfx r*x'*+«ft. 4 Q xr^«^ &e. In 
which equation, fitf a gnJ «, let their several respec- 
tive values bf c, c2, &c. and b, c, a, &c. be, succes- 

sively, substituted ; and hi the corresponding arcs — , 

^ &c. be represented by Q, Q, ^, &c. 

then we shall have 

— 2JI — ; — r— *=«».-Q>tr*'i?«n. 2Q x r'au &c. 



M 



— ;r 3 — =5tn^Q X r^+sin. xQ x r^x &c. 

r^—^rx+x^ 

&c. &c. 

Which equations, added all together, give 
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■♦ » 
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P' S* i- 3' 3* 
• • • • 

a 9 ;i 9 ;i 

jCi Qt O 0> Q 

% 

X 

1 

+ 

• 

But the sines of the first column, bein^ those of 
an arithnietical progression (whose common diffisreoee i» 

—J by which the whole periphery is divided into iv 



(S) equal parts, their sum will therefore, it is well 
known, be equal to nothing 
equal to all the positive ones. 



known, be equal to nothing ; or all the native mm 
~toalIth( 



JbV BXSOCTIKG -TRSM INTO MOBS tnCPtV OKSf . (U 

The same is also true with r^ard to the sines of thdi 

9,R ^P+2R 4P+2« 



second column; whose. arcs 



n n " n 



9.P 

&c* (having — for their common diflference) dividei 

the periphery (twice taken) into the same number (n) 
of equal parts. But the sines of the middle column 
(which is the last abOve exhibited) will not vanish^ as 

all the rest do : for> n Q beings: A, n Q=P+iZ, nQ 
=i9,P '\' Rj &c. the common difference will here be 
^ual to (P) the whole periphery ; and therefore, every 
arch terminating in the same pomt with the first, the 
circle wiU, in this case, remain undivided,, and the 

sioie of each be equal to (k) the' sine of the first. 



Hence, our equation is reduced to r"— 2ArV + ar** X 



&c. =s 5itr^ x^\ which 



divided by r^'*'-^9icr^x^ + «'% and multiplied by rx, gives 
irx crx drx 



Bkr^x^ nkr^ af 



&c.=: 



The sarne otherwise. 



Q, jB. ja 



Sl9. Since r«"-^2fcr" oT + **• is = r^—^brx+x^ k 



r*— 2crx+Jc^xr«— Sdrx+or* (n) 6y Lemma 8, it is 
evident that, log. r^ — 2Arr"a?" + a?*" = 



log. r^T'Vnrx + «- + log.r^ — ^crx + x^ + log.r^ — 2drx + x* 
f 9i). And, as this equation holds universally, let k an^ 
X be what they will (which two quantities may be sup«' 
posed, to flow independently of each other) let the 



8i w TIB wvvBntm ov uATatcmKL wmMtmmmBr 

riabk (and or c«8t«»t) ; which gives ^^.^^^^^ 

• • • 

— 25rx 2crx Mr*' 



• Art Ide-T^^^ But, X:, &, C) d) fto. are theco-nnes of lbe-ar|»JI^ 
— , ^, — &c. (whereof the oorrrespoiidi]^ 

ii|]Ei^ ^e ^^ 6, Cjt &c«) tberefor^, th^ flW9A of % 
flnt of th^ an^ being dienoted by R}, the ^toxioi^ of 

each of tj»« i^ wiU be ^3mres9^ bjr t- : ^fi^s^(^ 

n 

fluxion of the eo-sine of ao aidi bei^g oquiA^ to. the 
fluxion of the arch itself drawn into its^ sine, appliel to 

R 

n 



tArt. i4g.radius)f it Mows that ft = Rky ft = -r. x fi, c ip^ 



> 
I 



R ' 

— X c. &c. Which values b^£; substituted in the 
n . 

— 2^ 

foregoing equation, and the whole divided by .^ 

we nave — 



era? arx ^ . 

Lemma V. 

390. Toielenmine the Series^rtsiitg from the Diokiom 
qf^ Um^ hf a Trinmid^ «f ^ 2ara? + r * ; an«i tj^ exhibit^ 
^ Rem(Bfti^fi9r ofier any, given Npi^nlber. (vjiof TVrnw 
it^^ th£ Q^Qti^nt- 

Let ar^-hJrx^^ + ^^V-^-hCi^/"* -^ -i?»^"* ^ 
present the required quotient continued to 5 terms 
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<f>^ to i^eadier theplroeess ib» mgke obvioim ^taiV Brat 
ex^unded by that number) and let Er^jT^ + I'r^gr^ 

1 

be the r^aiamder. TkeB> because r . r . ., • m-. ' is xs 

-xg-aara?+V^ , we sRaU, by reducmg the whole 
^udtion to biie denBinlnation, h^ve 

' 4- 

* ^ t^ 

' + ' + 



1. 
1 






1 



+ I + 

b ^ D 



+ 
to 



I 






I + 



r ^ 



H 



1 P «: 



i 



? 



I + 



Whence Jte2a, 5=2aJ— 1, C=%iB—A, 0=900 
-B, E=9aD-C, and F=-D. 



06^ or THS VLUXKT8 OF RATIONAL TEACVIUKf^ 

.Therdbra, if Q be now put for the aich whose 

Tadius is 1 and oo-sine a, and th^re be ^takeii S b 

« « I 

8tn. Q, «y=^n. SQ, S=:8tn. SQ, &c. we shall also have 

V 

= ^ > ^ (- ^3 = g— (h Cord. t9 

1 

Lem. 1). ^ And consequently ^^ _ g^^^ ^ ^g = 



#/>i^ 



_ _ + 

sin. 6Q X r^x~^— Mil. 5Q x r^x"^ 






Whence, tmmr* 



iyjrg + *yr3:"^ 4 Sr^x^^ + Sr^oT^ &c. (to v terms) 

S 



stn.v + 1. Q xr'jc"* — sin. vQ x r^+^x"^^ 

j^p^^=== . Which 

last equation (though obvious enough from the preoed* 
ing one) msj be investigated in a general manner (if re« 

quired) by assuming a?~^ + ArxT^ + Br^x'^^ + Cr'jT"* 

+ ..... dr— *;r— + cr*"'x*— ' -h 

x^--^rx+r^ "^ x^^2arx+r^ ' ^^^ proceed, 
ing as above : by which means you will find ^=2a, 

P=ZaJ--\, &c. f=^e-d = "'"-P-y X Q , and g- 
(== — c) = ^« — . And thus may the third 



>T EMOLTIIK^ TinOi INTO MOEB iaUtLM OKftS. ST 

LoBima bejnade out, if any objectimi or ilifficalty should 
arise about its being general. 

€0E0LLARY. 

821. If, in the ^ven trinomial x'— Sari-f r*, we 
suppose r^, instead of x-f to be the leadiiqr term 
whereby the quotient is produced ; then, since r and 
X are affected exactly alike, we shall, by writing r for 

s ^ + 



sin, » -f 1 X Q X x*r~* — «m. vQ x sf^^ x. r" 

^xr«— 8arr+x* 

PROBLEM I. 

Let A B M &c. be a circle whose radius O A ^or 
O M) is r, and let the angle A O B be. such, that ;t8 
oo-sine, to the radius 1, 

may be equal to a; or p ^^ -^>^ 

so, that O Q (supposing 
BQ perpendicular to OA) / 

may oe = ar: inoreover ^4 / 
let « denote the sincof Q P 

the said angle A OB, cor- 
responding to the co-sine a, and let O P (considered 
B^ variable by the motion of P along O A) express the 
value a£x: then, PB* (O B« + O P«-20 Q x O PJ 
s=r«— 2arx+ar« : and the fluxipn of the measure of 
the angle QBP (radius being unity) will be repre- 



flientea by ^^ ^f^9^ ^^ ^^. 142) or Jy 




r*— 2arj? + x 



-J-— ^j— --— : wbenc^ it is evident thiit tixe fliieotof 

1 

pressed ly — x OB P. 

xi 
^°' ^^"^ i^^aara? + «« "^^^ ** transformed to 

"Iff — o ; — r + ""■; — A i^ — r » where tlie flufiat « 

r^-^^rx+x^ 
•Artl96.tne former part is :=: } hyp. log. j;$ * = 

PB^ PB 

jAjp. log, Q-n^ = %(p. fog"* o»» and that of the latter 



a 

8 

XX . .. . . PB 



a 
part = — X OBP; it appears that the fluent of 

Km 



r^r^ftam ^ ifl '^ ^'^'^ expounded hjhyp. log. ^ + 
- X OBP. ' Q.E.J. 

8 

COBOLLAEY. 

39»i Since, PJ9 ; PO: [sin, BOP (t) : «Rfi. OSP^ 

sx 
' y - ' / n ; it follows, if the hyperbolieal loga- 

yithm of V^^^-^y^ + ^^^ be represented by Jf, ^d 

r 

sx 
the areh, whose sine is "> ' ■ ■ '^' ' ■ and raditrs 
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unity fcy N, that the fluents of z^a^ — T~r ^ 

-- — ^ ^^ '. , . u; will he «xpte88ed )yy -- and Jtf" + — 
jsesp^tively. 

PROBLEM II. 

324. T© determim ike Fluent of ■ g^^^ — r-^j suppos- 

ing m <my trAofe positive Number, and a fes^ tAon 
Umty, 

Lei every thing remain as in Lemma 5, and then, if 
the equation there brought out be muld^ied byo^x, 
and V at the same time be expounded by m— -1, we shaU 



• t 



(m— 1) + ^: > ^ . ^ — r-*— 

idiOBe fluent will tlierafiore be given by the preeedii^ 

froposition : for, supposing the values of Jf ^and N to 
e as there speoified, t^ fluent of the hot tarn 

(sin, mQ, x r*"* xx — sin, m — 1 x Q x r ^x>^ . 
Sy^x^^Oar^^r^ )^^^ 

1 

is nwii&8t,^ be esqiressed by -^ iatQ m. mQ x r^^ x * ^^^ ^^ 



^,aN ■■ : u,-i.^ — 77 _ JV r*-* . 
J« + -^ — «tn. m— 1 X Q X r* X — ^ = --s- into 



stn. mQxJa + ^ i ^ x iv 



= -y uitDm.«iQxilf+ce^.TOQxJNr (^ iero, 2, 



i« 
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Com l.).Towhich adding the fluent of tIlepfeoedinglma^ 



+ -=- xsin. mQxM+co^. mQx AT. Q. £./. 



COSOLLABY. 

SStS. Henoe, the fluent of — o^a^ — ^ may 
)[)e deduced: for, by writing m— 1, instead of iii» the 






m. m— 1 X Q X Jf+c(w. m— 1 x Q x iNT.* which 
fluent being multiplied by r, and iAaf of -; — 5- ;- 

(ffvcB, above) by ^a, we shall, when the homologous 

1 a^' ""a 

terms are united, have -^ x (— a«y x — =- —aS — S x 






«». mQ X a — «n. m— 1 x Qx J/— (co-^. mQxa— 



co-«. m— 1 X Q) X iV, for the true fluent of the quantity 
propounded. 

n ^— St 
But ('fcy ,Ca5c 1, Lem. 2) —7^; — ( = 

sm.ZQxa^nmQxrad.\ ^ ^ ^q . 3,^ 
sin, Q / 
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nS^i^ / m. 3 Q X g — Wn, g Q x raA ^ _ ^.^ 
— ^— (^= ;y— ^- <?a^. »t^ 

&c. And^ by Ca«€ 2. of the same Lcmama^ 
co-.,';;^::TxQ-ca^. tnQxfl ^ ^^^^Q; whence, 

by substituting these values, our fluent is reduced to 



— co-«. Q X = — cx^,%(i,y. ' — co-«. 8Q x 

m— 1 m— 2 



PJIOBLEM III. 

i 

i96. 7b determine the Fluent of ^^^ — — -^ ; tmder 
^ ^Ae Restrictions spec^d in the preceding PrMem. * 

If the equation in Art;. 821 be multiplied by ar*i, 
and V at the same time be expounded by m, we 

shall have 



r« — Zarx + x« 

—^ —^ 



(nij + 



-•^— ^~ 



r-**"* sin. m -h 1 x Q x ri — «n. mQ x ii 



S ^ r»— 2ar*+x* 

where, the fluent of the last term bdng 



r— ' 



N —. ^ _. aJV 



«K. jfi+l xQx-o — <t»-mQx AI+ -s-*'=* A**- 



r—- « 



-^ mto — sin, mQ x Jf -f 
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^^ * -L X iV = — ^ X 

— •Ai.MdxJr*fco.«. ncQxAT ffty Owe 8, im. 1^ 
it follows that the fluent of the whole eacpressioD, or 
the tqpantity sought, wiH be truly expresKd 07 



7L X (— = + -3 + «c) or Its equal 

PROBLEM IV. 



'x 



8S7. To^nd the fluent fjfL^*—; m and n bea^ 

any foAofe poniu)e NumberSf whereof the firmer does 
not exceed the latter. 

Let by c, df Sui, denote the cowuoes of the afees 

Then (^6y Coro/L 2, Zewu 3) we shall have r" + ac^ = 

r»— afirx+A"'!* X r«--2crr+«»)* x r^—^drx+X^\^ 

(n). Whence leg. r" + af = f fog^. r«-^8irx + x« + 

i fa^. r« — ^jc + \i|J« + i log. r« — aA-^c + a?* /^n^ 
and, consequently, by taking the fluxion on both 

. * njr"*'* *i-^ftri a^— erf 

' r"+ x* ~x« — 2brx + r^ j:^ _ g^rj: + r* 

• Art. 196. "JtSa^T^*^^^* ^^^l^^^^^»^^^*^^?^^'^y 

X . ?ii^ ^ x^-^brx x^^crx 

7' ^^^^ r« + X" "■««— 26rx + r^ x^— ^crx + r^ 



+ ; — f-^ (%), Lcfe ea^ sid» beraof W new 

subtiract^ figom n, (qr, whicli eemqa to dli^ sq^n^ tbbg^ 

let be taken from n, and each of 1^ TaU 

r" + X* 

li^iiift on, thci otlm adei fitna itnkfr^ lAim we 

■*■ ^^^2X^+r^ '''*^' which multipUed by — ^, 

— «c. 

x2— .2cra?+^^* 

But now, to ideteoninn the fluent hereof, let the 

several arcs ■ ^ '■■' , « > » — < i- &c) above 

\ n n n 



t M Mf 



specified, be denoted bf Q, Q, Q, Q, &c. respec- 
tively ; also let Ny N, iv, &c. express the measures of 

- - , ~ . 31! X sin. Q 

the au£;les whqse smeir ss^ y ^, , 

X X ^w. Q 39-xsm Q . 

^/ „ r> » •" /" " ^, &c. and Jlf • if, 

V x* - 2crx + r« t/x««-2drx + r« 

JkT , &c. the hyperbolic logarithms of 

r r , 

Coro/. «o Prob. 2) the fluent of the first term, 

— 6x*x+rx*~^x^ r J- LUX 

x^-26r>rH-r» (expouudmg a by b) comes out 
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^cih: Q X 



m-1 



— co-«. SQ X 



»— S 



OM^ Q X ^jj3g (m-l)+r^' into tm. mQ x JV — 

M-#. mQ X If. 

In the some manner, bjr writing e tof Oy Q tor Q, 
A tat Mj and i^Tfiir N) tbe fluent of the second tenn. 



— co-«. S^ X 



, is fimnd &= ~ co-«. Q. x 



&c &e. 



m-1 



m— 2 



Therefinre the fluent of the whole expression, hf 
lUecting the homologous terms, appears to be 

I 



r 



I 



■^ 



I 



^ ^ ^- ^ 



r 



r 



3 
I 



1 



I 






to id )d lo 

^^ ^* ^ ^ 

> 



X ' 



s 
J 

» 



^ 



4 



? 



C» Cd Od CO 

C^ & O^ O 



I 

CO 



^" 



r 



I 
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'sin. mQ X N — co-». mQ x if 



in. i>iQ X A^ — co-». mA x A 



stn 



4- r*^' X ( 



«in. m^ X -/ir — co-#. mO x Jl? 



stn. mQ X Xr — co-«* mQ x M 

But the oo-sines of the first column being those of an 

., . , /ISO* 3x180- 6xl8(r 
arithmetical progression i 

360° 
&c. whose common difference is ""r^j whereby the 

whole periphery is divided into n equal parts fvide Art. 
317.) they will therefore destroy one another ; since it is 
well known that if the periphery of any cirde be divided 
into any number (n) of equal parts, the negative sines 
and co-sines will be equal to the positive ones ; which is 
self-evident when their, number is even. 

Hence the co-sines in the second and third columns, 
&c. will also destroy one another fvidc Art. 318.). But 
those of the last column of all, as well as the sines, having 
unequal multiplicators, must remain as above, and 
that column, o/bne, (drawn into r**"*) will be the 

truefiuentof — , ' . Whence, putting mQ 

(smx—— y= it, 'and dividmg by nr^^y we 
shall (because ^=90, ^ = 6Q, £i = 1Q &c.) bare 



or xm rfjiwn% of lu^uon^i. wmAoeamH 



n 






«n. an X AT - ctMT. 3JS X if 

I 
■ // I I ■ // 

m. 5RxN ^ co^. 6-R X if ) 
in. 7-R X N — co^ 7-R x M 



sin 



stn 



fcv ^txyii knc^)*- 



Conau^&y* 



fluent of 



Q.E./. 



328. Sillee^ the fii^ and the last, the seomd /pd 
the' last but one, &at 0f the foregoing quantities 
x^ - 2irx + r\ 9^ - 2crx + r\ «« — 2drx + r% 
fle. am' nnpectiv^ «|im1 Io cadir «dw» £i wM r . AaL 
317)9 ^.^6 corresponding fluents, found above, will 
KUmiK be cqw : am ibosobve tlM %asaiki d 

¥aH' ii^ be oapa weiedr by 






Wn. £ X: %fr^exMi.B x SUf 



air 






co^SRxSM 
eo-A. SA Xi9J& 



Sc. 



The number of Imes to be thiH^ taken being 

= I w, when n is even ; . but, otherwise, = —3 — ; in 

which last case, the rogaritfim, &c. in^ the last lin^ 
must be taken only once, instead of twice ; being that of 

^'*'* (vide Art. 317). 
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PROBLEM V. 



329. Tojfttd the Fluent of -^ — — ; m and n being aa 

in the preoedifig Problem. 

I{ bj Cf d^ Sfc* h^ taken to denot? the cosines of 

, 360« 2 X 360^ . ^ . .„ 

the arcs — , , — «c. to n terms, it will 

n n n 

appear (fr(m Coral. 1 to Lent, S) that r^ ^ x^ is = 
(^n^. From whence, bjr followu^ the method of the 



r"" -^ jT 



last problem, we also ha;ve 

—————— ^— J- ^— — __ ^— _^____ /fee 

ar«-2Jrj: + r« ^ x«-2crx+r2 

Which fluxion having exactly the same^bmi with that 
in the preceding Pirablem, its fluent wiU also be ex- 
pressed m the very samemamier, that is, l^ ^ 

sin, mQ x iV — ohi. mQ x M 

«_i J sin. mQ x iV — co-s. mQ x iV 

«», mQ X 2^ ^ €0^. mQ X ifr 
(&c. fo *w £t«e5 j. 

Only Q, Q, Q &c. must here stand fer -, , 

gx360° 3x360» . ,. , ^ 180° 3x180" 

— Z 1 — &c« ( instead of , , 

n n ^ n n 

6 X 180 V . 
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Therefore, sinee the multiple arcs mQ, m(l^ m(l icr 

are^ in this ease, equal to 0, m x , 9m x ^ 

n Ji 

S m X &c. (whereof the ^e of the first is == 0^ 

n 

and its co-sines: unity) we shaU, by putting Rssmx 
•— — , and dividing the foresaid fluent by nr^', iafe 



^* - M^ 

sin. RxN'^eo^. RxM 



n 



( tin. S J? X fr— co^. ftBxA 
sin. SR X J^— co-«. SRxM 
(&c. to n Limt). 



= flumtof 

X 



r*— jf 



Q. £. /. 



CoBOLLABT. 

S30. Since in the fluent here given, the second 
line and the last, the third and the last but one, Ac 
are respectively equal (vidt Art. 317) the same may 
also be exhibited^ thus : 

r" • • • • Jm 

R X «J^ — CM. R X ftii 

IR x9Sr'^co^.iR X %^ 

(Ac to -^- lines). 




Scholium. 

SSI. If the semi-pKeriphery ABCH of the ctrde 
whose diameter AH is 8 r, be divided into as many 
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equal parts A B, Ji L, 

« 

C By ]6 C &C. as thore 
are unit» in n (ao that 

ft 






AB = 3 X — = Q 

n 


A Q^ 


P €> 



&c. /^t?iVk Arte 817, and 327), and in the radius O A 
(produced, if necessarjr) there be talen CX P = «, an3 
FB, OB &c. be, drawn, it will appear (from the said 
articles, and from Prop. 1.) that the quantities 

V^r^^^hrx-^-x^i V^r^— 2crx-f«^ &c. in the former 
of the twto preceding Problems, will here be expoundlsd 



^. / 



whose sines are 



by P B, P^ B &c. respectively : from whence it is 
also plain, that the measures iV, iV Scc. of the angles 

X X sin, Q, XX sin. Q 

&c.* will here be expounded by OBP, OBP, &c. &c. . j^^ ^^ 

Therefiire the fluent' of , iriven in the cd- 

r^+x* ° 

tollary to the foresaid propositioii, may be thus exhibited, 
Csin. Rx 2 (OBP) - ^^ITRx 2(0A: PB) 

-7- X S SnTlS X 2 (0]SP)^co^sSR x af 0-4 : P]&/ 
V. 8cc. &c. 

Where the arch It is (=mx ) = mxAB^ anc^ 

n / 

^here (OA \ PB) is piit (after the manner of CoUs) 

PB 

to express the hyperbolical^ logarithm of -^. It is 

li^ to bt^obstrved^fAol, when the last of the points JBy 
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^, b &C. falls upon H (which will always happen 
when n is an odd number) the angle, in the last fine 
of the fluent, will vamsh, and the conresponding 

logarithm (which is that of "TTy) must then be 

taken, instead of twice, only once. 

In the very same manner it will appear, that^ the 

arcs ^, Q &c. in the second case, where the fluent 
■ ®^ 1^ — w? ^ sought, will be, respectively, expounded 

by AC^ Ad &c. also the corresponding imgles 2^, JV" 

&c. by OCPy OCP &C. and the fluent itself by 

' ........ - (OA\PC) 



8in. Rx^CpCPJ-co^s. Ry.9.(0A\PC) 

* l^iirm X 8 (OdP)-co^. 8i? X « (OA.PO) 

8cc. &c 

where the arch R (=m x — ) = m x AC;, and 

n ^ 

wherey as well as in the preceding c^se, all the arcs, 
sines and cosines are supposed to have unity for their 
radius. 



a?*"-'* , jT-'x 



832. From the fluents of , . . and 



^•B+IW— Ij^ X"" •*"*'** ~" * X 



thus given, thme of \^^ . ^_^^ , 

, and ^^-— — — ^ , where v denotes any wl^o^e 



^tM+M— 1 ^ -..— MI+W— 1 ^ 



J^— jr*' r"— a?" 



number, may be very easily deduced ; either from 
Art. SSS, and 291 9 or (more readily) by dividing the 
vBumecator by the denominator, and continuiag the 
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quotient to as many terms as there are units in t?.* By * Art lAO. 
which means, if p be put = vw + w, jf=m,— w, and 

the fluents of ^ . ^ and -;; -r be denoted by V 

and Yf^ respectively, the fluents, in the four cases speci- 
fled above, will be expressed by 

+ -—5- (v) ±r^r. 









p^n p-^2n p-^Sn 



{v) + r'^Wy 



respectively. 

2" 
Moreover, firotn the Same fluents, those of 



and TT-r will likewise become known : 

c - /2' 

For (having trtosformed the fluxions here pro- 

1 ;?^*"* i ^ , , A' 
posed to —• X TT^, &c.) wt — be put = af. 



1+-'-^ 



or a:=ii— 



2f c"" 



; then will «" tr= - x a*", and con- 



, ma -f-i ^ 
sequentJy — ^ x «" ^ ^ T*! 



IN 

R 



X WIX'"''*JC. 
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=j-l » .€ " 



Whence «" i = — x > x xT"' i, and 1 -^ 

9 /I 

f^ z^^^ z 1 n 

>' — = 1 + «"; and therefore tt- ( = — x ^-^ 

7]' «— '«\ n "71" a—'* 

.whose^fluent is given, by Prob. 4 or 5. But, r being 

,here = 1, the general multiplicator — r-, there given^ 

ft 

v^vill 'be barely =a — : whicb^ drawn into — X 



4or .the general multipKcator 



.cl* . 1 c 

5.1 , gives - X 7. 

in this case. 

One thing more, though well known to Mathemati-!- 
ciims, it mflj be proper here to take notice of; and lliat 
relates to the sines and co-sines of the fore-mentioned 
^arcs, Rf 9.R^ SR^ &c. &c. (multiplying the several 
angles and ratios) some of which arcs dp frequently 
exceed the whole periphery : when this happens to be 
the case, the penphery, or 360% must be subt^MM^ed 
as often as possible, and the sine and Co-sine of the 
remainder be taken. If the remainder be greater 
^an 180% the sine, felling in the lower seipi-dbrdle, 
will be negative ; if, between 90"* and S70°, the oo-dne, 
/ailing beyond the center, will be negative. 

PROBI^EM VI. 

833. Tojind the Fiuent of ^,„_^^jj,/^^^ ; where 

nand m denote any whole positive Numbers^ ,and where 
the given Expression cannot be resolved into two JBtnor 
jmials (k being less than Unity. Art. 308 and 310). 



Z' - 
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Let R be die areh whose oo-siiie is k. and radius 
unity, and let A: be the sine of the same arch ; more- 
over, let the arcs — , , , 

^+^^^^ &c. be denoted by Q, ft ^ <?, Q, 

&c. and let Oj c, a &c and b, c, d &c. express the 
sines, and the co-sines of the same arcs respectively. 

Then wiU "^^ brx 



'J 

CTX QtTX 

From whence, multiplying the whole equation by 



Now, the fluent of the first term hereof 



^if Jf be put for the hyp. log. of 






r 
and i\r finr the arch whose radius is unity, and sine 

X X sin* Q \ 
\/r^~-9brx + X') ^'"^mfoa (from Prop. Z) to he= 



««— I 



X _— rxT'^ 



«n. Q X J— J + M9I. 2Q X ^^3g + Mn. SQ x 



r-j:'*-^ 



^■;;;;^&c. (w— 1) +r'""'' x f^iw. mQ x M-k-co^ifu 
mQxN). 



UMi 



From wh^ce, if the arcs whose sines «te^ 

V 

K X sin. Q ^ XX am, Q 



= 8u5. be rcprc- 

* 99 

sented by 3f, M $c. and the Ibgarithms whose num- 

, l/r2— 2crx + x^ V'r^— 2irx -h »^ o, v 
bers are , &c. by 

r r 
JV, A^ ftc respectively, the fluent of the whole ex- 
pression, omitting the general multiplicator ( — j 

will be 




X 



,m— 1 



m — 1 



nn, Q 

&c J 

r^x'""^ 
X jr (&c. torn— 1 terms) 



sin. 2(2 
&c. 



'"WW. sen 

sin, 3Q 



rx*-^ 

X -t;+ ( 



m 



-£ 



V 



J 



sin. SQ 
sin. SQ 



Csin. mQ x! M + co-s. mQ x N 



in. mQ, x JfeT 4- co-s. mQ x N i 



sin 



\ w'n. wQ X M + eo-s. mQ x N f 



Sin. mQ X M ■\- co-^, mQ x N 



But, the sines of the first Column being those of an 
arithmetical progression (whose common difference is 



f 
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360° \ i . ... - 

) which arises by dividing the whole periphery into 

n equal parts, their sum will, therefore, be equal to 
nothing. 

Moreover, the sines of the second column, having 

g X S60° • ' 

for the common difference of their respective 

arcs do also divide the whole periphery (twice taken) 
into n equal parts, and therefore destroy each other. 

The same is likewise true with regard to the sines 
of every other column (exc^t the last of all) when 
7n — 1 ig less than n. But, if m be greater than n, the 
arcs in the colunm, whose place from the first, in- 

elusive, is denoted by w, being expressed by wQ, wQ, 

wQ, &c. (or J?, J? -F 360", ft + 2x360° &c.) whereof 
the common difference is the whole periphery ; the 
sines of that column do not destroy one another, but 
each is equal t6 that of the first arc R (vide Art 314 • 
and 318) and consequently their sum equal to n x sin.R. 
In like manner, if m bq greater than Sn, the series, 
continued to m — 1 terms, will take in the ^olumny 

where the Arcs Me 2nQ, SnQ, 2nQ &c. (or 2£, 
2J? + 2 X 360% 2J? + 4 X 360° &c.) whereof the sine 
of each is als6 equal to the sine of the first i^R) and 
therefore their sura = w x sin. 2R. 

Thus also it witl appear that the sine^*of the column 
whose distance from the first, inclusive, is 3n (when m 
is greater than 3n) will be each equal to sin, 3R ; &c. 
&c. 

Therefore, seeing all the columns do actually vanish, 
except those abote specified, whose places from the 
beginning arie denoted by w, 2w, 3n &c. and whose 
correspoDding terms, or multiplic^tors, are therefor^ 

represented by — '■ , — ■ — ^ — , «— 

&c. it is evident that the whole expression will be re- 
duced to 
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nn. R X 



+ m. 8 Ji X 



m— n 



+ «m.1&B X 



m— 2ii 



m— 8ji 



&c. 



4- r—* into ( 



ttn. m<2 X if + co^* m<2 X N 
sin. mQ x JbT + co^ m(i x AT 
m. mQ X Jf -^ eo^. mQ x Jff 
€tn. mQ x Jf + co-9. mQ x iv 



&c 



&c. 



Which, multiplied by 



nir^^ 



', the foresaid gmeral 



multiplicator, gives nn. R x 



r^x"-** 



18 



-2n.it 



w— n. fc 
+ sin. SR X ' — z &c. 



7 +WI. 58fix 



r . 



wi— 3n. i 

p 

sin. mQ x Jf + co-^* mQ x JV 

«». wiQ X JIf + co-«. mQ X iV 

X ^ sifi^ ffiQ X Jf + co-5. mQ X N 

nK „, ,f, jff M 

sin. mQ x M + c(hs. mQ x iv 



«."•' 



&C. 



finr the true fluent of 



&C. 



where 



the former part of the expression must be continued to 
as many tenns as fhere are units in ■■ (jihe re- 



mainder, if any, being neglected). 



H 



Q. jB. /. 



f 

\ 
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5d4f. It the quotient ansing troi 
by n (when the former exceeds) be denoted by v^ and 
the remainder by t ; or, whidi is th 



COKOLLABV 

334. If the quotient arising from the division of m 

'be denoted by c, and 
the same, if vn + <= 

m, it is evident the arcs mU, m^, mQ &c. which 

ggQo 

are respectively equal to mQ + wi x , m<2+2m x 

, mQ-\-Smx , &c. (by construction) will 

n n 

agQo 

alisobeequaltomQ+t?x860**+«x , mQ-^-^vx 

ggQo 

360''+ Six &c. whereof the sines and co-sines 

n 

(omitting v x 360", 3t) x 360" &c. the multiples of the 
whole periphery) are the same with those of ifiQ+^ x 

360" ^ ^ 360" . . , 

, mH + %< X &c. respectively. 

fi w 

Therefore, if the arcs of the progression, whereof 
the first term is mQ, and the common difference t x 

, be represented by T^ T, T Sec respectively ; it 

frUows that the fluent of ^.. _ ^^^ ^ ^„ (or 

r^-Skfar + x^- ) "'"' "^*'' ^ ^"'^y expressed by 
sin, R X : 7 + sin. ^Ryc -h sin. 8/? x 



y.a«j.«-3» /m — 1 



in— 3w. A: 



*-(^) 



\ 



r 



nk 
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fiin, TxM+co^. TxN 
sin. TxM+co^. TxN 

sin. TxJM + cM. TxN 

&C. &c. 

In the very same manner the fluent of 
^■, ai , , - . — ^ (where the sine of the second t&M 

is positive) will be exhibited ; if J? be taken to denote 
the arch whose co-sine is ^k; which will, in this case^ 
be greater than a quadrant. 

PROPOSITION VIL 

335. To find the Fluent of ^,„^^^^^^ ; un^ 
the Restrictions mentioned in the last Problem* 

Let every thing remain as before; then we shall 

a^-"-'je 1 . bx"^x 

have -r- — ^, , , . — — = mto 



^c« _ 2Arr^j:« ^ x'^n ^e _ gfcrjc + Jf« 



nkf" 



ex '"JC 



'^ r'^—^crx + X' ^"^^ whereof the fluent (by Prob. 3) 



r'''-'%crx-\- 

appears to be — ; into 

nkr^^ 

sin. Q A /sin. 2Q 



^sin. Q,^ /sin. 

/ sin. Q ^ ^ _ ^ sin. 

)sin.Qi wi-l.r^ Lin.m 

V &c. 7 ^ &c. 



x«— 



iw-^2 X r^ 
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(m) + 



y- —its. mQ X M+co-». inQ X AT 
1 J — rtM. vtQ X Ai+co-». m^ X JV" 

•^ ' J— «UL ni(ix^+co-(.m^xJV' 

\. &e. &c. 

Which, by reasoning as above, wiU be reduced to 

af— jfi'— 

— nn.Sx ~ «n. aS x 



m— n. tr=" 



~3a.icr'n 




SS6. If, from the 
center O, of the 
dicle ABCD, whose 
radius OA, or OV, 
is r, there be taken 

L equal to k and , 
OP=3:; and if the ^1 
arch A B be to the 
arch A E, whose 
eo-sine is + ft, as 

1 to n ; and each Q 



KCK 
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of the arcs B C, C D, DE, &c. be taken equal tO' 

-— &c. &c. Then the anglea JB, Q, 4 &c spe- 

eified (in the two preceding Problems) b^ng hete ex- 
pounded by AK^ JlB^ AC 8lc. respectively, we have 

P JB = V^t^^^^^brx~^^h^ P C ss $/r«— 8cr»+x8 8cc. 
{vide Art. 817 and 323.). Whence, alsa, the angles 

/ -, . XX sin. Q J 

Ny JV, JY &c. whose sines are >. l » " , ■■^ , 

a? X sin. Q xx sin. Q ^ .i* , . 

^, ^ , y &c. wiU here be 

equal to B, C, 2>, &c. Therefore the flueftts of 

• «^+i»— 1 j; Mill— w—lj; 

given) will, ako^ be truly defined by 
jT"* sin. 81? y^ar-g* ytnf. 3 Jg r^aT^ 

«i— 1 
(to — -- terms) 



n 



n X nn.JB 



x< 



sin. Tx(OB : PB)'^cM.Tx {B} 

sin. tx(oc : PC)-\-co^. tx {cy 

sin. fx(PD : PD)+co^.txiPy 
sin. f X (OE : PJB) + co^.^x (--B) 
in. fx{OF : PJ^-hco^.f X (-i> 



«zn. 



BT Mta<H.TntO VBSU IKTO HOEB SIUPLK OXBS. HI 



Andl^ — 
sm. SJt 



-(") 



respectively. 



—•iH.Tx(OB : PBi+n^Tx{B) 
-rai^K (OC : PC) +<»... Sf-x (C) 

-Hki-xCOZ) : Pi))+tM.i'x(D) 

-ra.? X (Oi; ; P£)+co->.f'x (-B) 
-n«.5*x(0F: PF)+a-,.fy.(.-F) 
tee. 



^x 



KCK 




Where the are J K (or jRJ will Be srefttet than a 
quadrant when the sine of & is positiTe, out less when 

nesative ; and where the arcs T, T, T &c denote an 
Anthnwtical Progression, whose iirst term fTJ ^ equsl 
to M xj B, and whereof the oommon di&renoe is 

equal to (or BC} multiplied by m, when m is las 

than n ,- but otherwise by the remainder of nt divided 
byw. 
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a: — " z 



337. Hence the fluait of ^i^< ^* „ , where a 

is any number, either whole or broken, m^ be vaj 
easily deduced : for, having transformed the denomi- 



nator tog x —T"^ -¥ z% put — = r^*, -i- = 

2A:r", and 2» = ar" ; and then it will become == gf x 
r2" 4^ 2fcr"2^ + a?*" : moreover, 2 ~ •' being == 



2^ 1 — - = a:^z: " , and q±^qxs— * z = 



n+mxx"— '"■"*ac, the numerator will be reduced to 

+ m 

— X a:"i*""'»; and so, we have — =■ 



— ^ <?« -H flj^^ » — r« ' 1°^ which X s=f 2« , r = 



e 



-. i/\ - i/^ 



'^^d^(= #■) = 7=. But, it may be 
observed, that the fluepjt hereof is only given when 

• Art SSS^TT^ (o' its equal fe) is less than unity.* Thteiefore,^ 

if Ijf he greater than V^^ ; or if the values of e and g 
are unlike, with regard to positive and negative, so t^t 

V^^g* is impossible^ the above solution, faib. But bete 

the given trinomial may be resolved in(o two binpniials 
Cby Art. 310) and, from thence, the fluent niay be 
found at two operations (by Prob, 4iand 5). 
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For, by feigning e+yy-|-gy-=0, in order to such a 
resolution, we get ~ *^ ^ ^ , and 

±2/ ^ 'y 4/^ "^ ^g fof tiie yoQts of that equation, 

or the two first terms of the required binomials: 
which therefore are always possible when ijf---c^ is 
positive, or when the foregoing solution fails. 

By denoting the said roots by H and JT, the trino- 

mial e +fz^+gz^ is resolved into g x H—^x K—z% 

from whence - ^ ^ r is reduced to 

-f — ^•- ^^ — ^ , whose 



fluent is given by Art.. 332. 
338. By proceeding the same way the fluent of 



2" z 



e ^fz^ +gz'^ + b^ ""^y ^"^^^'^ ^ *'''™*' ^"^"^^ 

since one, at least, of the three roots of the equation 
^■h/V+Sy' + Ay^=0, must be possible, the proposed 
fluxion^ if it cannot be resdived into three binomials, 
may, however, be reduced to. one binomial and one 
trinomial ; and so, be brought under the' foregoing 
forms : but this being a speculation too much out m the 
way of common use to be farther pursued, I shall 
here conclude this section, with observing, that, when A:, 
In the original trinomial, above specified, is neither 
lesi3, nor greater than unity, the fluent cannot then be 
had directly^ frort either of the preceding methods; but 
must be found by comparison from the fluent of 



x^t^-'x 


Vide Art. 


289. 
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' SECTION VL 

The Manner of investigating Fiuei^is^ phen 
Quantities, and their Logarithms ; Arcs 
and their Sines, Sfc. are involved together : 
with other cases of the like Nature. 

PROBLEM I. 

339. Supposing Qand n to denote given Qum- 
tities ; it is proposed to find the Fluent ofctf'ot Q". 

Let Q» X Ax^ + Bar-' + CaT"' &c. be awumed 
for the fluent required: then the flu3(ioii tl|^reof, 
which is 



• Art 252.Q'» X hyp. log. Q * x ^r + BoT" + Ci^ 8W5, + 



Q' X nxJar-^ + n — 1. BxjT^ + « — ^CxoT^ &c. 

nMlst oonsequentljr be =s op"^ Q* : and therefore^ by 
putting m for the hyp. log. of Q, we have 

jjL4jf+wiBa:'-»+ mCx'^+mDsir^ &c. >_ 
*-ir* + itAr-' +«--l, 5;^"-^+ «^^ CV^ &c. ^ "* 
Wlience ooixiparing the co-efficients of the homologous 

teims, we get ^ae -*, JB =& ^ --^ « -^ rr^^ C^sr 



III wi m* 



=: -— &c. and consequently If x 

in fn* ,~ 



Q* ,^ jwf 



j<x + Bar-' 4- Car-* + &c. a — xjk"-— — -•- 






&c.) Which 



\ 
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series, it i» plaij)^ igriU always f«niiU)ite when n is a 
whole positive number. Q. jB. /. 

340. In the preceding problem the co-effioeats ^9 
Jfp Cf ^Lc of 4ie assumed 49orie^ were taken, in the 
common way, as constant quantities; which, because 
of the general multipUc^tor Q*, was sufficient. 

But in other cases, where a proper multiplicator, 
to exprj^s the Mechanical, or Logarithmic, &c. part of 
the required fluent, cannot feadily be known, it will be 
convenient to assume a series for the whole (independent 
of any general multiplieator) wherein the quantitii^ 
A, -?! C^ D, &c. must be 4)^^^id^red as var^l^. 



PROBLEM IL 

34L To find the Fluent of sTar-^d ; z hdng the 
HyperhQlic Logarithm (ff x ^ and ?n ,fmd n any given 
Nvp^r9, 

Let there be assumed Ajf -\- Bz"^"^ + Cs"*"* -f 
D z"^^ &c. » the jSuent of z"^ x*^' x : tlien, in 
fluxions, we shall have 

i.^" + Bz^' + CsT-^ + DfT-^ &c. 

+ w^2'"-'i + w- 1. Bz^'^z + m^. Cz'^'^i 

But 2 =z - ; whence, by ordering the equation, there 
arises 

Now, jby making the co-efficients of the like powers 
of 5r, equal to nothing, we have A = j^"'*, A = 
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— l,Bx V fit. m — 1. 



1 ^ 



^ • m •*" l./iJP V fit. m — !• ar^ * >^ 



'— . &c. and consequently the fluent sou^ 



n^ 



J" . ^ « »w*~* , fit . m — 1 . jg*^ 
=s — into »* + 

n ft ft* 



fit. «— 1. fit— 2. 2"*"^ fit. fit — 1 .fit — 2.fii— 8. ;&•"* 

ft' ' n^^ 

&«. . Whicb, when fit is a whole positive number, 
will terminate in fit +1 terms. Q. E. /. 

PROBLEM III. 

342. Tojini the Fluent of sfy ; z being the Arch of a 
given Circkf andy the Sine corresponding. 

Let there be assumed A^ + Bs^^ + C*"~* + 
2)2^"* = fluent of z'y ; then, by taking the fluxion, 
we shall have 



^z* + B2-' +C;z-*+l>z'^^ &c 



:}=» 



• • * 

Whence, putting -4—^ = 0, 5 + nJi=0, C+ 



« ' » ■ 



ft— 1. fli=0^ D + «— 2. Ci=0, &c. we get A^y ; 



B=s ^nyz^ C= — ft— 1. jBi &c. 

But, if a and x be taken to denote the radius and 
co-sine of the arch z^ it will appear, from Art. 142, 

that yz =z^ act and xz = ay : therefore jB = wax, 



and B == nax ; also C ( = — ti — 1. SiJ = — 
ft. ft— l.aa:i= — fi. fi— l.a'y, and C= — ». ft— l.a*^ ; 



likewise D (= — ft — 2. Ci^ = w. ft — 1. ft — 2. a^yz 
•c:— ft. ft— l.fi— 2. a'jc, and Z)= — fi. ft — 1, n— 2. a^of 
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&c. &c. and consequently Az"" -f BtT'^ + C«^' &c. 
= y7^ + nojca""* — «• n — 1. a'^ysT^ — n. n — 1 x 

II 
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X 

T 
I 

I 
I 

8 
I 

+ 

I 

I 

I 

I 

a 

I 

■ c» 

O 



X 

I 

I 



» 

I 

«o 

I 



I 

I 



I 
O 



Q. E. L 

In the very same manner the fluent of z^'w^ or 
2" X — 3c (w being the versed-sine of the arch z) 

will be found = — xz" + nyaz'"'^ + n,n --' 1. ja"2'*~* 

— n. «— l.n — S.ya^z""^— w. n — 1. «— 2. n— 3. attV* 
-f&c. 



PROBLEM IV. 

d4S. 7Ae Quantities f x, y aiul j being the same as in the 
preceding Problem ; tojittd the Fluent ofz^'afyy. 

By assuming Jz' + Bz*-^ + Cz*-^ + DsT^ &c 
and proceeding as above, we haCve A=:jfy'*y^ S= — 



nAzy Cz=z-n-l.Bi, D^-n-^.Cz &e. or 
(because i = «i^S:.-^ 22^, C = - "zlf^, 

i) = - '*""^-^^^ &c. Therefore, if the fluent 
of x'y y (found from Art. 142 and 291) be denoted 
bvQ; thato{^,hyli; thato(^,hjS; that o{ 

-^, by T &c. it follows that the fluent of z^x^jTi? 

will be truly represented by Qs^-^naRz"*"* -^n.n-^i x 
a«^z-^-n.'n^. n^. a^ Tz"""^ &c. 



COEOLLAEY. 

344. Since y = --=- (Vide Art. 142) it fol- 
^ y a 

lows that ^ x^jf'y is = »- 2" jr'^+'j/"^' i = s^l— : 

therefore the fluents of these two last expressions are, 
a&o, exhibited in the foregomg series. 

845. As the values of Q, -B, S &c. in the preceding 
articles, are too complex to be pursued in a gener^ 
manner, it may not be amiss to illustrate the tnethod €)f 
proceeding by an example or two. 



INVOLVING THfi FLUENTS OF OTHER GITSN FLUXIONS. tl^ 

Let,, then die fluxion proposed be ^-^: whene n 
being = 1, m=:S, and r=— 1, we liave Q=sS: = 

X 

o ■ 

-^^ rr (because y/a^^ =rs «;. Whciice Q =* -^ 



t Art. 344. 



|yt/a«— j^2 + |aEr=— fyx+fiz,* and therefore R (d« Art. 979. 

^)=-iKy+ — =-|J'y + l^^ (because ^= 
z) and consequently JR= — Jy^4-|5r«; and so 

-^ X « + a X ^^-5—1. or J ^, IS 

the trtie ntieut 

Again^ let the fluent of — jpi x t +j^ (exjpressM 
the contdht of the solid generated by the retoiution d 
the cychidj be rehired. 

Here, the given escprdssion, in simple terms, will 
become — pz^x — %9j^ — pyH : whereof the fluent 
of the first term— pz^x, will be had, by making n=2, 
m-l=0, andr + lr=0(rufe Form. 2, wi CoroZ.) 

Where, we therefore, have Q = ^ = — i ; whence 

X 

Q=:-.jc; also A (5^^ - «^^ and fi=-j^; 

likewise «y ( = — ^ =— ^^Sl^ssx, iS'=ajar; and 

X y X 

conseqUemly the fluetit rf-^ ;t« 56 ( QaT -^ )ia J8#-^ 



a.ii^U.^I«^U 



+ ». n — 1. oPSz*-* &«.) = — »a« + gey? + 2a» x; 
to wtich, adding the fluent («-±I^|?i±^')rftte 



IfO OF TUe FLUENTS OF EXPJlESSlOXSy 

second term -^ 2zj/x (found in the preceding ex- 
ample) and also that of— ^^i (or— a*i+ar«jc, found 

the common way) we get, in the whole, | a — x x 2' 
+ 2ety —yx X z 4- |ay^ + arx + jx^ ; which, multi- 
plied by p, and corrected, gives, p into \a — x x z^ 

+ J!ay -yjr x ^ + |ay" + a^«-f §^a:^ — Ja*, for the "true 
fluent that was to be determined* 



PROBLEM V. 

346. Supposing H to denote the Fluent of fc + fei'x 

z^^^z ; to Jind the whole Fluent af H xa— fesr"]" X 
^^''i, {when a— 62" becomes equal to Nothing). 



By resolving k + Isff x «"""' i into simple terms, 
and taking the fluent, th^ ordinary way, we get H = 



k' z^ 1 rlz^ r. r - 1. l*z^ . ™, . , 

X - 4- — + &c. Which 

value being substituted above, and p wrote instead of 



^ + 1?, we shall have H x a-fe^" x 2r*-' i = — x 



rlz^ r .r - 1 ./-'V^ 






-f &c. 



Let, now, the fluent of a — bsf'T X b^"' i (in the 
proposed circumstance) be denoted by A^ and put t= 
p+m-^1; then it follows, from Art. 286 (by writing 

1 rl k^ 1 

— for e, — for /I &c ) that — x A into h 
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p, r al p. p-fl-r. r— 1 aCV 

t.v^-l *^ t. t + l.a.v + 2 fcfc' 






-f &c. will be 
the true value of the fluent. Q. E. I, 



Note, p and m + 1 mus^ here be positive quantities ;* ♦ Art. 286. 

. . / 

and it is also requisite that r should be greater than — 

- ; otherwise the fluent wiH fail. 
a 

Ex. 1. Let H=z 1 — y7""* X y » «w<^ fe* *Ac wAo/e 
Fluent of H X 1 — y-1~*y> ^ demanded. 

Then, /r being = 1, /= — l,:ar=sy, n = ^, r=s 

— I, V = 1; also a = 1, 6 = 1, w = — |, 9 = ^ ; 
jE> (=:94-«ji =1, e (=p+m + l) = 4, and -4 (=:the 

whole fluent of 1—^1"*^) = 1 ; we shall, by sub- 
stituting' these several values above, get 1 + 5^ + 

1 — j^2 j-i xy(oi jff jffj when j^ = 1. Which fluent 

iJ« . -ff* 1 

being also expressed by — , it follows that -5-= ^ + 

"Q ^^^4Q^81 ^^' Where fT is ^ of the peri- 
phery of the circle whose radius is unity. 
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Ex. 2. Lei il « c«4-2«l"^ x i^ io.^ the fmU 

of B X '¥^^^ X c'i. 

Here, itrc^, /tsl, n = 2, r =± -^ |, i> fc f ; ita 
a = A% &=1, m = — J, ? ±= I, J> ^g + trj :iz\,t 

fp+fte+1^ = 4, and J ( «sf wAofe flaettt of*«'--««r* 
X «i^ = A : whence, by substitution, we have cr' x 

J« 3l4 Jo 

ixl-ix— +iX JT""^^ ?**• ^**^ 
multiplied by c^ (the (XM3ffiGieat of i) ffVQg ~ X 



A -. ^+4^ ^ &c. finr the true fluent in this 

9ifi 5o* 7«^ 

case : where the smes is that exyitemag the ardi of 

* Art 14^^^^ circle whose tangent is A and radius c ;* and is 

UiarefiHre equal to o x arch, mhoie tadiyiB in' vaitf mi 

h 
tangetit = - : whence tibis last arch (taken without 

the multiplioator cj itt the true Tahie of the fineht. 



ht »* 



SECTION VI!. 

Showing how Fluents, found by means of In- 
finite Series, are made to converge. 



347 



. IT is^ found, in Art* 85, that the fluent of 



a-fc?l* X ds^^ i, in ati infinite series, (makitii 

m ^ q ^ s) IS expressed by — x 

qna 



Ti^]ft> ilfA^n^B Sif UAtiig(C »t.tf£irT8 r0Mir«Rac. ItS 



g -I ,. , ^ifi. 



g+1. a ?+l. »+2. a« 
it follows (and is ^Vident by barie Inspectioii) tbdf this 

fluent of (i — cy^f xy*~'y (where the se^tohj ttfiir 
undef th« 'dirkmum M ne^tive) wil} be fruly defiMl by 

— '^ ^ - ^ liitol-f -^-^ 4-= ^ ^-^ 
4- &c. supposing «=r+5f. 

But, besidM the sei^Ied here given, aiitd those, in^ 
Art. ^, 84, expressing the same value, the fluent of 

a — cy»y X y^^'y will yet admit of another fdrhi,. 
c^ereUt from all of them ; by means whereof and thcU 
above, we shall be enabled to draw out sbme vdry useful 
conclusions. 

— — si — ; then y" = , and 



S48. Put z' 

c 



therefore nj^-«y=-==^,; also a-qjT == — ;-^' 

and ;r"'* ( ^ ^"^ ^ ^-»y) » ^^^=5+1 ^ «>* 

cotfiSeqtiefitly d - ^^-f x jT^' y = tt*^'+' x 

a -f tA"^*"' k j!?«*^»i: trhtob fl^3iion« so trans^ 



JJUi^ 



formed, being compared with a +02"]"* X is^"^ z\ we 
have m=— r — gr— 1, d= a*'"*''"'"', and « (q-^rn) 
= — r -^ 1; whenc^^ ly subsiitutiikg these valued 
in the first series, above giveh, the fluent sought will 



behad=li^iIli^^:t:-iiJ!lx(l+ '"' 



,« 



qn ^ -f 1 « « 



_J- — r==^ 4- J ^(» ) 
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Which, by restoring J, (or writing ,-:^ and -^ 

for their equals a -{- cz""^ and 2") becomes 

si s2L. X (1 + -— -r X — ^ + , X 



c2,,a« 



^==r- 8cc) the true fluent, of a — cy"T y^jf^^y. 

349* This fluent may be otherwise found, inde- 
pendent of ikai above, in the following mann» : 

It is evident, by taking the fluxion of ^A ^ 

(which quantity would be the flpent* sought, if 

a — cy"]' was constant) that "^ — ^ is =a the 



re 



fluent of a — cjn*^ x y^* y — fluent of — x 

a-^cjf^^ X y*+"~* y ; this equation, by transposing 

the last term, and writing x in the room of a— cy" 

^ (for the sake of brevity) will become fiu, ac'y*"*^ =3 

x^ \fi* re 

— ^ + — X jlu, x^^ i^«+«-' y. From the very same 

qn q " 

argument (if, instead of r, we substitute r— 1, r— 2, 
&c. successively ; and, for ^, write 5' + !, ^+2, 9 + 8, 
&c. respectively) we shall, also, have 



r — l.c 



/m. jc'-* y»+— ' y = -=^ — 4- 
pi. jc*^*y««+^' y ; 

' ^ -^ ^ + 2.71 </ + 2 

/w. x'^^y^+^'^-'y; 
&c. 8cc. 
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Whence, by substituting these values, one by one, in 
that of, flu. 3c' y^* y , we get 

x'^ re x'^*y^+" r.r — l.c^ 
•^ "^ -^ qn q 5f + l.« 9-9 + 1 

9^ q.q + l.n 



r. r — l.c^ jc'-s.^^+a- r.r — l.r — 2.c^ 

== — X 'x=d. + — =■ — > 

q.q + 1 q + 2.n q.q + l.q + 2 

flu. x-^ j^^^-y y = £^ + jXJ^jr^ ^ 

9» q.q-{-l.n 



r.r — 1. c^ x"^ f/^+^ ' " r. r •- 1. r — 2. c^ar-^y^'^'^" 

5'. q + l. q^.n q.q + l. 9 + 2. 9 + 8. n 

&c. Where the law of continuation is manifest ; and 

where, by making <• a general multiplicator, we 

shall have the very series above exhibited. 

3S0. From the equality of the two forgoing ex- 
pressions, for the fluent of a — cy"T x y*~'yj (or 
^iT^^ y) *h® business of finding fluents, by mfinite 
series, will, in many cases, be very much facilitated. 

For, in the first place, it follows (by dividing both by 

iH-l 



=^ , or -. — ^— J that the series 1 + 

qna qna / 

'^ + ^ &c. and — - X 

q + l.a .9 + 1.9 + 2.02 « 



- rev" r, r — l.cV* r. r— 1. r— 2. cV" . 
1 + — ^ h '^ + .*^ + 

9+1. a? 9 + 1.9 + 2.j:« 9 + I.9+2.9 + 3.X* 
&c. must also be equal to each other, let the several 
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quantities, therein concerned, be vIkU tiiey <will (riikh 
may be otherwise proved, iodep^ndeiil of ^mdoM). 
Tbere&re, if in the room of q and s we write any other 
Quantities p and t, the oquatiop irill, stSKp hffy^ ii^ 

will then become 1 + , ^ + u ,-a^ ■ *^ - 

(e beings;) tf-r). 

Moreover, if as many terms of the first series 1 + 

9 + 1. a J + 1.5 + 2.^ 51 + 1.5+2. 5+8. a' 
&c. be taken as are denoted by any gjven number; «, 
and the last of |;h^m be repr^nted'^jby Q, \t i^iis^qfiat^ 
from the law of the series, that the $rst qf (he n^ 

maimni? terms will be expres^ by Q x — — x — ; 
the second, pf thfm, by Q K ^^^ X ^^bh.iII, )^ 

-^ ftc. and therefore the sum (rf* all of them (patting 

q+vs=p and «+t; {^^ri-^-^v :=r f) wi|l besp Q 3( 

-x-^ +Qx--x — -^ X — f- + ftc =? 
pa p p '\-\ a^ 



p + J.# p + l.p+2.ii« 



fr-*r 



px p + l.a: jj+l.p+2.*^ 

(by writing the series found above in the room of its 
equal) and consequently the ^hole series (indnding 




the V first terms) = - . — , , 



\ 



TBS MAISNSR OT IfAKIVG FLITCVTS eOWTEBfifU VKl 



rcjf 






Which drawn into the general multipUcater — ^^ 

{©itfe Art. S4T) will give the fluent of a— c^)' x y*^y 
(or nt^j/^^^y) according to a new form^ compounded 
out of the two preceding ones ; where jth^ sec<md series 
( the value of p being large in respect of r ) will 
always conver|^ oiudi faster ttum tbe lemiivmg part 
of the first, for which it is substituted : but this will, 
more fuUy, appear from what fQUow3 hereafter. It wiU 
be proper to take notice here that the fluent of 

cT^Tc^^ X 2**"' z (the fluxion first pipppsed, where 
the second term under the vinculum is positive) will 
also be had from hence (by writing z (or y, m for r, 

and-«c for c) and is therefore equal to * ■ 

dsaivm into the sum of the two following sepies. 



1 — ..p — Y — 1 jj — ^ — f© I 



-^ X (1 — ■ ' ■ 1- „ -_= =: — 

P^ p^l.x p \^\.p-\-%x^ 



• -■-■•■ ■ ^ ^ — — 4- &C. ) 

Where, « = m + 9, p = ?>+?> ^ = «+«^, x = a+c;?% 
and Q = the last term of the first ' series continued 
to D terms, v being any whole number^ at pleasure. 
A ^ew examples wiU show the use of what is abov^ 
delivered. 
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351. Ex. 1. Let . , or 1+2|. i, be propcMM 

Which being compared with a + cjef"|" x a:*'^*i, we | 
have a=l, csl, n=:l, x^l-f 3, m=— -1, fit— 1=0| 
or 9=1 ; whence also s (m+5')=0', p (t7+j)=5«+*l, 
^ (^ + v) = V, and consequently the fluent itself (by 
-substituting t^hese several values in the last genend th^- 

orem) = z into 1— a +a""~'FW — 



2 3 4 "^ ^ t7 + l.:t 



z %z'^ 2.S.*5 

xl + 



&c. Where ( Q ) the last term of the first scries 
being + — , the multiplicator f — ) to the 

'^ 17 ~y" JL • •* 

^ ^ ... 

second) will be = + •.== — ; and so the fluent itsetf 

v + 1. X 

will be reduced to a: — 'o+*« "* 1 W + 



2 3 4 ^ ^ ' c+l.x 



1 + ■ — + -= ^ — : + 8cc. . In which 

the signs — and' 4-, before z*+*, obtain altematelj, 
according as v is an odd or even number. But, to 
show the advantage of expressing the fluent in this 
manner, by two different series, let 2r = 1, and let 
t? be taken =8 ; then the value of the first series (con- 
tinued to 8 terms) being = 0,6345238 &o. and thxit 

of the second series = —4-— + ^ +gj + -^g- 

preceding those where they stand) = 0,0556565 + 
0,0027778 H- 0,0002525 + 0,0000316 + 0,0000048 
+ 0,0000009 + 0,0000002 = 0,0586233 ; it is evident 



tan UAH^n M IMk^lH^ WKI^T'9 i^H'mMh mi 

-a 

that the fluent of ^^ ^ , ulieff t heoamei = 1, wilt 

be =T 0,6345338 +0,0$86e33i::s 0,6^411: wl^cb 
13 tructo tbeveiyloft^deeinMlidtoe; aid would 1iav0 
required, at least, 100000 teqns of the first, or comnum, 
sen0B.« 

362. Ex. 2. Let the fluent of -J^ (expresnng the 

Arch whose Radiufi i$ 1 and Tmgeat z) he re^piired. 

In this ease we have asti, c=:l, nsS, x=s 1 + z^^ 
m = — 1, fn'^l::9iQy or ?=!, s = — |, ji = t? + |, 

jg3 4j5 2' 

and the flneiit ksdf =*s^—s+-^ — if* f«^i ± 

«*^' /t 8. g» 8.4. If* 

iS+jT X ^ P>+9. » 80+3 S5f>+6.^ 

^' *• ^ "^ 8ur.) Where, if « be taleu 

= 1, aitd t7 = 6, we diall hare 1 — s + £"- ly + 

&(!. =3 0,7a£@99 ^%he fluent of -^r-r? i^Itea » 

x + ss* 

^ 1 i^qR I of the p^p^tery fif the foresaid cisde). 
Wl^i^ nupaber^ brought out by takoig (n[il]|r 8 termt 
of the second series, is more exact than if 100000 

111 

terms of the common series T •» a •\' rr^ s: &e 

* 5 7 

bad bQ9^ usej. And, if « be taken sa V/ 1 (s» 

tangent of 30*) and t?=s6, as before, the same number 
ofterms will be sufficient to give the answer, true ta 
twice the decimal places above exhibited. 

VOL. n. K 



'M rwn VAxmBB or uakiikc TLvrtnt on^tML 

S6S. Ex.8. Ld tie Fluxim prcpasei U F^fy^^ xi^ 



Hare we have a=:eS CSS 1« z^y, «=4, «=c*+jf*>. 
C#+e) sr 0+1 ; ana therefore the fluent sofu^t ^ 

^.bstitution) is-^intol.|;4^- 



7. 11. Igy" ^ 4p-h3.Qy^ 2 



g>gy «. 6. v* 



4o+6. 4o+9. «« 4o+5.4o+9.4»+lS.JP* 

Ac) In which (as in all other cases) Q denotes the last 
term of the first series. This fluent a^^ximales 
equally fast with those in the ibr^ing examples : and 
it may be observed farther, that the fluent will alwajrs 
converge, however great the value of jet is taken, if 

both a- and c, in the general fluxion a+cB")* x 2*^' f> 

are positive quantities. But, if the second term under 
the Tincnlum be native, the case will be otherwise, 
when that term becomes greater than half the first ; 

since the powers of — , in the latter part of the 

fluent, will then form an increasing geometrical priK 

Session. It may, therefore,, be of use to show how the 
eorem. may be varied so as to answer in this case. 
In order thereto, if in the equations «=:r+9, andl + 



• Hhl. cy* g + l.jy-h8 ^ cy &c = - 
q + l.a } + l.j+2".'a« ' ^ 



1+ "^ "^ + -^ ^ &c. (given in Art. SBO) 

9+1. a: 5f + l.jf+2.ap2 

you write k for r, and p for j, and multiply by -, 






you will have sssk+p^ and 1 + 



|> + 1. OP 



-*— ;r «C. = - X (1 + ^ ^ - + 

p + l.p+^.x* a p-k-l.a 

' Moreover, if the v first terms of the above series 1 + 

. 7 — + -^ — &c be taken, and the kst 

j+ 1. X 9+l,9+2.ap2 

of them be denoted by Q, it is plain the first of th^ 

remaining terms will be = Q x : x -^-% 

o q+v X ' 

the second = Q x -^^^^ x -^^^^^ x -^ 8cc. 

and the sum of them §31 (putting q -{- v ss p, and 

r- t, = it; equd to I±Il3^ x (l+.^M- + 

p + l.j?-f2.«» * px a p + l.a 

• 4- 1 — = -^ 8U5.) (by the equation ^veV and 

p+\.p+%.a^ 

consequently the sum of the whole series (1 + ^ 

^ V ^ ^cy" r.r— l,cV* 

8U5.) = 1 + =f— + ^^ + 

q+l.X q+l.q+Z.x^ 

/>+l. o j) + l.p + 2.a« * 

k2 



Ill TJffi J«4?!»^. PF M^juiip nv^nr§ Vfm^fmfih 



multipUed by ?^ , g^ the fluent qf ftvgrJ' 



down one exan^^ of the use of this last goiei^ 

pression; where we wiD take j/ V^^t-^j cr18-*j^* x 
^yiy (being the fluxion of the area of the eiicif wboie^ 

Tf«#is is vmj and F^S?d sj^^ j^;. (» 7^ «« 
a = S, c s=: 1, n= 1, r=|, y«— l = f, or f = J, tzs: 
— yd[:j,Jp=»+f^«5r2, «=8— j^; ttid t^erefiiiifc ^ 

fluent sought = ^^ into 1 + J^ ^^ + 

2© +'8. 2 ^ * 2© + 5 2© + 6, 2t> + 7 

J T ^ ^ &c.) Which, if tf be taken 
.^-^•6. 2»+7. ^+9 ' •" . 

2 -4 i? C 

*= 1, and = 5, will become = g + ** — 3 +* 

-n+23a3+ 16 +17+19 *^- = ^"^^^ 

'(wh€|re Af 3f Q 8cc. denote the several terms, re- 
specdvely, without their signs). In bringing out which 
ecmdusipn^ i^x terms of the second series are required : 
but if j^ be ^ea ^ f t^e radiup qf t];ie for^d dr^ 
then four terms of each' series will be more than suffi- 
cient to ffye ^e s^e numl]|er 9f decimal plaoesr. And 
it may ln!:einse.l£ observed, that, abl^^ga ^ g^nisi^l 
nile can be laid down for assigning the vdue of v, so 
|s to. answer the best hi aU ciues, y^t |he CQiiclfLsifn 



will, fixr the wsaehU part, ]:6qpure the fewest tertni^' 
when the number of those, taken in each series, is nearly 
the sam6. 

854. Biit, after all^ kiodier theorem br sepes stffl 
seems wanting, to express the value of the whole fluent, 
when tte ^ratity under ttie vineuU^ becomes espial td 
nothing (which, in the resolution of problems, is com- 
monly what is required), tdt it is j»Utiti die laif^ 
above given, answers no better here than that preceding 
ii ; because (the divisbt (xj h&a^ HOthiif^ mtfotm&t 
piirtdf it fifils. 

In order, therefore, to determine a proper formy to 
obtaifi in this cirCumstsCbce, it will, be requisite to ob- 
serve, first of all, from Artkk 286, inat the wloW 



fluent of a — 62"]"* x 2;^'''*"~*i, supposing that of 
a—bz"]'' xz^^ i to be denoted by A, will be truly 

Expressed hy j k ^ipj >i ^ (v) x -^ : m 

nflhich ^= wi+ji+ 1,; and where it is requisite that the . 
values o£m+i mip should be positive, otherwise, J, 
being infinite, the fluent (or comparison) fails. Hence, 

* - 

because the whole fluent "of a— 6^1*" x i*^'# (wfi^irt 



. r ^ a 

a'T'bsf == O) is found == ====— — r, by the common 

way ,^ it follows, by writing this value in the room; of* j^^ 77 
Ay and ^poui^i^ p by 1, that the whok fitent oi &78. 

.J _^ 1 

J-Tjjrj- X i*+— » z is rightly expfessfed bjr — -^^ >f 

g 8 . g*^*-*-' i 

ZTo* ^ Zm r^ + l) X ? TUT : whence" 



1^ THS MAKNU OP MAUVC PLITXIITS COimntftKi 



that of a — bsrf x iT"' i, by fuUtitutiiig r instsdl rf 

1 S 

V + I9 will consequently be equal to ^ x 



m+1 m+2' 

3 a"'*''' 

X a (r) X — r.« I^ tbis quantity be denoied 
jfi+8 ni6' ^ 

by J3; then, by the same Artide, the fluents of the 

b^ bj^ Vs'- 

a ' a* * a^ 



several terms of the series 1, — , — r-» — r- &c. 



drawn into the general multiplicator. a — bsf^r xjT^ i* 
will be respectively expounded by those of the series 1, 

r r.r+ 1 r.r+l.r+8* - . x> *u-2 

T-» ■ — =- 1 — ^^;==: -r &e. drawn into B ; t mng; 

;=»i+r+l. 

If now the diflferences of the quantities 1^ •j, 

\ &€. be continually taken;* and for r^t its 

ea^ — 1ft— 1 be substituted, the value of any term 
of the series, whose distance from the first, exclusive, 
is denoted by s, or whose corresponding term, in the 

b'z^ 
preceding series, is -— , will be universally ex- 



1 t , s,m+i 5.5— l.m+l.i»-f2 
pressed by 1 , . + : c==' 

•i^MMMMNpa ta^MM^HMM. iVi^M^^^^^ I^H^aHMMMl*. m^^^m^^^mm 

— ■■ — + &c. Whfiie, if 

1.2.3 X Lt + l.t+a 

8 be interpreted by 0, 1, 2, 3 &e. successively, you, 

will have the values 1, -r 9 ' &c. above exhi- 

• t t.t-^1 

bited : but, if 5 be taken as a fraction, then the value 
of such an intermediate term will be found as will give 

* See my IVfath? maticai Essays, p. 94. 
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the fluent of x a — SzTT x ^'^'i, in any pro- 

posed circumstance of 8 ; which fluent^ it is evidest, 

will therefore be expressed by JB' x (1 ' ^ . .; + 



— -^— &c.) or Its equal . , % 






w+2 »i+3 ' ^ mi' I. < 



«— 1. jfi+2 „ «— 2. m+3 „ s— 8. m4-4 

^ ^ x JS - — ~ — - X i^ ^ — s^ X 

2. < + l 3. e+2 4.^4-8 

G &c. (where £, JF", Cr &c. denote the terms im*' 
mediately preceding those where they stand, undor their 

proper signs). Whence, dividing by -— , we have 



1 2 . , 0*+' ,- «. jfi + 1 



wi+1 m+2 ^ mi'+' 



■ X £ 8cc.) for the true fluent of a— fe"]" x 

2. < + l 

From the last fluent that of a — i«"j" x jr**"' i 

(in which j^ denotes any positive fraction, proper 
or improper) is very readily obtained : fcH*, u the 
same (when a— i2:"s0) be denoted by A; then the 

fluent of a — 6«"r X z^'^'^^'i will (according to the 

P 
article above quoted) be expressed by —j^ — — j x 

o + l P+2 . , a* J 



1S6 TBS Kjunns or MAnxo mnorn cwrrBi 



pondye in^ger. Therefbra^ bj ntfUig a— ig"^' x 

jr+— 'i ^ a -. ft*"!" X »^+^*i, arr + » = |> + «, 
jdit MneqKttdidg floenta n^ abo, be afinl ; llMli% 




amseqjiieiitlj A (the whole fluent of a— 62^!* X 

^ 1? p+1 j?+T^''^'^«+i 

X— ^ X s- fO X — n X into flic saner I — 

1. < 8. <+l "" 8.7+5, *^ 



, -I ■" G &C. where t=sr+ m + 1 and » as + 

. 4. H-* 

)»*-r ; 9 Mid r being aoy whote pontic mimbeva^ al 
pleasure. 

SSS. An Eicample or two of the use of this-oondo* 
aiop, may be proper. 

I*. Let iSm u>hok Jtueni of 1 — a?«l"^ i (^xpesssing 
^ kn^h nf I rf the periphery of the cbde whose 
iradius IS unity) be demanded. In whid^ sase^ # being 

^ 1» 4 == 1^ j^ = ^ f, n 5P 2, |> as f^ r x3 r+^air 

*H-1 - , 2i>-2r+L , ^ 
^-3 — , and «s=t>^r+i=s: ^s > the fluent 

^sou^t will, therefore (by substituting these vdues) b^ 

to* = 1 X 5 X r ( V X r X g X » (r^ X 



— — into 1 — ' I I '— — '■■ * ■ _ ■ jcj ■■• 



6 . 2t> - 2r — 3 „ 7 . 2» - 8r--5 „ » .__, . . 

_ . .!.. . ■ — -F T . ^1 11 — G Sic Which, 

I 

1^ expounding t> by d aad r by S, will beoome iM 
8,16719 && iJitel -^^-xf ^ "li^"'' 

ra^+i§T5^+M^+*«'-^^'^ '-: 

tiMf brii^g^ oirf 6f irlkkb itia&i aft fh« terdnr atk^^ 
edtbftitcu are reqtdilite : but, of the <k>imiioftt sieflit^, 1 4 

— + -lliL+JL?l^ -I- &c. more thilii 10 un^ 

tliat number of ukrm Would bir iifc€ste)r td ais#er 
with die ftiiiie degree of exMtnegs. 

iEr. 5^. iet the Ftmtion pr&posed & "iJ/i! '"''^^ -' 

(#bose nrftole ftii^Dty Urbeii x^d, exprieflw^ fbe dmi^ e^ 
descent of a heavy bddy iH half the ardb'df a semi-cfrele/ 
whose radius is d),* , j^^ ^^^ 

Here, by comparing d« — ar^jp*' x ar^« with. 



a— isrfxf^^f, w^ have tf=rd«, ftatl, n=8y p»f-I 

ae — f, or o= J ; also s ^p^ + t? — r^ = » — r + }, 
t (r +711-^1) = r+|: whence, by taking r and t?, 
€ach, equal to 4, the fluent, itself, comes out sf 

8 7 11 15 , . 2 4 6 8^ 

T^ 5^ 9- ^ is ^'' T^I ^5^7^ 

8 '''* 4.9 ^ 8.11 ^ 12.13 ^ 16,15 

^ . ii.i6d* . ^ :; r~9E~~ 

"^ *V= TSTT ^"'^ ^,-*"^88 "^^^ 



^fL&nBJ^: which is to Sv^SdE, the. tone of doMeiil 
along the vertieal diameter of the fiiresakl eude^ ir 
S.6215 to S.8S84, or as 100 to 108, nearly. 

After the same manner the fluent will be fimnd in* 
other cases : but, with regard to the assigbinc of the 
valuer of r and v, it maj be observed, mat the 
answer will, commonly, be brought out with the least 
trouble when v is taken greater by an unit or two dian 
r; which last quantity must be greater or less, ac- 
cording as a greater or less degree of exactness is ne- 
cessary.— From the forgoing expressions, by varying 
the vuues of v and r, a great number of theorems, fiv 
the summation of series, may be deduced. But this 
being ibreLgn to my present purpose, I am not at leisure 
to pursue it here. 

866. Hitherto regard has be^n had to fluxians.of 
the binomial-kind: but, fiom thence, the fluents of 
trinomials may also be found ; when these last can be 
reduced to binomials (by Art. 807) without intrpdueiiur 
new radical quantities.— -Besides which method, I shal^ 
here, giv6 another, which will answer where that fiuls, 
and is also applicable to muUinomiak, 



In order thereto, 1^ the fluent of a^\-^^'' x 
2f~^i, be denoted hy A ; and let it be required to 
find, from thence, the fluent of the radical tnuUino^ 

mtalf or infinite series, a-fcx"+dr*'+ci^+^*" &c.r 



xx^^x. 



Make csf' = cw" + dx^ + e*** + &c and^ = a:^ ; 
then, X* being = y, if this value be substituted finr 
X", in the first equation, it will become csf* =z cy^ -i- 

S 3 

dy 4- f^ &e. Whence, by reverting the series (by 
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Ajrt. 275) y («^) » fiNmd e j^ + Mif*-^ + 
Where 12^ ^^ ^--^^S^ x ^ -£f, T- 



Moreoyer, by takinjor the fluxion of the equation 
thus brought out, and dividing by pn, we have jf"^* x 

P P 

\. ... 



Now let this value, with that of cjr" + ftp** + ejf** 
4- &c. (given above)| be substituted in the proposed 

fluxion, and it will become a + csi" x (5J^*"'^+ 
^ xRz^+'^'z^ ^±? X iyj8^«-' i + &c.) 

Also, let V denote the place, or distance, of any 
term of this series from the first, exclusive ; then the 
term itself, drawn into the general multiplicator, will 

f) -i- ft 

be expressed by a 4- csTV x A js^'^'^^i (a 

being the corresponding co-efficient R, Sf T, &c.) and 

the fluent thereof by ^ ■ a x a -K c^i*"*"* x a^ x 

1^ 



- ^ + 1= 1^ „^ — - (©) ± 






sign of the last term is + or — , iteMdlBg A» i« A 
even or odd numb^.. Now, if in the fluent, dm 
^vn, .9 be a^onndedbjir l,9f%4iSc. w iygtl f d ||F^ i 
IS ev^At the fluent of the whcle expreBsiini wiD, in 
all cireumstanoes of z, be obtained. But, tf die oo- 
dtciebt c be H^tiv^ §0 fliat a-f cirmi^(Wiiietad^ 
z) koome equal to nothing; then, m mi cireum- 

•taMSi the fluent of die ftsesaid gehend tawiiFf^* 
X P±l A f^^i (or r^^FTT X «±^ A 



X a*"'" ' i, makmg — c = ij being, iare^, s= £ x 

Art.886^x^jt| („) X ^ x-^,* it ibOows that 
t+1 »+* 1» *^ 

the i^bole fluent of the given expression, or lis equal, 



a~'bz*r X «^'i + ^ J?z^^^* i &C. will be truly 



Sa^ 



represented by -4 X (I + ^^—^j — + ttZJl^ 

^TT.m:PT9Ja^ j^ which, fi=f. 






r; + ^^ — X — + ^, &c. and A = the fluent 
o* 1 ^ 6 

a— -ftg^r X J8^~' i, when « - 6z" = 0. 

867. Hence; if the fluxion given be of the trino- 
mial kind (then, c, /, &Ct vanishing)^ the ithok Jluent 
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«;^Q) will> bgr substilutiiig fiur ^ iS, T, &e; ibe^4 y 
358. If m + 1 and p are the halves of any oH affir- 



m§tiye numbeis, the fiient of tf — i^][" x V^* j|, 
when a -r> ftjEf db Q, wiH be equal to 

unity. Therefore the fluent of «— Si*'-¥'<&'^^«P^ScIj'* 



• Art99S 



• -x 



X x^"' Xj or its equal, a — J«"] x (a^*"*« + ^--^ 

X -8;r^+*""* i 8co.) ift found, in this case, by multip^ripg 
the expression hpe given, into the (ovsgQia^ series, )-f 

' 859. An example or two wiB ^Ip to show the use 
of what is above delivered. 

X 



Firsts let the Jtuent of — J=\ 



V 






ra 



r2 



(iv[hen the di^^^iso; l^eoon]^ pqual to w^u^g) ^ re- 
quiied. 

The^ hj 9omparin| a« -^ x^ --: — | with 



I«l 
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Ab geoeai trmoimkd a — &«• + ib*'f' x jf^j^il 
mean tlwt a* muit be^ here^ wrote in tbe mom ef % 
and that n^ m^ py b and <t will be mtocpretad bj S^ 

11 1 

"^ "^y ^* *°*^ "* "r5 'wpectivdy: whence wft 






= -^ , and the fluent aoii|^t » -^ x 



1-g , 1>8.5,7 1,8.5.7.9>11 . ^ 
8.«r "*" 2.2.4-4r»"'«.«.4,4-6.6H + *^ 



860. The second eacample shall be, to find the fluent 
exnressinir the apridc^nsk in an oilnt' described bf 
mSTof 8 cen^petalfLe vuying aeeoidiiig toiii^ 
power of the distance. 

In which case the given fluxion being 

* ' * ■ . 

+px 



^ '^ n + 1 



2x-+= 



(t^ Art iMCy 



'^^'-P' + B + l 

where A is supposed the hi^er apse» and^ C A and 
consequently Co, equal to unity) we shaU, by putting 

1 — p* = 0, —^- = V, and 1 — X* =^, ndnoe U to 






H^i-0xi 






2 



S.3 



2.3.4 



^y~^S + J'*y + 2ry + / y + &c where the qwm- 



tity under the radical sign (now answering to the 
&nn above prescribed) bemg compared with 

a — 6x* + dr** + coc** &c.]*, we have m = — ^, 



n - 1, 6 --g, 2 - -g— , g - ^-^ -" 

&c. Also the value of p' with r^ard to- ibe first 
term (y-*;y) will be = | (because /m •— 1 s= •— |) 

1 A 

likewise its value in the second term (y y) iss •^; in 
the third = -^ &c. In the first of these cases we, 
therefore, have t (m +ji + 1) = 1, A (px-r-^s 



p-8 g, p-2.fe-5 ^_ t?-8.16t»g-8yp+» 
6»->- 72 ' ~ 16x45 ^ 

Whence it follows, that the fluent of the first tetrn 



<^-¥+^-^^-y &4 X jriy) when the 



8 ' 8,3 



quantity under the radical sign becomes equal to 
nothing (or the body arrives at its lower apse) wiQ be 

truly expressed by 7t= into 1 + — 5 .0 + 



5.t>-2.4p-5" 7.p-g. 16p«-87o+88 ., 

+ &c. ' 

In the same maimer It will appear, that the fluent 
of the second term, in that drcumstanoe, is s 

Viv "" 7 -^ + -fc^ • ^+ — ib;i — -^ 



Ac. that Mf J*# tfejra f55 ^ )C (|^4^i* 
*^'^J^^ . e^ &c.) that of the fourth =*,/?» 

^ Whence the fluent ef the whole wmeBf hy eii- 
^cjpting these se»ir^]!id vah^s t(^ther^ will joob^ out lex 

r 2*' 

^ gg^fm )nnl^plic9tor f V^l f.. ^) give* -^ x 



a«+ — 5g — .^ + — — ^ 

M-^Ao.) foor the true measure of Ae angle v^equired, 

in ^^ of the radiu9, ^ unity t from whcoiee, hj 
^fing }8Q instead (^ Gj we ehall haire die efone in 

degree^: which, last of aU^^ hy restoring n, becomes 



'W " W JU ■- ■>? . J 



w— 1 . n4-2 . n+% e 

X 



18 w+3 



&c.) 



JWhere n is the exponent of the law of the ibrQe, 
whereby the orbit is described ; and 0, die defect of 
the fquare of the measure of the celerity, at the hi|^er 
<{psf , b^ow that which the bo^ ought tp have to re- 
volve in a circle, this last bemg denoted by iHiity. 



THE KANNSE OF MAKING FLdXNlS CONYXEaK. 

The same oondugion may be otherwise derived, by 
bringing 1—^, in the transfermed fluxion, under the 
vinculum^ but this way of going to work, though we 
have but one series to manage, will prove rather more 
troublesome than the foregoii^. 

It will appear from the two preceding examples, 
especially the first of them, that this last method of 
finding fluents is, chiefly, useful when all the terms of 
the given expression, after the two first, in respect of 
these, are but small. Which is a circumstance diat 
firequently occurs, in the . resolution of physical pro- 
blems ; suph as determining the effect of the atmos- 
phere's resistance upon the vibration of pendulums ; 
and the imqualiiies of the planets arising from their 
action on each other.— In short, wherever the fluent, 
or the quantity it expresses, would belong to the cirde, 
or some other of the conic-sections, were it not for the 
interposition of some small perturbating force (whereby 
new terms, small in comparison i>f tne two first, are 
introduced) the said method will^be found of very great 
service. 
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SECTION VIIL 

The Use of Fltivwns in determining the Motion 
of Bodies in resisting Mediums. 

PROBLEM I. 

S61. Stqmosing that a Bodt/y let gofircm a gioen Pmt 
A, v)M a given Celerity ^ in a It^ktJiae A Q, ti 
tesUted hjf a Mediim, (or angf force) acti^^mscariM^ 
to a given Power of the . Velocity : te deteimme & 
Vekmy^ and also the Spaee run oe>er^ ,ai the End ijf 

a given Time. 

• . • 

-Lj]|ST the given peleiity at A (ii|ea8iued hj tlie 
^pace which would be uiufpni\ly describi^ hi anj 
proposed time r) be put == c^ and that at any o^ier 
|K>int,B9 = t) ; moreover put A B =7 cr, an4 ^ turn 



Ai 2 1 a 

C. hD 



of its description =2:; and let the resistance, or fi>rce, 
acting upon the body at A, be such, that, if the same 
was to be uniformly continued, the body would have 
all its motion destroyed thereby, in the time wherein 
it might move, uniformly, over a given distance d 
(C D) with its first velocity c : which time, let be de- 
noted, by ^ 

Then, since the whole celerity c would be destroyed in 
the time ^, that part of it which would be uniformly taken 
away in the time r, above proposed, will be truly re- 



c« 



presented by — x € ; or by -r ; which is equal to it, 
because the spaces (e and d) described with the same 
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i 

celerity are always as the times (r and t) of their 
description ; and therefore —si—. 

Hence, the resistance at B being to that at A (h^ 
h/pothesu) as v* to c", it follows that the velocity 
which might b^ destroyed in the given time r, by a 
force equal to the resistance at B, will be caressed by 

•-ix-;^ or its ec^ual x^^ which expression is» 

therefore, the true measure of the force o£ the said 
resistance. 

Now, it appeals, fipm Art, 218, that, if tjba fixoe 
with which the body is acted on (or the velocity it 
would generate in the given time r ) be represented by 
Ff the relation of the measures of thie vdodty and 
space gone over, will be expresised by the equation + v^^ 

= Fi: from whence, by writing ^ instead of 

F, we have — tji? = -r-;^;^ ('he sign of t?i5 being 

ne^tive, because v decrease while x increases)^** -^'^ *• 
From this equation, we get « = — rfc^* t?^"^ v ; 

whose fluent is i = — 5 + cor. ; which, 

agrrected' (by taking^ a? a 0, and t> s c ) becomes x = 



2-n n - 2 »l 



Moreover, since the time ( i ) is to the time r, as 
the distance x to the distance «?, we also have f (= 



rjc\ 



— y = — r d ^""' ©"* i5 ; and'* HJonsequently z = 

l2 



148 or THE MOTion or^oiuan 



n-lxc » *-l »• 

rd\ 
wridng t for its equal —J : fiom whidi equatioii 



1 
1 



we get — =rl + n — Ixj 

fiom the preceding equation, we get — = 



l4.]i— 2x3 ' which two equal values bdog 

d 

compared together, there, at length, results x:=: 



-Ml—J 



j^^-^ into 1 + n— 1 X ^1 ^h fiw the required re- 
lation of » and z. Q, £. /. 

COKOLLABT. 

S6S. If n=:S, or, the resistance be in the duplicate 
ratia of the velocity, the equation exEibiling tne re- 
lation of 2 and t?, will be— = lH , ort? = 

: but the other equation (the ' iSuent fidling^ 

becomes impracticable. Here a:, the fluent of — 
•Art lUC — , will be explicable by d x hyp. log. -^,* or by d. x 



hyp. log. (1 + - ) ; because t?= 



i+f 
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In the like manner, when n=l, or tbe lesisUnoe is 
as the velocity, the relation o( v^ x and «, will be 

exhibited by the equations, t) = c x — -r- , and z = t x 

d 

lijrp. log. - = r X hyp, log. j- — . Which case, and 

that above, are the only two wherein the general solu- 
tion &ils. 



PROBLEM n. 

-, ^^ 863. If a Body, kt go from a given Point 

I A with a given Celerity, in a vertical Line 

1^ C A Q, t9 acted on by an uniform Gravity, 

'^'** and al90 hy a Medium, resisting according to 

' any given Power of tbe Vehcibf^ it is pro^ ' 
posed to determine the Relation of the Tifnes, 
A" • the Velocities, and the Spaces gone over. 

Let the notation in the preceding pro- 
IB J, blem be retained ; and let the force of gra- ' 
vity, in "the given medium (measured by the 
velocity it might generate in the proposed 
time r)* ht represented by i. Then, • Art. 361. 
this value being a^ded tQ, or subtracted 

-; — -I the measure of the re- 
de"-*/ 

sistance,*!-- according as the body is in its ascent, ora.^j^jt.3gx 
descent, we thence cet -=---s + & for the whole 

• 

force (F) whereby the' motion, at B, is affected: 
whence (by Art. 218) x = :^) = J:L^£5^; 



c 



^^\x — rdc^iJ 



and i ( = — ^J = : whose fluents may^ Art.361 
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bo liftd, hf the meaitft^ of dieblar am, and logAritfeis, 
ftom An. dSl. Q. E. I. 



COBOLLAEY I. 

# - - 

4 

-r— ^) ofihere- 

sistance is to {h) that of gravity, in the givcsi ittd- 
dium, as v" to &<{c'*~': therefore, if this ratio be 
expounded by that of t?" to a", or a* be put = hd c?*^, 
,it rollows that a will express the celerity with which the 
resistance would be e^ual to the ^avity . {since, when 
v^aj the said ratio becomes that of equality). \ Hence, 

also, b^ substituting -^ for its equal d (f^^ wd get 

*" . • • 

X 5? ; — .. ■■ ■ , and z = 



*xt?"+«" 6xtj"-ffl" 



Corollary II. 



365. If the resistance be in the duplicate ratio of 
the celerity, our two last equations will beoomd xss 

— ====, and z=z — '. . : from the rormer 
bxv*+ar bxv^^ + a^ 



r2 n^J^ni* 



«Axt 136. whereof we get ^ = -^ -^ x hyp. log. - ^ 



^ "" O ^2 + ^2 

« 24 X hyp. log. -^^^= - X hyp. log. ^^-^ 

(because, here, ar'=:hd^. From whence, when u = 0, 
(supposing the body to ascend) there comes out x = 

-^ X hyp. log. (1 + — ) , for the heijght {A Q) of the 
whole ascent. But, if c be takeii = 0, or the body 
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be supposed to descend from rest, we shall then have 
X hyp. lo£:. 1 — T=^the distance AB descended. 

Whence, if iV be put Sht the number whose hyper- 
bolical logarithms is -j^ it follows (because, log. (1 — 

/iV— 1 

consequently »=a \/ — j^. From which, the dis- 
tance AB being given, the velocity acquired in the fall 
will be determined. But, if the body, first, ascends 




9 more confmodious form, independent of logarithms. 



c 
and will be equal to — y ■ j because JV, in this 

C« 

case, is found ^ve to be 2= 1 H — r*. Furdiertilote, 

with r^ard to thie time ( 2: ), we have already found 

that i IS c= , or = — — 1 1 = 

. Jxw«+a^ 6xt?«— a« 



raH 



) according as the motion of. the body 

m 

is from, or towards the center of force. Therefore 

the time itself, in the former case, will be = 7" 

b 

drawn into the difference of the two circular arcs 

whose tangents are - and - , and whereof the com- 
° a a 

mon radius is unity:* whence it follows that the • Art 1^ 
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time of the whole ascent will be denoted by -^ >>^ultt- 

plied into the former of the said arcs. 

But, in the other case, the fluent exhibiting the 
tinie of descent, is not expIicaUe by the arcs of a 
cdrde, but by the difference of the nyperbolieal b- 

• Art 1^ oarithms of and drawn into -r^.* Thoe- 

fore, when c = 0, or the body fidls from resti die 

time z will be barely = sji x hyp. log. =s -j- 

X hyp. log* (iV + iV— 1) ) (by substituting the value 
of V &und above, and ordering the logarithm as in 
Art. 803). This equation, in the foxementioned cir* 

c* , e ' 



eumstance, where ^T = 1 + ^ > and t7= 



vA^' 



becomes « = -r- x hyp. log. \^ I + --^+ — • 

Scholium. 

366* If, according to Sir Isaac Newton^ we suppose 
the resistance of the air, to bodies moving in it, to 
be in the duplicate ratio of the celerities :* and diat 

'■ . . , . . . , . 

* That the resistance is as the square of the celerity^ the 
learner may, in some measure, conceive, by considering that 
the same body, wjth a double velocity, not only puts twice the 
number of resisting particles in motion, in the. same time, but 
also acts upon each with a double force ; and therefore 
must suffer a four-fold resistance, or a resistance propor- 
tional to the square of the velocity. This would be strictly 
true, were it not that the particles so put in motion impel 
others lying before them, and thereby prevent, as it were, 
the action of the body. What deviation from the foregoing 
law may hence arise, is not easy to determine. This, 
however, seems plain, that the resistance at the beginning 
of any very swift motion (till the air in the way of the body 
comes duly to participate of that motion) will be greater 
than that aastained by another equal body, moving with the 
same celerity, that has been in motion some time. 
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a ball, iti the time it might move unifonnly over a 
space Cd) which is to 4 of its diameter as the density 
of the ball to that of the medium, would have all its 
motion taken away by a force equal to that of the re- 
sistance, uniformly continued : then, from these datdy 
applied to the theorems in the preceding article, we 
shall be able to determine the velocities, and the times 
of the perpendicular ascent, and descent of bodies near 
the earth'^s sur&ce ; allowing for the resistance of the 
atmosphere. 

Thus, for instance, let a cannon ball of four inches 
diameter (whereof the density or specific gravity, is 
to that of air as 6000 to 1, nearly) be supposed to be 
projected, perpendicular to the h<nizon^ with a velocity 
sufficient to cause it to asc^id to the height of half a 
mile, or ^40 feet, in vacuo; which velocity (by Art. 
203) will be found to answer to the rate of about 412 
feet per second : then, according to the proportion just 
now mentioned, it will beas 1 : 6000: 1 4x4 : 64000 
inches, 'or 5333 feet ; which is the value of d in this 
case. Therefore, if the time r, in the preceding article 
(which. may be assumed at pleasure) be here inter- 
preted by one second, the corresponding values of d, c, 
and b will be ^pounded bv 5333 f. 41£ f. and 82tV 
£* respectively. "Which values being substituted in the » Art 902. 
several equations in the last article, we shall get 

1°. a (= l/25) = 414 f. the velocity, per second, 
wherewith the resistance would be equal to the gravity, 
or weight, of the ball. 

»*• ~ X hyp. log. (1 + ^)\=^ 1836 feet, the whole 
height of the ascent. 

TCI • C 

3". r=- X arch, who^e tang, is — = 10,08 seconds, 
a 

the whole time of the ascent (ifhich is less than the 
time in vacuo, by 2,73). ® • 
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4^ V (= — 7— i = 292 f. dbe vekxaty, j?cr 



v^) 



Or 

second, aequirod in the descent 



6-. Lastly, ^ x hyp. log. \/l + ^+^ = 
^ a^ a 

II9SO seconds, the time of the descent. 

Note. In this example, the measure of tlA AstAvLt^ 
gravity of the body, tn tMXctto, is tliken, iilstead of it» 
, j^avity in lur (the diiSerence there being too hicon-^ 
siderable to b^r^arded). But, iu cases where the. spe— 
m6c gravity of the mediuin bears a sensible propottioil 
to that of tbe body, the forcis of gravity CbJ must 

B -^ M 

be expounded by SS^V x — 5 — (instead of 3SA> 

B 

where £ is to ilf as the specific gravity of the body ta 
that of the medium. 

PROBLEM m. 

367. To determine the Resistance^ by means whereof a 
Body 9 gravitating uniformly in the Direction (j/* pa- 
rallel Lines, may describe a given Curve. 

' Let A B C be the given curve, and let B Q, parallel 
to the axis (or any given Une) A H, be the direction 
of gravitation at any point B : make P B R peatpendi- 
cuiar to AH and BQ ; and let AP=x, PB=^, AB=:2r, 
B M (N J) = i, M N (Bb)= y, B N=i, and the 
velocity of the body at B in tfie direction PBR=t?. 
Then, the decrease of velocity in the said direction. 
Art. 209, which is wholly •owing to the resistance,* being re- 
presented by — v, it foUows that the corresponding de- 
crease of motion in the direction B N, arising from the 

• ^ ^^ 
same cause, will be expressed by -: x — i? =5 ;-; 

y y 

vx 
and, that in the direction B M, by . But, the 

. *' y 
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celerity in this last direction being every where re- 
presented by t? X -7» its fluxion — - — will be the 



1S6 




fchde alteration of nio^n in th^ l^d dii^e($tidn, ^isii^ 
from the resistance .and the force of gravity, ocm- 
junctly: from which deducting the part owiiig to the 



vx 



vx 



resistance, found above to be -^ 9 the remainder -7 

y y 

will be the effect of the gravity. Which being to 

• • 

(— — r) the fSkeX of the flfwolute resistance in the 

vz 
direction BN, aii 1 to — — , the force of gravity, 

vX 

must therefore be to that of the required resistance, in 

tKe same ratio of 1 to r • 

vx 

• 

Moreover, the force of gravity, measured by the 
velocity it would generate in a given part of time (1), 
being denoted by unity, the veiodty generated thereby^ 

in the time C") of describing BJ, with the celerity v, 
will likewise be truly exp)resi»ed by — , the measure of 



» • 
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the said tiine : which being pat =s to /^^ the value 
of the same quantity, given above, we thenoe have o*s 
^ : from whence, not only the vdbcity^ bat tiie n- 

sistance will be found. But, if you would • have the 
zesistance ezpre^ied independent of v, then kt the 

fluxion (8tn3s -*^ ) of the Ust equadon be divided 

by the fluent, which will give -. = » 1-- : and 

then, by substituting this value in , you will get 

f>x 

^::^ Sot the true fcHToe'of the lesisttanoe, that of gnh 

vi^ (or the weight of the body) being expounded by 
umty. 

• • * f • m 

ft 

7!&e same Uktrwise. 

Let BO be the radius of curvature at B» and let 
O Q be parallel to P B, meeting B M, produced, in Q : 
then, if the absolute gravity, acting in the direction 
B Q, be denoted by unity, its force in the direction 
B O, whereby the body is retained in the curve, will 

B O 

be represented by ^-^. Therefore, since the velocities 

in circles are known to be in the subduplicate ratio 
« Art 9112. of the radii and of the forces conjunctly^,* the velo- 
city at B will be rightly expressed by \/ BO x .5^, 

or its equal V^BQ. (For the curve at, and indefi- 
nitely near B, may be taken as an arch of a circle 
whose radius is B O : and it is evident that the re- 
sistance has nothing to do in forcing the body from the 
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tangent, but only serves to retaord its motion, so that 
it may, every where, bear a due proportion to the 
given force of gravity acting in the direction BO)^ 
Hence, putting B Q = s, the increase of the celerity 

in the time ^ y— y of describing BN, will be ex- 
pressed by the fluxion of v «, or y~. Moreover, 

Xv 8 

the celerity that mi^t be generated by gravity in tjbe 
said time *7?=: being measured thereby, the increase, 

V.8 

in B N, arising from the same cause, will therefore be 
= "7=' X T = "^^7= : whichj being taken from 

ly- J the whole infireiBse, fou^ aboye, the remain- 

^cr, ' y~ , vill^ he the' eflfect of the resistance: 

z 
which is to the eflbct, 'TT^i of the absdute gravity as 

—^-7— to 1. Therefore the resistance is to the gravity 

(or weight of the body) as to unity : where the 

si^s are dianged, because the two forces act in contntry 

directions. 

•1 • - 

Because B O = ~>* therefcwre « (BO x 4)= •Art* 
—ss^i — ;; — ^ = the square of the celerity) whence 



s = ■ I , ^ , and conseciuently the resist- 



• 



iS o¥ nn mvtwn w wtmuu 






btwrt, 

COROLLAET. 

868. If the resistance be supposed as any given 
power of the vdocitj drawn into (D) the density of 
the medium; then, from hence, the density of the 
medium, at evevjr nomt of tt%e cunre, may he deter- 
mined: for, the aosolute celerity at B beuag lepre- 

sented by 4-9 ^^ riesistance at dial point wil), a c c o rding 

to the said hypothesis, be as ^ I x D; and thfiefore 
the velocity that would be destroyed thereby, iir the 

imt(^ of ieanSmgBN^ as— ff x ^ : wlin 
h«||« put =a ( • -rr- ) the #e^ ofi the «ane 

y • ^.*' ■ 

iistfnee» fimnd above, we thfnce gei Z> 7: , ' w^li : 
which, by substituting for v and v^ becomes' />=? 

» . • 
In this corollary, and what elsewhere relates to un- 

^^^ d^ti^, tbe^ g5«v.iiy of tb^ body ia tbe medium 

is supposed to continue every where the same, ^, tl^t 
the. attraction increases with the 4ensity, so that the 
diflbience between the specific gravities of thebedy and 
medium may, at every point, be a constant qjyia|iti(y. 







• 
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JSXAMPLE I. 

N 

369. Let the proposed Curve ABC Ik the common 

Parabola, . 

ThcDi X being here = ^, we Have x = 2^, »= 

^ , a a 



and i ;? 0; and therefore _ ^ 



i* ^ . 



i9 also =: 0:*Art.36T. 



whence it app^^ ihat a body, to describe this curve, 
must move m spaces entirely void of resistance. 

EXAMPLE 11. 



370. Let tie Curve /^ 
A B C ie taken as a Q^ta- 
dratU pf a Cirde^ whose 
Radius B O ts=a. . 



In this case we have s 
(BQ)t=<ii^ar(=:?AO 
— AP) whence ^ == ^^ », 

and dierefeie — ttt—^ 




tArt36T. 



3« 3Pfl 

5"-™iXS''' Frop which it is evident^ Aat thej:ArUU9. 

velocity is, everywhere, as V^BQ, ,a«d ^h^ feiHSlance 
to the gravity (or weight of the body) ai 3 P3 to 
2 OB. 

PROBLEM IV. 

371. The Centripetal Force (F) being given; to find 
the Meststanee and Velocity wktrobjf a BommoMf desonbe 
a giv^n Spiral Car anyothtK, pj^sibfe', cMrtie^ ^a(aK< 
ik^. CotdeK' of F»c€, . . ,. V 

Let P be the center of force, and B O the radius 
(t curvature, at any^pekit B m the pnq^osed curve. 



160 



*Art5b 




OF THB MOTIOK OF BODIXft 

and let O Q be per- 
pendicular to BPQ; 
also let B P=:^, BQ 
-s, A B = ;;, B M 
= -y,* and BN 
=s i. Then, it it 
evident firom Art 867, 
thai the vdocity at B 
will be e^ ^r eaaBd by 

\/bOx|§xF; 

or, its equal, ^sF: and therefore its increase in the 

time f "7=) of describing B N will be ■ y-ja • 

from which, deducting fF x -t= x — i^y the ef- 
fect of the centripetal force, in the same time and 

direction, the remainder, — \l^ — ^, istheef- 

foct of the resistance. Therefore the resistance is to 

, . , ^ sF+Fi+2Fy Fz 
the centripetal force as ^ yi— to — 7== . or 



«F+Fi + 2Ft/ , 



Q. E. L 



EXAMPLE. 



372. Let the measure (F) of the centripetal Aroe 

be expounded by any power y of the distance ; and 

let the curve be the logarithmic spiral ; putting the 

+ Art 61. co-sine of the given angle PBNf (to the radius r) 

J Art 74. = c. Then, b being here = j^ J, and jF =s njT'^ y, 
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sF^ Fs -^ 2Fy nfy + yy + 2yi^ _n 4- S 
we have ^j^, - %-i "" 2 

y n + 3 c 
z % r 

Hence it appears that the velocity must be, every 

ivhere^asj^^ ; and the resistance to the centripetal 

i» » 4- 8 c . Ti 1 o 

force, as — 5 — x — to unity. IJut, when n = — 3, 

Q X -• becomes = ; therefore the body, in this 

ease, must move in spaces entirely void of resistance ; 
agreeable to Art. 283. And if n-f3 be negative, an 
accelerating, instead of a i;ie$isting force, will be required. 



373. If the densi|;y ojp a medium, wherein a body 
moves, be either uniforpa, pr varies according to a 
given law, the nature of the curve, or trajectory, may 
be determined from what is delivered in the preceding 
pages. 

Thus, for example, let the density be supposed every 
where the same, and the resistance as the square of the 

celerity ; then, from Art. 868, we have --rz ^ D ; 

which, in order to exterminate i, may be transformed 

to iJ- == y^ + x^ X D^x'^ : where, D being a constant 
quantity (depending upon the given density of the 
medium) the value of x will be found, as is taught in 

Sect. 2, Art. 268, 271, and- comes out = — + -^ 

jp ' 3p 

"♦" "To^T ^^- ^^ which p is put to denote the para^ 

vol,. II. M 
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meter of tbe curve at the vertex, or hi^ictt point A, 
(to be determined irom the force of gravity and the 
^ven velocity of the body at that point). This sohi- 
tion answers near enough when the resistance is bat 
small in proportion to the gravity : in other ciromp- 
stances, tne series not converging, it becomes useless : 
for which reason, and because the case above specified is 
that supposed to obtain, in respect to the air near the 
earth^s surface, and its resistance to bo4ies moving 
therein, I shall show, by a different method, how the 
nature of the curve may be investigated/ 

In order thereto, let the celerity at the highest point 
A, above the plane df the horizon E C, be denoted by 
e ; and let a be the celerity with which the Resistance 
is equal to the gravity (vide Art. S65 and S66). 




Moreover, let d be put for the distance over which the 
ball might uniformly move in the time that the medium 
would destroy all its motion, was the resistance to coit- 
tinue the same, all along, as at the first instant. (Which 
distance, according to Sir Isaac Newton, is always in 
proportion to 4 of the hallo's diameter, as the density of 
the ball is to that of the medium). 



ci^ 



Th«i it will be, as d : i (B N) : : -T-, the absolute 

celerity at B, to (-ir.) the part thereof that would 

be imifinrmly destroyed by the resistance in the time 
of describing B N, with the velocity at B : which 

value being also expressed by — : — (vide Art. S67) we 



, '.• 
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thereFore have -77 = — i whence -5- = , and 

dy y a V 

consequently, by taking the fluent .— = — hyp. 

log. o; which corrected (by putting ^=0, and vssc) - 

gives — (=hyp. log. c — hyp. log. v) =:hyp. log. — . 

. Furthermore, since, (by hypothesis) the resistance 
with the celerity -r (at B) is to the fotrce 6f gravity, 

xnr the resistance with the celerity a, as -rr- to a- ; 
and it appears, from the aforedaid article, that the same 
ratio is also universally expressed by that of — ;,- to- 
1, it follows, from the equality of these ratios^ that 

* •• o » 

ZX • CL V 

7-- is = ~. But, in order to the resolution of 

the equation' thus given, let the tangent of the angle 
P B A (or N) which the ordinate P B makes, with 
the curve (supposing radius unity) be, every where, 

lepresented by w: then, because istry, i (V^^M-ls*) 

= y V^l + W'j and x = fby (y being constant) we 
dhall, by substituting these values in the aforesaid equ»- 



aT'V 



/' 



tion, get r- — = w i/1 -f to* ; whereof the 

fluent will be given, ^ = \v) V \ -f w* 4- k hyp* 

log. w + V^l + w^s* which corrected (by taking* Art ii^ 

«=:c and io=r^ becomes i-- — 1— =- i to v^l + to« 

^ |tjP* log^ «^ + V^l + «^^- But, to shorten the 
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remaining part of the process, let the latter part of 
the equation, or the fluent of w i/] + to^ be de- 

noted by Q; then ^-^ being'= ^—+ Q, wehavec= 
j^;7==== ; and consequently -j (=hyp. log. -) 
•= hyp log- -^— ^ = T hyp. log. 1 + •^ ^ 



a - .. w ^o 



Fratn which two equations, the. velodty of iht faiM) 
and the distance it has moved, when its direction 
^akes any given angle with the horiz<m, may. be eon^ 
puted, let tne medium be as dense as it will: also, 
'^nrom h«iee4 if the celerity answering to any onegiscn 
angle of direction be known, the celerity corresponding 
to any other given direction may be round, togiftther 
with the distance described between the two positions. 
For V (in the descent of the body) being uuitkfiiJtyj 



ajc 



equal to y qTTi ^ ^he value of c, expressing 

the cdierity at the vertex ^, wfll b^ had firoAi tfasit 

av 
equation, and comes out = >/ . — ■ ■ -^ ; whence 

c \ 
jJso » ( = d X hyp. log. — ^ = d X hyp. log. 

_« T J I. 1 \ 2t;«Q 

■ ; ==^ = — I d X hyp. log 1 >i-2L. 

From which, the celerity at A being known, the rest is 
obvious. 

But, in the ascending part of the curve E A, both 
% and Q must be considered as negative, or wrote with 
contrary .signs : und theny from the fiilregmng equations, 

we shall also get.= 7=^==^, '==V«. + 8„«q' 
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and -r z = I d X hjrp. log. 1 — ■ ^ ' = — i <i x 
hyp. log. 1 H ~ ; and, copsequenlily, z = — | d 



X hyp. log. 1 - -^ = i rf X hyp. Ipg. 1 ;t — p 

= d X hyp, log. - — : answering in this case. 

c 

It still remains t0 take some notice of the values of 
X and J/ {in order to have the form, as well as the 
length of the curve). These, indeed, are not $o 
easy to bring out as that of z, given above ; nor 
can they be exhibited in a general manner, either by 
circular arcs, or logarithms (that I have been able to 
discover) but may, however, b^ approximated to any 
required degree of exactness, as will appear from what 
follows. 

Since f ( = A B) is fojmd = 1 4 x hyp. log. 
'MM i ^ , Jby talking tb^ Buxiop thereof, we gejt i ^ 



— I. _— 



»<^Q c'^dwx/l 4:.w- 



^ ,^— ^ ^ (because Q=zw i/l-^-w) 
therefore v ( = /^ ) = — ' ^ "^ ^ ; and x 

(= w^) = ' o , o n • which equations, by taking 

r lo 1, as a^ to c^ (pr as the square of the force of 
gravity to the square of the resistance at A) are re- 
duced to 1^ = r—--, and X = ^-^ : whence 

we set y = rf into --r + J — ■ ' 1 + 
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Iv X 1 + 4»« + fto* — 4Q 



r+2Ql 



tee. Arid xssd into 



|«» 



(brought out by assuming 



for the fluent sought, and proceeding as in Art. 840]^ 
converge very fast when r is large in comparison to Q ; 
but in other cases the required values w31 be had, wil 
less trouble, from the following method. 




Let PKTK and AMTM be twocurves^wfaererf 

the ordinates S K and S M, to the common cAsdssa w 

1 w 

(p A S) are expressed by ^ ^ ^^ and ^^^q respec 

tively : then it is plain, from the foregoing equations, 
that the measures of the areas of the said curves, mul- 
tiplied by rf, will truly exhibit the values of y and x ; 
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answering to any given value of to {ot A S) the tangent 
of the angle of mrection ; or, to speak more geometri- 
cally, a square upon A C (supposing A C = radius 
= unity) will be to either of the said areas A S K P, 
or A S M as the given distance if, to the value (^ j^ or 
X required. But now, as to a way for computing these 
areas (without which what has been said about them 
would be to very little purpose) the piethod of equi-dts- 
tant ordiruUes may here be applied to very good advan- 
tage (when the foregoing series do not converge). By 
means whereof the required quantities may, with a little 
trouble, be brought out to a sufficient degree of exact- 
ness, let the resistance be as great as it wuL 

According to the same way of proceeding, the values 
of X and y^ in the ascent of the ball, will also be 
found, if the ordinates sk and am^ generating the re- 
quired areas^ be taken, every where, equal .to —^ 

and --;:-. instead of ~^ and" 



From what has been thus far delivered, it will not 
be v^ difficult to calculate (according to the foregoing 
hypothesis) all the principal requisites oonceming the 
motion and track of a ball in the air, jn-ojected with a 
given velocity, at a given elevation ; as will be more 
clearly seen by the example subjoined. 

Suppose a cannon ball of 4 inches diameter (whereof 
the weight is nearly 9 pounds) to be discharged at an 
elevation of 45 degrees, with a velocity sufficient to 
carry it to the ^distance of one mile, on the pl^ne of the 
horizon, were it not for the resistance of the air. 
Then that velocity, being the same as might be freely 
acquired in a perpendicular descent of half a mile,* « Art 36& 
will be found to answer to the rate of 412 feet ptr 
second, according to Art. S02 and 366. From wbcne& 
it is also plain, that the distance d (so often mentioned: 
above) will here be expounded by 5333 feet ; and that 
the celerity (a) ^with which the resistance would be 
equal to the gravity (or weight of the ball) answers to 
the rate of about 414 feet j}cr secojid.. 
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MoTeover, since the tangent of the angle, of cb* 
vation, or the first value of «;, is given cjha/ to unitj^ 

(or radius) we have Q {\w^w^ + l+|h]rp. kg* 
w + X^w^ rf 1) = 1.14f78: from which, and v (=3 

412 /I), wo get z (=1 d X hyp. log. 1 + -^} 



s 20^ feet = the arch described in the whole asedtit. 

V 

1 + 



Also c (= / — g^oQ "I = 199y feet, fcr de. 
rate of the velocity^ per second, at the hi^iest 



a 



point: whence r ( = ~;p = 4314; by means 

whereof the greatest altitude of the ball, and the ho- 
rizontal distance corresponding thereto will likewise be 
found : for let A F, in the preceding ^figure, be talen 
= 1 (the given value of wj and let the same be di- 
vided into three parts by equi-distant ordinates (which 
number will answer sufficiently exact) then the succes- 
sive values of tr, for the ordinates A P, ks^ ks, and TF, 
being 0, §^, ^, and 1, those of Q will be 0, 0. 3394, 0. 713^ 
and 1. 1478, and the ordinates themselves (or the oor^ 

\ 

responding values of — r = to 0. 2318, 0. 2751, 

0. 3463 and 0. 4953, respectively. From whence, by 
addii^ the two extremes to three times the sum of 
the two middle terms, and dividing the whole by 8, 
we get 0.3239 for the value of a mean ordinate:^ 
whicn, as A F is here equal to unity, is also the mea- 
sure of the required area A F T P : which, therefore, 
being multiplied by 5333 (d) gives 1727 feet for the 
horizontal distance made good in the whole ascent. In 



* See p. 117 of mjr Mathematical Dissertations* 
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the same way the area A F m is found ss 0. 18S8. 
Whence the greatest height of the ball appears to be 
(0. 1828 X 5333) = 975 feet. 

By taking AC=i:l, and repeating the operation (onhr 
changing r-^Q to r + HQJ the area ACTP will 
come out =r 0. 1883, and A T C s 0. 0875; which 
multiplied by 5333 {b» above) ^ive 1004 F. and 467 
F. for the amplitude, and the distaaoe descended, from 
the highest point, when the direction of the ball make& 
an angle with the horizon equal to that in which it 
was projected. 

But, to have the direction when the ball strikes the 
ground, and the whole amplitude of the projection, 
we must find the value of the tangent A B, when the 
area ABL is equal to (0. 1828) the area AFm (so that 
the descent, from the highest point, may become equal 
to the whole ascent). In order thereto, let 0.0875 
(ATC) be deducted from 0. 1828 (A F m) and the re- , 

mainder 0. 0953 will be= C T B L ; this, divided by 
T C (0. 1518) quotes 0. 63 ; which would be the value 
of CB, if all the ordinates C T, S M, &c. were equal : 
but, as it is obvious from the nature of the proUem, 
and from the law of the ordinates already computed, 
that B L will be something greater than CT, and con- 
sequently C B less than 0. 63 — I therefore suppose the 
value of C B may be about 0. 56 ; and, accordingly, 
proceed to compute the area of CBLT answering to this 
number ; by means of CT (0. 1519) and BL (0. 1852) 
and one intermediate ordinate S M (0. 1715) and find 

it (from the approximation CT-hBL.H4SM ^ ^^^ , 

to come out = 0. 0955 : which is so near the required 
value 0. 0953, that it will bS altogether needless to re- 
peat the operation. It is evident from hence, that the 
tangent (AB) of the angle of direction, when the 
ball strikes the ground, is 1. 56 ; answering to 5T I 20' : 
from whence, C B K T being found = 0. 0752, the 
whole area A B E P will be had = 0. 2635, and conse- 
quently 0. 2635 X 5333 = 1405 F. = the amplitude in 
the whole descent. 
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Furthcnnorc, from the said value of w and tint of 
c (=1990 given above, wc get 9 ( ss ^if x hjp. 

log. I + —^') = 1788 feet, ibr the ardh AsBcanbei 

in the descent ; and also v =s 14f8 f F. whidi maki- 
plied by 1.8627, thesecant of 57^: fff , gives 1164 F. 
for the oderity of the ball, per seamdy at tbo end cf 
its flight 

Now, by collecting the principal of the fixregoiiij^ 
conclusions, it appears. 




1^. That the velocity at the highest pcnnt A of the 
trajectory will be at the rate of 199? feet, per $e» 
cond : which is to the velocity at the highest point a 
of the parabola (E a c) that would be described, were it 
not for the resistance, as ^ to 3, nearly. 

2^. E A = ^25 and E a = S030a 
8^ E F = 1727 and E/ = 26401 
4^. AF = 975 and af = ISSOV Feet. 
5V A C = 1788 and ac = 30301 
6^ F C = 1405 and fc = 2640 J 

7^ Angle C=57° : 20' and c (=E) = 45\ 
8^ Vdocity at C to that at E, as 264 
to 412, or as 2 to 3, nearly. 

These proportions, between the distances, in 
air and in vacuoy hold at an elevation of 45", when 
the resistance, at going off', is nearly equal to the gra- 
vity, or weight, of the ball. If the velocity be greater 
than that above specified, or the body, projected, be. 
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eitber, less, or less dense, the curve will &kilt, $iillf 
more from a parabola. 

Hence it evidently appears^ that the effect ef the 
air's resistance upon very swift motions, is too con- 
siderable to be entirely disregarded in the art of gun- 
nery. — It is true the method given above is, by mudi, 
too intricate for common practice ; but wImh the law 
of the resistance to very swift motions is once sufficiently 
established (which, according to some late experiments, 
seems to be in a ratio greater than that of tne square 
of the celerity) it will be no very difficult matter to find 
out proper approximationa^to correct the proportions in 
common use. 
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SECTION IX. 

The Use of Fluxions in determining the At- 
ir action of Bodies under different Forins. 

PROBLEM I. 

874. Supposing AC perpendicular to AB^ and 
that a Corpuscle at C is attracted towards every Point 
or Particle of the Line A B, by Forces in the reciprocal 
duplicate Ratio of the distances ; to determine the Ratio 
of the whole Force wherdy the Corpuscle is urged in the 
Directi&n C A. 

PutAC=a, and 
let AD (considered 
as variable by the 
motion of D to- 
wards B) be de- 
noted by »: then, 
the force of a par- 
ticle at D being as 

(by hypodie- 



CD« 

sis) its effi^ in ^ 




IT* 
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the propofed diredion AC (wUl bj the resdution of 

a 



- . , AC 1 AC 

fences) be as TTPrKTTrrzSTTTrrs: 



there- 



fore 



€Ut 



is tbe fluxion ef- the whole force; 



whose fluent, which (by Art« 85) is == 



i 



AD 



CAxCD 

itself. 



,. will, Khen A D = A B, be as the fofoe 

Q. E. I. 

PROBLEM II. 

S75. Supposing BDQE to represent a circular PlanCy 
and that a Corpuscle H, in the Axis thereof A H, is at- 
tracted by every Point or Particle of the Plane by Forces 
in the reciprocal duplicate Ratio of tht Distances ; to find 
the whole Force by which the Corpuscle is urged towards 
the Plane. 



..•••" 







Let AH=a,and 
Hi=x; thea AS* 
= j:- — a^; which 
multiplied I^ji (^ 
3.14169 &C.) the 
area of the circle 
whose Tadiusis uni- 



H 



in the direction H A, is as 



ty, gv^es p x^^-— a" 
for the area of the 
circle Acdbe : whose 
fluxion is—^pxx. 
But the &rce of a 
single particle at b, 

, or •-- (see l3ie last 



Hb' X 
Problem) therefore the fluxion of %he whdte force is 



1^ DKTERMIIrtNa THE ATTRAC^TION OF BODIES. ITS 

truly defined by ^pxA x -5 or its equal ■^~-, atid the 
force itself by the fluent of -^ ; which (properly 



corrected) is — ^-\--J^ ±z2p x 1 — -=:2px 



X a X 



1-^, whenar=HB. Q. JS. /. 

13 rl 

376. In the preceding problems, we hirve supposed 
the attraction of each particle, to b^ as the square of 
the distance inversely ; that being the law which is 
found to obtain in nature : but if the force, according 
to any other law of attraction, be r^uired, the pro- 
cess will be very little different. , ^ 

Thus, let the attraction be as any power (n) of the 
distance: then (in the last Prob.) the force, of « 
particle at ^i {upon H) being as «^, its force in the 

direction HA will fe as — x x* or cttf"*; which 

X 

inultiplied by Spsci (as before) gives 2par"i : whereof 

the fluent ^^"^"-f^°"' ( = -^ x 

71 + 1 n + \ 

AHxBH"+'-Air+») will be as the force required. 



PROBLEM III. 

377. To determine the Attraction of a Cone DHF at 
its Vertex ; the Attraction of each Particle being as the 
Square of the Distance inoersely. ' 

Put the axis E H = a, the length of the slani-side 
H D (or HE)=i, and A H ^ (consid^c^ as variable) 
= X : then (by sinu triangles J a (tl E) : i (]S F) 
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: : X (H A) : H B =: — But, by the last probleia. 




the attraction of all the particles in the eirck 

AIT 

fiC will be measured by 2p x 1 — ^= ^p x 

DO. ■ • 

1 — J (because HB=?— ^: which therefore being 
multiplied by i, and the fluent taken, we thence have 
for the attraction of A C H B : and this, when 



ax 



x=a, will be Zp x EH — 



EH* 
DH' 



the force of the 



whole cone D E H F : which, if H K be made=H E, 
and KG perpendicular to HE, will likewise be truly de- 

fined by SjpxEG (because HG=^^. Q.E.I. 

COBOLLABY. 

378. Seeing the attraction of ACHB is, every 

where, as x^— ■=-, or — r — x Xj it follows that the 

b 

forces of similar cones, at their vertexes, are directly as 

their altitudes. 



IN OETERMIKINa THE ATTRACTION T>F BODIES. 
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PROBLEM IV. 

379. Tojind the Force of a Cylinder CBFR, at any 
Point A in the Produced Axis ; the Law of Attraction 
being still as in the preceding Problems. 



Put B G ( = C G = 

RH) =6; and let AS 
( taken as variable ) = x : 

therefore AT=/&^T^, 



and gpxl — -r= = 2p x 
AT 



1 



X 



which 



(by Prob. 2) expresses the 
force of all the particles in 
the circular surface 1ST. 



R 



/ G 


\\N 


S 


\ 


•• 


\ 

•••..1 



• H - 



Therefore 2p x x— 



XX 



V^6* + x* 



is the fluxion of the 



required force: whose fluent (2p x a: — X^b" + «*) 

when ^= AG, will be = 2 j) x AG — AB ; but when 

■ 
X = AH, it will be = 2p x AH — AF : hence, by- 
taking the former 6f these values from the latter, we . 



have ^p xAB + BF— AF for the measure of the true 
force by which a ccnrpusde at A is urged towards the 
cylinder. 
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PROBLEM V, 

880. The Law of the Force being still supposed the 
same ; to determine the Attraction of a Sphere OABGS^ 
at any given Point H above its Surface. 




Let B S be perpendicular to H 6, and let H B be 
drawn ; also put the radius AO = a, OH = J, AH (b - a) 
=c, Hn=j^, and H B— c + ar; then A«=^— c, Gn 

s^Sa-^y-^-d and consequently ^— cx2a-^^+c (= 
A«xGn=:Bn5=BH2-Hn*)=:cT^"-j^«: from 

which equation we get j^ =r g^^g^ . = 

gj (because a+c=zb). Whence «iso Spx 

2bc f 2cr + x" 2p X ^aX'-jfi 



1 Hn^ 

•Art.375.^""jjg* = %^ X 1 — 



2J X c + a: 



^xc+x 



which muitiphed by — t — = y gives ^ 

for the fluxion of the required force; \Thereof the fluent 



tS J>KTSSl»liIN»vTSIB ATTBA.«Ti«N O' MDIXS. 



m 



p y oj«-ia:» ^^i' i^ ^ Attnuticn of ilia Kgoomt 
A B S : which therefore, when B coincides with G and 
X is = 2a, beoo^^ ^§^ / ^ ^ measuite of the 

or 

attractionbf the whole .sphere* CLE*L 

COSOLLAEY 1. 

381. Hence the attraction (-^-) ^^ ^he surfiu» 

of the sphere, where 6 is s= a, will be ^- ;* and 
therefore is directty as the radius of the sphere. 



CobqllaHy II4 



4pa^ 



S8S. Since -^^ is known to es^ifess the 6<mtent of . 
a q^here whose radius is a *, it is evident that the aU^ Art. 14A> 

traction ( "oTT ) ®/ ^""Vf V^^^ w> umversaUyy as its 

quantity of matter directly j and the square of the dis^ 
tance-fiom its c^er inversely ; and isj moreover, the 
very same as it would be, was air the matter in the sphere 
to be united in a point at the Genter. 

... ^ 

CoitOLLAEY III. 

883. If instead of a corpuscle, or a aingle particle 
of matter, at H, we suppose another sphere, having its 
center at H: then, since the two spheres, at Oand 
H, act upon each other with the very same forces as 
i^ each mass was contracted into its center, it folknti^ 
that the absolute force with which tujo spherical bodies 
4end; towards eddi. other ^ is as the product of their 
masses direetlyj and the square of the distance of theit 

VOL. II. N 



centers inversely : and therefore, if the mMMtfe fg!n^ 
wOl he bard J « die flqtuffe of the ctiflCanoe. 



PROBLEM VL 

384* To determine the same as in tie last Probkm^ Ilia ' 
F(yrce of each Particle being as any Power (n) of the 
Distance. 

Let«,HB = Xy and let everj thing else remain as 

c^+^tac+x* 
above; then we shall have y =s ■■ » M* '^' " ^ '^+' 

^ (by putting d= -|j— ) and consequently y = ^• 
Now the attraction of all the particles in the circular 
9ur&ce BS, is as ^ x HiixHB'^'-.Hn-^ fiy 

Art. 876) = jj^ X j^x*+' - jr+^ : which, multi- 

. plied by y, gives — ^ x a:*+'j(y— y+^/ fijrthe fluxion 
of the required force: which, because yy is = 

dX XX uXX X X •«• !•« • « « 

+ «z X 1- = -7-+ prrsj ^"1 likewise be expressed 
2b b b 26* ^ 



by — ^ X — J- — + -^7T y^ y : whereof the fluent 



»+l b 2i« 



IS — ^ X := "^ 



^+1 n+8x6 n+Sx2ft« n + 8 * 

wbidb, whm B coincides with A, or xsty^Cp will he9 

»-4-l » + 8x6 n+Sx86« »+* 
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» ecimtidfi& ^th Gh f^ar =^ Jf Fm3a 4- c {^fj it will 

becomes^ "' t* -.t x jjjitat-» ^S' + ■ "Hl"< .i^'j' — rr^^ 

therefore the difference of these two, which is =s 

&/•"+" wT5"x 254- 28^ + »T8"x/« 2pc"+* 
n+l «+]ffxn+5x^« » + l 

*rT~5 X ^d - at* — n + S X c« 



»4-8 X n+5 X 26« 



■■ !■ 



1 H- n X flft — c^ ?<; 2p/*"^^ +~5Tn x ai+cgx%?c*^' 

n + 1 xn+3xn+6x6* 

(hecause/rra-i-J, and 2d6 = c« + 2ac) viU be the at- 
traction of the whole sphere. Q.E. L 

COKOLLAKY. 

I 

385. Henoe^ the attraction «t the surface of 

the sphere (where c = 0) will be =2_=- x 

^ w + 1 

-' nVi.'r:n.^+^ / wMich,.^n h9b? 

pepitiye, will be =^ ^^^^^^^ ; W** oth^se, in- 
ikke. 

Pft03L|i»f VII. 

386. Si^QBtng ADJibA Iq Ifi q, Q\ineus ofunifcftij^ 
den^e Matter^ comprized by two equal cmd similar elliptic 
ME^nee ADBE A and A&eX^ indmed to eaick other at 
the oop^mon Vertex A^ of either their first or second Axes^ 
in an mdefiwUdy small angh B A i ; £9 determim ii^ 
AtWactttm thereof at 4he Point A, supposing the Force of 
tachFasftide of Mutter to ic as the J^qmve of the XH*- 

n2 



I8d 



tHK usv 6r Ftihcroiif 



Let DE be any ordinate to the aadi A B, nd kt 
AD be drawn; also put AB=a, BCsx, CDsy»aiii 
the sine of the angle B A ft, finrmed by the two jjinm 




r •* 



(to the radius !) = <{; and let the ^nation of eitlier 
curve be j^ =r ^ — a:* — gx^ : which will answtt 
to the conjugate or transverse axis thereof acSrardii^ as 
*the value of g- is positive or negative. 

Now it ^ be, 1 (radius) : d H a-a?(AC) : Ce 

=zdxa^Xy the thickness of the cuneus at the oid^ 
nate (or section) DE: mor eover, because AD^=s 

A C2 + C D2, we have A D= V^a-« |« +>-x>-gff« : 
whence, An \j\ 9 expressmg (by Axt. 374) the attrac- 
tion of the particles in the indefinitely narrow rectangle 



which therefore, multiplied by », will give the flusoB 
of the force to be found. But when /x — ««— g«* 
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f 

beeom^ = 0, * will be = j*^ - (== AB)=a ;, there- 
%>re^ by substituting 1+g'x a ioxfy ourfluxioninll be traii»- 

ihrmed to f^ ^^ + H.° ^ " \ll^ ^' - 

gcfcc V^l+g X flJ?— j:« _ 2dr V^ I H- g x J^ _ 
Vfl— xl*+l-fg-xa«-»* t^a — x-f l+g- X « 

fluent, when « b= a, will be 1 + g^ x 8ad x 



8 6 "" 2 ^7 ^2.4 ,9 2.4.6 ^ 
WhiA, because 1 +g]^ x ais =/xT+Jl~*=yx 

^ - I + ^ -ii^^' ^'" (^y multiplying 
the two series together, &q.) be reduced to %df x 

8 3.5 ■*■ 3.6.7, 3.5.7.9 

s Q. £. /. 

It may be observed, that the fluent giyen above 
may be brought out without an infinite senes (by Art. ' 
12o and 278). But the solution here exhibited is best 
adapted to what follows hereafter ; to which the Fropo- 
mtion itself is premised as ia Zrcmma. 



'tSE tKlE on or vurneim 

l>IlOBLEM Till* 

887. To^ainau tie AUraciwm K ai^ RoMt Q«iiJk 
Surface of a given Spheroid A P E S. 

I^t Q R L be perpendicular to t^ xsjs P S i^ ^ 
spheroid, and Q 'I' perpendicdlar to Ac tdh^entF/'of the 
generating eUijeis at Q, meetii^ P S in T : moceonc, 
kt Q a H A be a section of the spheroid bj a plane pn- 
pendicukr to that of tke ellipsis APES, sad ihnmf^-nij 
point r^ in the axis thereof, draw CBc and rL paralkl 
to A E and ^S : and nutke the abacissa Qt-^x, ita d)& 
responding semi-Oidinate ra {or rb) s: j^ Q It = a, 




and R T = b; also let the sine (N G) of the angle 
HQD (to the radius NQ=1) = p, its co-sine QG 
Btj, nd the ratio of OA^ to OPS as my ff^en 
quimtitf h to luuty. New, hy reason of &c sinHsr 
triangles QrL and Q N G, we have rL (B R) .= ;w, 
and Q L = oa;, and therefore Br (R L) bc ^ — a ■" 
also, from tne nature of the ellipsis, Ab^;PO' 

(A-.l) :: RT (6):0R=-^: likewise A 0* : PC 
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(A : 1) :: Q»' : OP-OR«; and pq* : ao« (1 : A) 

= QR«+Ax-.20R X RB— AB' ; because % the fortn^r 

propottioii) QR*= A x OP*— OR*: whence, by thepro^ 
perty of the circle, Co*, we gety (=:BC«-Br^ = QR«- 

Br' - A X 20R x RiS + RB« = n^^^j^^'i^ — h x 



t- X ^X 4- />V =s ogr ^ ip X 2« -^ y* *f i^^ X 4"^: 

tyfaich eq uation, bymakiHgl + i? « A, b eeoBiesy = 

aq —bpx 2a:— jf* -hjp^ -|-^^ x:x^^aq—lp X ar— jr* — 
JBp^x* ^(because 5^+^- =s 1 = Q N* : which bdoff only 
of two dhnenslons, the cixrve QuHb, whereto it befongs, ' 
is an ellipsis. 

^he equation of tlie curve Q a R 5 being now ob- ' 
tained, let its axis Q H be supposed to revdtve about Q, 
as a center (the plane of the curve b^ing always perpen- 
dicular to that of the ellipsis APES) and let the fluxion 
of the aich M N (expressing the angle described from 
the time the said axis begins its motion at the position 

• 

ALD) be denoted by A : then, it is evident from 
the preceding problem, that ^09 — 25p x 2 J x 

a a — t- H s> i' m " «^. Will be the fluxion 

o D . 5 8.6.7 

of the attraction of the corresponding part D Q H of 
the solid, upon a corpuscle at Q, considered as acting 
in the direction H t2 (which expression is feund, by 

barely writing 9aa--9bpy A, and B|>«, in the said pro- 
blem, for/, d, And g^ respectively). 
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Heaee, by the icMhitioii of fimet, liia fliudmi rf 
tbe attnetiatiy in the dixecdms Q B and Qw (perr* 

pcndicnhur to Q B) will be truly ezhiUted by Soj— Sip 
^ ' 8 8.5 ^ 3.5.7 ^: ^^ 



Let now another plane Q A be supposed to revidve 
aboat the point Q, the contrary way to die JGnrmer, ^ront 
Q D towards Qf; and let (ng) the sine of the aiu^ 
B Q A be denoted by P, and its oo-sbe (Q^) by Q ;' 
then the fluxion of the attraction of the. part I)Q^ 
in the foresaid directions QB and Qw (by writing— JF 
instead of p^ and Q instead of q) will appear to be 



2.4jBP« 2.4.6i»»P*&c 



and 2aQ + ^P x — 2i/>x (|- - ?-li^^ + 
\' g pf — &C.) Which being added to those of 

the former part, in the same directions, and ^ and' 

P . 

Art 14f « k respectively substituted instead o£ A,^ we have 
H 

2 '^' ^ 2 4S '• • 

4iamt6— xqp + QP ^-^ x qp^ + QP^P&e. 

4 46 into- x PP—p^-j^ xP'P—p'p&c 

And 

8 ~^ — TT 2.45 



4amto ^ X pp--PP s^g- x p*p— P'P &c 

— 46mto^x<-^+-7Y --^— ^ x^-^ + -7f-&f* 
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I 

for the fliudoii of die attta^ion of both 'fxtM togdhar 
in 'the forsBaid 'dhectums : whereof tho^ fluenta^ when 
N ooinddes with F, and s widi f, will be the attrae-^ 
tion of the whole spheroid in those diiectbns. But 
now in order to determine these iSnents with as little 
trouble as possible, let m be assumed to denote any 

• 

whole positive number ; then the fluent of *£--£? or 

\/l±Jt * '^ •* uniTCTsaUy = ^ x OT' 
.2m — 1 _^ . dm — l.Sm— 3 __., .i 

ptop ptejp 

is J):* and that of —77—5 or . (in the* -Art* ^W- 

— O H" 2ift — I 
same manner) = -J* x -P^ + 5 s x P*^ 

- 

**• + a.4.6... 8m ^ "«* ^^"^ ''^"~ 

is p. But when N comddes with P, and n wiA f^ 
the sines p and P, of the arches M F and M/, be- 
coming equal, and (the co-sine) ^= — (co-sine) q^ 



»9m. 



it is evident that the sum of the fluents of ^^-^ and 

— ^— , will, in that case, be truly exhibited by 
1.8.^S gm — 1 ^ Ttr p« , 1- 8- 5. . . .2ifi — 1 

ari:B:T7"2;;r~ "" ^* " ^2.4.6. .. gm — "" 

M/, or its equal ^A ^^^"!^^^ x FM/; be- 



Wp . . TBS osc OF nvxioiif ., 

^Hiai> thtn fltt the Mt of theteraii (bsr ffMMii oC tke 
eqtttl qiouitiliet P, ji and Q, ^q) dc^.oM aixMim 
Atltt the flutie nmnoer tke sum. of ihe flnoitB tf 

y f ^ and Q P^P, in the foresaid circuiiistaiicte^ wiD 
•Artm.appear tn Trr-^'^'^ '^' "^^ "" * x F M /:* 

Nsw, to apply this to the matter In hand, let the 
exponent of J5, in any term of either of the above 
fomid fluxsotts be, universally, expressed by n^ then 
the Humerid oo-^cient (antte^^ed to Bj Wilr be d^ied 

, 2. 4. 6. . .^n + 2 • . . , . 

vy ■ ■' L T , - » and the 'w:aable. quantities 

1. 2>. o. . • % n 4" 3 

multiplied thereby, in the first line of tbe finmer 
fluxion, will be qp^'p + Q P^ P : therefore 



'II ■■ * I -^M 



S.4.6. ..2n + S ^ _ ^ . 

nend term (from whendfe, if n be expounded by 1, 
2, 3y &c. successively, that whole line will be pro- 

ilueed). But ^e fluent of qp^p + QP^P, in the 

circumstance above specified (putting ift=n, and F M^ 

t. ^ i_ 1. 8. 6.7. »• 18 H -^ 1 , 

= fc;, appears to be =: ■ - #===1 X ^• 

1^. 4. o. 8. . . 2 n + 3 



which therefore multiplied by =^ 

^ ^ 3.6...2n + 3 



Tj, 1.3.6.7...2» — 1 2.4.6.*.2» + 2 

X x> , gives . X ii.i 

^ 2. 4. 6. 8. . . 2 » + 2 8.5...2» + 8 

xB^k=z= ' , — ' ^ , for the true fluent of the 
2n+lx2n+8 

said general term : which, if n be expounded by 
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.. ■ \ ' k , 

0, 1, ^, 8 &c. successively) will beepme equal to =^ , 

' 1.8 

C^' K^* <9~^ rai^pecUvdy; aad ^oeirefoib too 
fluent of the wbde Um (drawn into the genend 

(1 B B^ 

line: tfak, it is plain, will be = 4i into -^ x 



3 



?:^.^-%^^^-Pl&c. Which, in tkc fo». 
a 2 3.6 4 4 ' 

said orcumstance, when P ^ p^ entiielT vafiishes. 
There&re it appears, that the attraction m the whole 
Spheroid, in the direction Q R, is truly expressed by 

*''' ^ o- - 376 -^spr-irr''^ ^'"' 

After the same minner the fluent of the first line, 
in tbe latter of our two fluxions, will be found to 



vanish: and x B^ x ( - — ^ + 

1.3.6. ..2n + 3 ^ 1 

— — — J will be a ^general term to the second line* 

Whereof the fluent (by ^poundbg 2 m by 2 n + 2) 

rr , , 2.4.6 2n+2 

appears, from above, to be = - x 

• 3.6.7 2nH-3 

j^j 1.8.6 in +1 ^* - . , , 

B*k X ^ , ^ I fc - — -*^ : whictu when 

8.4.6... 2n + 2 ««»^3 ^ 



THC DflB OF fLOXIOm 
II b intspieted "bjO, 1, !C, 8, Ac. mteumfdj, taioet 

. ' k Bk B»k V ,1 

out rqaal to -g, — , -h~ *c- rwpectiTdy: thne- 

ftn dw ittrsctioa of tJu spheroid, ia the .ctinotHn 
Qw, ii exhibited by-4ifc x ^_^+^_^ 
&C. utd onaequentlyf tlut in the c^posite direotiaB 



rS«.) 



iBT . 



.7 
4i 



-a- 



From which sod the fiirce in the direction Q R 
(fifund afaore) not mily the direction of the absolute 
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attraction, but that attraction itself will be known : 
fiv, lot Br I be taken to Q R, as the fiirce in the di- 
rection Q c to that in the direction Q R ; aud then, hy 
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the composition of forces, Q J will be the diiecticai of 
the attraction, or the Kn6 in wiiic^ a oorpusclB at 'v 
tends to descend : and tl^e attraction itseli^ in that di- 
rection (bemg to that in QB, as Q I to Q R) Will he 

defined by 4*: x r-sr — 3-^ + t-^, &c. x QI; 
/ 1.8 3.6 5.7 

which, since 4ik is constant,^ will also be as Cf^:— 

COHOLLAAT. 

S88. Since, by construction,. R I : Q R : : 1-f Bx 

+ ^ &c.) X Q R,' it follows that JL _ JL+ 
6.7 .1.8 8.6 



^ &c:i + B X i -|+£. &c. :: ro:ri; 

whence (by Division) jL _ J^ + ^ &c : || 

8^« 85*, ^nri/ 0T\ \rxx i 

consequently, o " O + 6?7 *^ ' ^ '^ (o 

Hence it appears that the directum Q I, of iht 
absolute Attraction^ divides the part rf the axis 
OT, intercepted hf the center and normal^ in a 
given ratio: and that the attraction itself Qkimg did- 



190 



mc WB on noxiom. . ;' . >. t 



>< i ■ > 



1"^ — 'W — "E^ 



(M <Ae ^'d^e ofiktctim Q L 



Scholium. 

S89ii Although the fore g o i ng eondtunoiur aare oc- 
hibited by infinite series, yet the sums of those se- 
rieil ai^ explicable by means of the ^iiph of ai drd^ 

Thus, let the series ^ — IE" "^ "»f ^* (^Wch is 

one of the two original ones above found) be yut^Sy 
and let J9=%l^; theaby subititatoai> aoa mm^^jEing 

the whole equation by t^y we shall have •3< — ^4* 

s ((c. = t? S, and consequently * — s + j — » 

&c, = t -^ t* S: where, the former part of the equa- 
tion is known to exppcess the arch of a circle, ywtuse 

* Art 142. tangent is t (B ) and radius unity : ♦ wherefiire, 
putting that arch «; Ay we have 4 = ^ — t^Sy and 

consequently S = — j- r= «■ •";=• +"7" ^' 



Moreover, since it appears that 
B B^B^ ^ -^ 

JB JB2 JB' i ^^ "" 8. 5 6. 7 

-~+— -— &c. J &c, 

JB JB« JB^ 



7.9 



5*7 9 
(where the sum of ^^ ^ + ^ &c. is abeady 

tnxrd 



^^^ X J5 = t^y and where that 



fi 
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t 

of— ■T-+-^ Sec. %y the aatii^ inediod will come 
out= -3 — 2 — 1 It IS evident that 5— — g-y 

h , ' 5 imq conseq^uenUy Y"^ — 

_+__ &C. ( ^ T — '. ^|jr-t^ ; 



= — : whidk . ii the value of the other 

original series finwd ahow^: fsom whenciQ that of 

0-T7 + ^"^^ "^ t^M^ 



Hence, if 
And 



it is evidtnit tbat OT will be to O'l^ in die constant 
ratio of f to % ; aud. that the forces in the directions 
Q I, Q R, and Qe, will be as g- x QI, g x QE, md/x 

TTmx OU ^ejslpectiyely : wher^ 1 + B is*=pQj. 



« * 



ISt 



TBB VtB or XLVZIOV0 



, PROBLEM IX. 

S90. To determine the Jttraciumaiaig PcuU J} witik 
a given SphenM OAF IE & 




Art 



Let Ocg^ be another spheroid, oonoentiie vitliy and 
similar tOy the ^ven one; whose surfiipe DeM Ke. 
passes through die given point D ; also letFJ}/ and 
HDA be taken as two opposite, indefibitely dender. Cones 
(or Pyramids) oonceived to be formed fay drawing imv 
merUJe lines H D F, A D/ &c. throudi the oommab 
vertex D which Cones (or Pyraini£) haying the 
same angle, may be considered as similar ; and so tlieir 
^78-forces, at D, will be as the altitudes D F and ]U H :^ 
and, therefore, the excess of the fiirmer, above the 
latter, or the , force whereby a corpuscle at D, tends 
towards F, througk the contrary action of the two op-^ 
posite cones, will be as DF — DH, or as DM ; because 
(by the property of the ElltpsisJ MF is, in all positions, 
equal to DH. 

Hence it appears that the j^s of matter F M mf 
and HDA, without the Spheroid apes (acting equally, 
in contrary directions) can have no effect at D: 
and this, being everv where the case, the whole, effi- 
cacious, force at D must therefore be that of the 
Spheroid Oapes, 

Hence, if the ratio of Oa^ to Op* (or of OA* to OP*) 
be denoted by that of 1 + JB to 1, as in the last Problem), 
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it fiJlgws, from (Itence, -that th& attraotion at D, in the 
direetiona DM and DN (peipeDiltnilaT to PS ftnd A£ t 

see the next jig.) will be expounded by 1-5— a-c+R-7 



IM 



&C. X D N re^tectively, or by dieir equals g x D M 

and /x r+2f X DN : where the values of/ and g are 
the sane as given in the preceding aKide. 

COBOLLARY. 

391- Hence the force wheiewith a corpuscle, any 
where within a given spheroid, is attracted, ather, 
towards the axis, or the plane of its equator, is directly 
•a the diitaiMe tberdnnn, 

PKOBLEM. X. 

892. Supposing every Particle of Matter in a Spheroid 
10 have a Te»dtni^to recede, hath, Jrom the Jxu P S, 
tffi4 jroM the PlOM of the grtatett Circle, by Means ^ 
Forces that are as the Distances from the said Axis, a^ 
Plane regpectively ; to find the Direction D I tehtrtin a 
Corpuscle, at any Pomt D, tends to mote through the 
Action of the taid Forces oni the Attraction toiy'uiietty f 
4n4 UlcewUt tie aholt ew^ound Fot'ee in that Dirtotvm, 

Let CM and DN 

be perpendkuloT to 
PSandAE, and let 
the nven Airoes, in 
the £fect!oD of tftMe 
Hnea (independent of 
the attraction) be ex- 
pressed bytn X DM and 
a X D N respectively. 
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Therefore, since (by the Uist Probkm) die tone 
of attraction in the said directions is defined by ^ x DM 

and y*xl + j9xDN, the whole resulting foreeB 



will be truly denoted by g-— m x DM, anifx 1 +S— « 
X DN: whence (by the composition of fbrcefi) it 

willbe,5^-m: /x TTS-n:: DN(OM): MI; 
whence tn^ point I is given. 

Also DM : DI ::^^=^xDM (the force in tbe 

direction DM) : g-— wix DI, the force in DI. QJE.L 



PROBLEM XL 

"i . 

393. Every thing being supposed as mtke preceding. 

Problems^ it is required to determine the Force of all the 

Particles in the Line for Column) Q D O tending to the 

Center O of the Spheroid. 

Let I H be perpendicular to Q O produced (see the 
last Fig.) then the absolute force, in the directioa D I^ 

being g^— m x D I, that in the direction D H, wher^ 
a corpuscle at D is urged towards the center, will be 

£•— w X DH. Let now O D (considered as variable) 
be denoted by x ; then because the ratio of OM to MI 

is given (being every where as g*— m to fx 1 + B-^n, 
by the precedent) and the triangles ODM and lOH are 
similar, it follows that the ratio of O D to OH wiU be 

S'ven, or constant; and consequently that of DH to 
H,. likewise : let therefore this ratio of D H to O H 
be expressed by that of r to s^ and we shall have DHs 



rx 



— , and consequently (g* — m x D H) the force at D, 

s 



rx 

s 



equal to g- — to x — : which therefore being multU 
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plied by x, and the fluent taken, there comes out 



«2 



g-m><. rx_^g-tn j^ d q x D H, for the whole 

force of the line or column O D at the center. 

Q. £. 7, 

COROLLAEY. 

394. If the given forces m and n be such that the 
ratio of O M to M I (which is found to be uniyersally 

as g"— m to^'x 1 + B— w^ may become as 1 VI + B 
(or as joO^ : aO^) it is evident (from the property of 
the ellipsis) that the line of direction D I will be aU 
ways peipendicular to the surface of the spheroid Oapes, 
In which case O D x D H is also ( by the nature of 

the ellipsis ) = O a^ : and therefore the force (^—^ — 

xOD X DH) of OD is = ^^x Oa': which, 

I 

when D coincides with Q, will become ^-^— xAO*; 

and is, therefore, a constant quantity. 

Moreover, since in this case, g*— m '.fxl + B^-n 

: :1 Vl+B (by hypothesis) we have m— = g 

X "y" JO 

— /: which equation, if n be taken = 0, gives 

but, if m be taken = 0, it will then give »= -^l+B - 

xff-/=-l+J?Xg-5--g-^+^&c., Wiere, 

t^B f and A = the M-ch whose tangent is ty and? 
radius unity. 

' o ^ 



¥■■ SUB or VLUXIOSU 



805. IfnAktt ^pAm>fdOAPE8,«fcntfll|t 
^fMore ohhe EqtOtoreal Diameter AS, it to tAot^lk 
Axil PS, M aty^M»Maiiaaf\-S-a te 1, WmIw 
d>oiU tiU Uju, m flicA a Tmu, (Aot tAeeoitn/ii^^wt^ 
at tht Equator A, u to the Attradimi at the Smifiet ^ 

a S^htre wkoie Radius it OA, m (Ac Aotiia of -jr~-^ ^ 
J^ + ^ *>. to ^ : / «iy. « t»a( Cw, WflJ 
tioui tA( CoAetHW o/ Mk /Wtt tf«i to «e«*e, (^ 4%i!tt 



^ 


■^ 


>° 


/ . 


'' M 


/^\ \ 


J^f 





//I \a- 1 


V; 




Liv 



For, the attwction of ^^ ^ph^TPi^, tf A, hpipg do- 

AO 

Tt is evident (by conceiTiiig £ = 0) tl^t -^ ' w^ 19- 

pwHSt tke attTBctiini «t the siufiMs of the^ V^m" 
whose ndiiu is A : whence (by hypotheus) the 



'3.6' 



ts- 



centrifugal fbcoe at A (putting m 

1^ &c.) will be truly defined by m x AO ; n^.Mih 
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seqaently thaty at any other point D^ by m x DM (b6^ 
tause the centrifUgi^ ibreoB of bodiea dtscribiH^ tfXM^Uii 
eifdea, in equal times, are known to be dnrOitly ad 
the radii).* Hence, and from the Corollary to the last* Art. 218. 
l^j^oblem, it appears that the £i^on of gravitation 
D I is always perpendicular to the sur&ceope^; and 
that the force of all the particles in the line (or canal) 
OD or OQ, t&W^adk the t^tet O^ will oS^tinue id- 
variable, take the point Q in what part of th^ arch 
A P,£ ydn will : frdtt wMcfi kst coosidehttloi^. It foU 
lows that the force, or {lir^teur^ of every canal QO. 
at the cetrter O (consUering Ae hoif in li ftiiii sta^) 
will be the same : whence (by the principles of hy- 
drostatics) a corpuscle at D has no tendency to niove, 
either way, in the litie OQr and therefore, as it 
hath no tendency to move in the direction at the sur- 
fisuse D j^e (th^ gravitetidft bemff perpehtticida^ ihttMl} 
it in evi^t, j/iyiik Meehailicsy mtd ho mbtion lit dldilEi 
ensue, in any direetMtt. Q. E. D. 

COBOLLA&Y I. 

.^^A w. QB 4B^ ^B^ ^ 

396. Smce m Is = 3-r — -^t- -f- Ar-^^ &c. the 



gravitation {g -^ rft^x^D I) al afny ^iirt D in the 

■ ' * ' p ' " ' ^' ' ' 

spheroid will therefore beas s- ^ '^ -^ 'iz &c 

3 5 7 

xD I =x iZrf XD4 (see Art. 389). 

COBOLLA&Y II. " 

397. If the titne of revbldtibn be^ given ==p, a^ 
q be put to denote the time wherein a (solid) sphere, 
of die same density with the sphennd, nltst revolve ; 
so that the centrifugal force, at the ^uator thereof, 
may be eqiial to die critvity : theii^ 68 dnt^ kst* tiikl^ 
is known to tiontiittie me saM^j whatev^' the liiaghitdd^ 
of that sphere is ;t afad the centrifugal &r^ in eq^at+^^j**^ 
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arctei, ire also known to be inTendy at the t^pnni 
of the periodic times — it follows, that p^l^* 11 f AO 
(the attraction, or centrifugal fiuioe, respecting die 

sphere O A, revolving in the time q) I (sr-js -* .^ m 

4.^' &c) X A O, the centrifugal fivoe of the 
spheroid at A, lerolving in the time p. From vfaidh 
proportion wc get ^.=_-_ + ^ &c. = 

^^^^"^^ (^^' ^9*)- Whence, by help of the 

trigonometrical-canon, the value of ^ ( = J3 ) woAi 
consequently, the ratio of the two principal diameters, 
will be found ; so that all the parts d the 



may remain in eqtdlibrio. But, when ^ is small, 

op 

the solution by an infinite series is preferable : for, then 
the series _.- -^-j^ &c. (=^„^ convergmg suf- 
ficiently swif);, we shall, by the reversion thereof, find 

2p« 4 X 7j»* ^ 8 X 49p^ 

case the ratio of the equatoreal diameter to the axis, 
if we take only the first term of the series, will be, as 

Which, if ^ = ^9, or the centrifugal force at 
f 
the equator be to the gravity as 1 to ^9 (that being 
Art. 21 7. the proportion at the equator of the earth)* will come 
out as ^1 to 280. 



n/ 
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COBOLLAAY III. 



398. Because, '-^ , the latter part of 

our foregoing equation will be equal to nothing, both 

when t is nothing and infinite, it is evident that the 

value thereof cannot, in any intermediate circumstance 

of t^ exceed a certain assignable quantity. 

Wherefore, to determme this limit of the value of 

/»- 
~ (beyond which the problem becomes impossible). 

let the fluxion of jr-i , or its double 



15 -^he taken and put = 0, and you will 



have ^ 9 ^ t^ X Jt +WT^ X ^ + 6tt = 0: 

t 
which, because A = = — -^ * will be reduced to 9t * Art. 142. . 

+ 7<^ - 1 + t^ X WITF X -4 = 0; where t is found 
= 2,5^93, from whence the corresponding values of 

l/iTF, and i. come out = 2,7198, and 0,58Q6 

P 
&c. respectively. Hence it appears that it is impos- 
sible for the parts of the spheroid, in a fluid state, to 
continue at rest among themselves, when the time of 

revolution is so great that — exceeds 0,5805 &c. 

p ' 

And that, of all the spheroids wfaidi can be assumed by 
d fluid revolving about an axis, that whose equatoreal 
diameter is to its axis as 2,7198 to unity, will per.- 
form its revolutions in the shortest time. 

Thus, fer example, if a (solid) sphere of the sJEime 
common density with the earth was to revolve about 
its axis in the time of 84 | minutes, the centrifugal 
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fane at the equator thereof ▼ould, it is knoini, he 

u 317«equal to the gravity :* therefore, by takiog -^ (= — ) 

s 0,6805 &c The time p will oome oat = 

M H M 

146 or 2 96. Which time is the leasts ^foaStU, 
wherein a fluidU ^ the same common density with iim 
earth, can revolve, so as to preserve its ^heroidal fiffoiBi 
And this holds universally, let the magaitndft of the 
body, or fluid, be what it wiU. 

Corollary IV. 

399. Hence also may be determined the spheroid, 
which a spherical body (of ice or any other mattes) 
revolving in a given time «, will converge to, vHben re- 
duced to a fluid state. 

For, since the momenta of rotation, in equal spheres 
and spheroids, are to one another, in a ratio com- 
pounded of the direct ratio of their equatoreal dia^ 
meten, and the inverse ratio of the rimet of dieir 
rotation, it follows, if d be put = the diameter of 
'the given ^here, and E = the equatoreal diameter of 

d JF* 
the required spheroid, that — = — (because the quan- 

9 p 

tity of motion about the axis is not aflPected by the 
actioiL of the particles one upon another, while the 
figure of the fluid is changing). Moreover^ »nee 
the masses of the sphere and sphoroid are also equal to 
each other (by hypothesis) we have d^ (= A£' x PS) = 

■=: from which two equations, exterminating 



d, there arises p=l +^^i x«, finr the time of nevolu,- 
tion of the required spheroid: whence, by sub- 



9* 



stituting this value of p in the general equation ^ 
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=. !±L|^. we get ^, = m^i X - 

^"^^ A ^"^^ ; ftom the sdutkm of wWcli the ralme rf 

I, and the sphierotd iladf will be given. 

But, since the Talue rf the ktt^ part of the equ»*> 
tion can never exceed » certaiB ass^nable (ptantity^ the 
matter proposed can therefore be only possible under 
certain limitations : in order to determme these limi- * 



X 



tations^ let the fluxite of 1 + t^f x ^t^!^^""^^ 

be taken and put. zz 0, and it will be feulid that 

i* + 24«« + 9.1 X -4 — 16*^ - 27* =fi 0: wheftoe i 

edva^B wtt sa 7^S> and the corresponding valtie of 

'' . * 

2 = 0,927, nearly. 

Hence the parts of the fluid cannot possibly come 
to SB ei^libffum- aatong themselves, wkea the^ time 

s is less than x-^ix9 but will continue to xeeede from 

0,9^7 

the axis, in tnfimttim. 

I£ q be taken 3± 84|? (as in; die exttipfe Ui tbtf 
TMrecedbff corollary, s will* be equal 91* = IV'. SI?. 
f*rom wmch it appears, that if the earth (or a slpheiical 
bo^ of tiie same density) wa^^ to revolve about its 
axis in less^ than 1^ : SI?, and in the mean time* fie 
recced to a state of fluidity, tiie parts thereof towardk 
lheeq[crator wotdd' ascend, and continue to recede fiditt 
the axis', in iiifikituin\ 



COBOLLARY V. 

400. Seeing the values of t and J are given when 
the spherqid is given, it follows that the gravitation 



SOS THK U8K OF FLUUOVS 

{ — jl — X Q I) at any point in the gnrfroe of a 

Sheroid, whereof the parts are kept w eqmUbri^^ bj 
eir rotation about the axis, will be aocunt^ at a 
perpendicular to the surface at that point, continved 
to the axis of the figure. Therefore the ffmribAA 
at the equator is to that at either of the poCif -m tbi 
equatoreal diameter to the axis inversely* 

COROLLABT VI. 

401. But if the spheroid diflers but little fimoi m 
sphere, the excess of Q I above A O will (hyibjB piO; 
perty of the ellipsis) be nearly as O B^. vVlienee it 
appean that the increase of gravitation, in going hmOt 
the equator to the pole, is as the square of die sine of 
latitude, nearly. 

COROLLABV VII. 

402. Moreover, since the ratio of the eqnaloml 
diameter to the axis is found, in this case, to be that 

So* 
* Art. 397. of 1 + 7^ to 1,* the excess of that diameter above the 

axis will be to the axis as -X to unity ; that is, aa J- 

4p' 4 

of the centrifugal force at the equator to the mean 
force of gravity. W^hence, as the centrifiigal fixroesy; 
in unequal circles, are universally as the radu directly, 
and the squares of the periodic times inversely, it rali- 
lows that the foresaid excess (in figures nearly spherical) 
will be as the radii directly, and as the density and the 
square of the time of rotation inversely : firom which 
proportions, the ratios of the greatest and least diameters 
of the planets may be inferred from each other ; sup- 
posing the times of their rotation about their axes to 
be known* 
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PROBLEM XIII. 

40S. To dttermvM. the Figure which a Fluid will ac- 
quire wheuy besides the mutual Gravitation of the ParU 
Ihereof, it m attracted bv another Body, so remote^ that 
M Lines drawn from it to the Surface of the Fluids may 
be taken as Parallels. 

Let OAPES be the 
proposed fluidi and let 
MPS and MQ^be right- 
lines,, drawn from the re- 
mote body M ; whereof 
the former MPS passes 
through the center of gra- 
vity O : moreover, let 
the plane AE be perpen- 
dicular to the axis MOS ; 
and put NQ=a and OM 
(the distance of the re- 
mote body) = d; also 
put the semi-diameter of 
the body (at M) = r, 
and let its density be to 
that ofthe fluid A PES, 
as any quantity v to 
vnity. Tnen smoe, according to the foregoing cal- 
culations, the attraction at the sur&ceof a sphere (of 
a given density) is expressed by ^ of the radius, it fol- 
lows' that the attraction of the body JIf, at its surface, 

vr 
will be explicable by -^ : and therefore, the force 

o 

varying according to the square of the distance in- 

mr Di* 
versdy,* it will be d« (M N«) : r« : I ~ I ^,, the •Art. 383. 




attraction of j(f , at the distance M N : also d— al ^ 

its attraction at the 



vr vr' 



i 



9M THX vts or VLVxion 

distance M Q. Whence the diflfeienoe of these two, 

&a) win be as the feite wherebj a ooriniadie at Q 
endeavours to reciede from the ^lane A £ : whidr be> 
tiause (by hypothesis) d is very great in xespeot of a, 
will (by rejecting aU the terms after the first) be es- 

pressed by g^ x a, or its eqtuu -^ X WQ. 

In the very same manner, the ftkee mtistAj tf Mf- 
pusde at q, below the plane AE, tends fo tett/k 

therefrofed, will be defined by -s^ x Nf . 

NoW| therefore, MeitLg these fiitbea ire, ^ray ^iAcra^ 
as the distances NQ, N^; from the {JaAe AE, it mains 
(by Art. 893 and 994) that the figiure OAFES wfll be 
a sphef oid ; whereof thd equation, for th6 ^elaiion if 

its two principal dknieters (putting n s= -smJ ^ ^^ 

2J? 45^ 65^ 



^^3.6 6.7 ^ TTg ^ 

the ratio of P S^ to AE<: is denoted bf Aat of 1 te 
1+Bj. Hence^ by reverting tl» serine wt^hcteBtf 

g- ^- &c.andconseqiitetly F S ; AA..Jr: 

V^rr^T^&e. :: 1 :l-'-^,ne.riy: 

wEich, by restoring the value of n, becomes P S : A E 

•11 ... ^. Q. E. L 
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COEOLLABY. 



404. Because ^ expresses the sine of the apparent 

semindiameter of the bedj Jf (to the radiuft J) i^eeQ at 
the 4iBtl^c^ Q Ms it^ wl^^S) if t^e mi ^^ be de- 

noted by c, that P S : AE: :1 : 1-^ X c^ ; and 

/itj 
consequently, by division, PS : PS— AE: : I : "a x ^*t 

Hence it appears, t)^( tt\e fon^ of the planets, to 
produce tides at the earth's surftee, are to one another 
1^ their densities, and t|]ie cub^ of their appar^t dwne- 
ters conjuiictl)r. (For the sines of small arcs are yearly 
as the ares thcinsdvMb) 



EXAMPLE. 

' 405. If c be taken =s the sine of 16^ (expressing^ the 
mean i^ppareat semi-diameter of the moon) and • 



- (the ratio of her deaaity with reqp«ct to that of 

the earth) wx la«| pi^^portio^ will bo^one P 9 I P 8— 
AE::1; 0,000000315: whence if PSbe take» :m 
4S000000 feet, (the measure of the earth's diameter) 
P S- AE will come out ^ 13>^^. 
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SECTION X. 

Of the Application of Fluxions to the Re^ 
solution of such Kinds of Problems De 
Maximis et Minimis, as depend upon 
a particular Curve^ whose Nature is to be 
determined. 

1 SHALL b^in this section with premising the fisU 
lowing useful 

THEOREM. 

406. If the relation of two flowing quantities y ani 
u be required ; so thaJt^ when the fluant of yu becoma 

equal to a given valuer that of ^ — , T^ - ^ ^n^ be a 

maximum or a minimum ; / say, their relation mutt 

be such that ^ ^ vj?i " — - nuiy be every whert 

the samcy or equal to a constant quantity. 

The demonstration hereof depends upon the subse- 
quent 

Lemma. 

407. If a* + W == Q, wherein « and jS are inde- 
terminate, the value of ^ x «^~±p^" -f -B x /3« + ;>«]" 

will be a maximum or minimum^ when — x 

' a 

«2 + pty^^ and -T- X 0* ± p'^Y^ are equal to each 



»-.. 



ofkkts. FoT)' by taking ihe fluxions of both expres- 
SKHis w&have a*^ bg s 0, and flnAaa x a^ ± pH 

+2nB^ X /3^ ± P^l""* = : from whence, a and 

' ' jt 
being extenninated, there results — x tf^±p^| ""* 

SB ' 

=^x^+-p*r'- Q.i;. /. 

I 

r ^ ... . ... 

Hence, if a»! + i/3 + cy -f dS &c. =s Q (where 
«» /3> y» ^9 &c. 'are iiidetenjninate ) it follows that 

A X «* ± p^" + B x-jS«i7>»]" + C xy« +;>«]" 
+ X) X 5« + p«j ^. will be a moomMm or mi- 

nimum^ when all the quantities — : x «* Hh jp- f"*, 

— x ^*±"p*|""*j — X y« + P^l""* &c. are- equal 

to eadi other. For that expression is a maximum (or 
mmmvm) when it cannot be increased, or decreased, 
by altering the values of the indeterminate quantities 
.involved therein ; but it may be mcreased, or deereased, 
by altering only two of them (as « and 0) whilst the 

rest remain unchanged; unless — x **± P'^^ and 

^-^ X j9«-f- pf\^^ are equal to each other. (This is 

f^ved above). Therefore, when A x «*±jp^T + B x 
5*±p^r+ C X y« ±p«[*^' + &c is a moi'tfiiMift or 

mtntmtfm, the quantities — x «* ± p*l*~ and -^ 



X ^±p^" cannot be .unequal : and, by the very 

same arrament^ ho other two of the quantities above 
specified can be unequdi. 



OF ?IIDBLEHS OK MAXIHII BI MIIIIMII 

If, in the rightJiae P R, than be now wm 
NN 31 M, I<tN s: $, tee. tni upon thete, w I 
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rectsngUs 1^ K, I<^ ]& be sappoeed, whoK altitude! N K, 

NK Ac. are denoted hy a, b, c, d, in it is erident thM 
^+h0+cy+di &c. ( = Q) will be ezprened br tbe 
mm of all the lud rectangles, or the whtde pcdjggn 

MoTeover, if, in the right-line P L ^[leipendicular 

to PR) then be taken M Sil, M M fte. each equal to 

p, audi upon these equal bases, rectangles M V, M V 
Ac. be eenstituted, whose altitudes aie denoted bf 




+ ^^^ '"11 *» *™ty reptercnted by *• 



kAiolit pc^min MA. Whiek fdjtffi^ (a8 ']p fit dm- 
fttant) vrffl fad A nmximiim «ir imMmmii, ivten A x 

^« ±1>*J* + 5 X ^"±1p^ +&©.»» uMUpnntm or 
mininmm ; that is, when all the quantities -^ x 



02:\ ^ X £311: &c. «e equd to 



each other (as has been pYo^ dbove)* 

Let now, J, Bj C, JD, &c. be expounded by mj 

Sowers (M P, IVf P", ii P, &c.) ^ Ae tei^Mite 
istances from a given point P ; and let^ at the same 
time, the corresponding values of a^ b, e, dy && be 

interpreted by any other proposed powers M P", ]if P% 

MP"* &fi. of the same given distasicas: then the 
area of the polygon N / will be expressed by M P" x « 

+MP^Xi94-]&P*" X y &c. (-Q) ; and that of t'he 
polygon M A, by M F x '*>i£^' + SiP' x ^S^ 

+ lii P' X ^^-=^' + &c. And the foresaid eqitel 

P 



'^ Jet a^ + mH^' BR ii«~+~«*l*"* • 
qi^A^ties -^ X- --^/ ' ■» -jr- X r^.-^^-^.. Sac. 



jj>»-. p 



win become MP^ x « X «* =g ? I nip 



• - • •• 1 



I d u". 1 — > *^' Jf^spectively. 



Now let the number •of the rectang^ be suffpos^d 
indefinitely great', and the» breadths mdeftnitdy small, 
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ftO OF raomvt »x vAxniit xv itimrtir 

m that tfi* areft of eadi of the two pofygpna Hi'^td 
M A may be taken ftr that of ita eiieaiiiicnbai 
nunreoyer, let u and y be put to reraesent the 
of an^ two corresponmng ordinatea JS F and (Gr I' fiam 
the given point P ; and let y be every irheate e xpa ci a e d 

hyp (=]ifM=]ifM=s&c). Then, i» being a genenl 

value fi»r any of the quantitieg «» 0, % 1 &c. (inr N I^, 



*_ «»_ 



N N &c^ it follows ; first, that the fluxion of die 
area of tne curve N £F K (the ordinate bein^ ' evay 
where, ss iT) will be truly defined by y^ ; aeoondl^, 
that the fluxion of the area M G I V (by aahsti- 
tuting y, ii, and y instead of their equak) wSk he 

jT X «^±yM . g^^ Uatlj^ that the value ^xf eaeh 
of the equal quantities, M ?•*• x ^ ^^ xf^f 



liP-- X g X g" ^-jg!C, &c. above specified, will 



be expressed by 3^ ^ ^ .^^' ^ ^'^ . Whmzikc 
Thiorem is manifest 



y^* 



408. If i? and S be assumed to denote an^ fanetioBs 
of y (that is, any two quantities repressed in terms of 
yand given co-mdents); then, in order to have the 



fluent o{ S X — --tJ; I . a maximum or mdwmumj 



y^i 



when that of Ru becomes equal to a given value, it is 
requisite that ^ x ^^^^ should be » cewm 



y*-. 



duantity : y tltts, abo, is evident from the 
demonstraUon ; and may. be of use wben 
premised theorem is not sufficiently general. 




*%i 



PROBLEM I. 

409. To determine the Nature of the t!urveA C E ; s& 
that the Length of the Arch A E . behg given^ the Area 
AB £ shall be a maximum. 



Calling (as usttal) the ab^ 
scissa A D) x ; the ordinate 
D C, y ; and the arch A C, 

JBT, we have ± a:-y^i«— y«;» 
and therefore ^i •}• = y x 

i« - y«| * = the fluxion of 

the area A D C. Now, 

since, by the question, the A D 




B 



fluent of y X i*"^^I~^* is to be a maximum^ when 
that of z becomes equdi to a given quantity (ACE) let 
these two fluxions be^ respectively, ccnnpared . with 

^ — , and y"tf (as given in the foregoing 

yr 

jtheorem)4 By which means, n =: }, r = 1, it = iy t Art 40ft 
and iiisO ; and consequently ^^^ ^ ^ 7^.: 



i«»-i 






^2/z X i«—y« |~* : which (according to the said 
theorem) being, every where, equal to a constant 
quantity, we snail; by putting that quantity = a, 

and. ordering: ^equation/ get 2^ = ^ r 1 ^ and^e 
VV^i2^ 1^1= —===-; and consequetttly (by 



ilt M l^ftOB&BMl DIK MAXIUU KV limXW 



taluiig the floent) x=a— l/a« — y, or fttP— IP^asj^; 
whidi is tlie eonmum equation of a cirde. 

COROLLAET. 

410. It follows from heace, that the greateat area that 
can possibly be contained by a ri^t linie (A 1^ joiniag 
two nven points, and any curre-une A C B of a gtvcn 
len^, tenninatjng in the same points, will ba wflin At 
saia curve-line is an arch of a eude; 

PROBLEM IL 

411« Thel^engthoftheJnAAE (m^ tke preeOhf 
Figure) being gi^^^y to determine the Ifahare ef mt 
Cnrve, 80 that the Stolid generated bf ih B^datimi^^ 
mcff be a Maiumum. 

>Artl4& gince the fluent <rf y« x i« — y«|* ( «y«.**) 
is required to be a maximum^ when that of i has ^ 

S'y^ value J^ C E, every thing will remain as in die 
iSt Problem ; onlv, r must here be as iz a&d fStae^ 
/ 

fere (by the Theorem) we have 5^ i x i* — y^f^ ss (K. 

ay 
Whence i ss . ^. ; and consequently .^ ^ c9 

put = a (in order to hare the powers homohgtwy 

¥y _ 3/^ 

win become i :=: >, 'irnrnr ^ ana i ;is ^Ajjutii-lir ; 

when^ 2: and or will be t^nown, Q<^VP• J^* 

PROBLEM IIL 

412. The Superficies generated by the Arch of a Curve, 
in its BoMien about its axis^ bei^ given; to dkUrmim 
the Curve, so that the Solid itself may be a maximum. 

t Art. 145. Beqtuse the fluent of y^ x **— y*)*t W to b^ |r 
maximumy when that of yz becomes eq^ual to a given 



quantity ; let the fluxions here exhilnted be theitfi)fe 
eompsured wrth ^ ,g^r *^^ 3^^ (gLvea iri the 

theorem). By means wheidlof (r being = 2, 6 ac i^ 

n =± I, aiid iM ==^ 1) tre have yi x i^*— ^*1"^ «= «^ (a 
constat quantity :*) which is the very equatioit foUnda.^^ji^ 4^ 
in Prob. 1, belonguig to It ciid^. ^ 

If the solid be ttupposed given, and the superlici^ ^ 
mtmmwfta, we shall come at the very same concliisW: 

for, ^^i and ^ x x^ +y®|* (which are respectivdf as 
their fluxions) being compared withy"i« and y — ji— L - 
we have m:t=S,' 4$:=^^, r = 1, and n = | ; and there- 

♦ 
X 

fore — p====r===f equal to a constant quantity : which 

b^ilig denoted by - (so that the terins iMf be lidflicK^ 

}ogous) there colnes out «3cs=yV3F+^; n^msb^ 
2(m:— j?2=y- (as before). 

PROBLEM IV. 

413. To determine the Curve H F B, Jrom whose 
^Retolutim a Solid B K shall be genefakd; «»ltii%; 
moving formtrd. in u Medium^ in the DireHi^ &f its 
Axis DA, wiu be less risi^fed than any (^ktt SkUd tf 
the santegioen Length D A and BaH B C. 

If AEsx, E F=v, F|?=«, &c. it is evident, from 
the principleg of Medianics, that th^ tesikting foilbe orf 
a pasrtide dF the medium at F (being an the squaai^ df 
the sine of the angle of indiuatioil pFq) Will be Miiy 

represent^ by J\ \^ {^~ry Meieeover, siniSe tfite 



«u 
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whide number of pitti- 
deg actiag tipon FH K G 
18 propmiimal lo-. die 
area of the dxde FG^ 
or as ^ ; the flaxion 
hereof (^3fy) dmrninlo 




give — ^^^ 



Wui taerabre 



fluxion of the resistanea 
uponFHKG. 

UaWp nnce it is required (by the question) to liave 
*e fluent of ^ (or ^-^^^£11) » 

maximum^ when that of x becomes equal to a given 
quantity (AD)) let these two fluxions be therefine 



• ArU 4i06.Qompaiiei with y ^ J!li ^ ^^ ST^'* Wh^oee 
(r bemg = 1, 6 = i, n = — 1, and m = 0) we get 



t Art. 406.4£L2ifllti! — = (a constant quantityf); and con 



sequently yy^x s= a x jp*+^-1* : whereof the fluent 
will be found, by Art. S64. That the curve does not 
0ieet its axis in the extreme point A, but has an ladi- 
nate A H at that point (as represented in the figure), is 

evident firom the foregoing equation. For x«+y*l* 

(Fjl^) being always greater than y^x (pq\^ x VpJ% 
y must therefore be greater than a, in the same prop(»:- 
tion ; and so, can never be equal to nothing. 

Now, as it is demonstrable that the angle AHF must 
be 4 of a right ajogle, A H (the least vdue of y) wi}l 
Itberefore be =s 4a (since x and y are, in this circum-^ 



Stance, equal to each other). But^ what^ a itself 
ought to be, must be determmed firom the given vdiudi 
of AD and B D, and the resduticm of the fiiresaid 
equation. 

PROBLEM V. 

414. To determine the Solid of the least Resistance^ 
supposing the Area of the generating Plane A H B D, 
and its greatest Ordindie DB to be given {see the 
preceding Figure/. 

Since (by the last article) the fluxion of the le- 
sistance is expressed by ^^^ "t^ ' , and that of the 
area AEFH by^, it is plain (firom the prenused 

theorem*) that — — . Ji - is a constant quantity. tArt.40«. 



Whence ^ >^ , or its equal ^* - -j^w » beinir 

every where the same, the angle p Fq must also be in- 
variable ; and consequently HFB a ri^t-line. There- 
fore the solid of the least resistance is (in this case) 
either a whde cone, or the firustrum of a greater 
cone. But it is easy to show, that, when the area of 
the generating plane A B is given so small, that the 
angle B may be taken equal to the half of a right- 
angle; I say, it is demonstrable in this case, that the 
firustrum so arising will be less resisted than a whole 
cone, or any other firustrum, whereof the base and the 
area of the generating plane are the same. 

In like liiaaner tl^ solid of least resistance, when its 
bulk and greatest diameter are given, may be deter- 
mined: the equation of the generating curve being 

y-Jj^Bl^l, or ^' = j» X '^+fY: 
whereof the solution is given in Art. S64^ 



t> 



na 



OP nOBLSlM 9S MAJLIKIS ST 
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415. To dtUrmme the Line along wkuA a Botk^ Im 
its own GravUvy will deseendf from one given Pami A 
to another B, tii the shortett Tmeposdble. 




Let A D be pamllel, and B C perpendieular, to the 
hvuNm, iotenNfiting ea«h odier ift C ; mi kt Q P 1^ 
any ardinate to tbe curve parallel to BC : then (calling 
A.P9 jr7 PQ9 5, Ac) the odetityatQ willfaecxirawd 
bj jf*/ also Ae fluxion of the time of deteratt thraa^ 

*Art. 90i.AQ will be truly defined by -j,* or its equal jT*- 

X «« +y«1*. Here, therefore, the fluent of y^ x 

j^ + ^l* is to be a mhrnmnnj when that of at airiTCi to 

tArt.40&to A given value (AC). Whence, by the theurtm^'f' 

y^at X «* + y*]"^ must be ss a constant quantity: 

wfaidi (to have the term homologous) let be dnioled 

by cri (or -T7=-)- Then fl*jc = jf* x iFT#*)*r 



whence x = 



\/a-y V^ay-ry 



; i = (|/l?T^ 



]»i»iri>lK« ^oroK A rAm*ieei^.ajt evavB. 



SIT 



a= ^-^ ; and consequently 2 = 80 — io^Va—y. 

Therefore nrfien ^=0, iir is s= 2a ; which two cor- 
responding values let be denoted 1^ DV ^d AV ; audi 
let Q E, parallel to A D, meet D V in E ; then V E 
(VD-ED) being=a-j^, and VQ (AV-AQ) 

=2a*l/a—3^, ^^ ^Uows that 

VT>(a)\ VECfl-J^;:;VA2 (4a0 : VQ« (4axa"^h 
Which is one of the most remarkable properties of the 
cycloid ; the curve whicji^ therefare, answers the con 
ditions of the problem. 

If the celerity be supposed as any AmcticHi XS) of 
the quantity jfy the problem will be resolved in the 
same manner: the elation of the curve being 



"» Art 406^ 



PROBLEM YII. 



416. To find the Nature of the Curve AQE, along 
nihick a heavy Body fnust descend fro^n an^ horizontal Line 
RC to a f>erHeal LtneCD^so that the Area C A£ may 
he given^ and the Time of the Descent a Minimum. , 

If the ordinate PQ 
(Btfallel to CD) be 
called y, and the velo* 
city at Q be denoted by 
y ; it is evident that 
the fluent of y^ x 

*'n^* ( = pt 

must be a mvufimm 
whtsn that of ^i amounts 
to a given value. 




SIS 
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Therefiire .(by the theorem alieadjr mentioiifid so 
often) we have y-*"* x x at^ + y«r* « tf"**^; tnd 

misequendy il =s -^=^=:^:^g ; whidi, bjr writ- 

h ■ 

XDft i instead of n. beoomeg ot =5 .^ ^^ — : whence 

X will be known. But, if the celerity was to be eveiy^ 
where nniform, then fn being = 0) we should ha^ 



yy 



i="7====; and therefore x = a — V^a* —J*: 
which answers to a circle. 

Lemma. 

417. /jf, upon a 7\z9^fefi^ E Vyfnm am PaiMt G & 
lAe Circumference of a Circk F E C, a Perpendicular 
CF fte fet /off, ^Ae Chord (CE) yotmngr ^Aot Pomt md 
the Point of Contact ^ toiU be a Mean^Proportiomal fe- 
tween the said Perpendicular C P and the DiamOxr CF 
of the Circle. 



For, the angles P and 
C£F being both zig^; 
and also C E P = F» the 
triangles CPE and CEF 
are similar : and therefive 

CP;CE::CE;CF. 

Q. E. J). 



PROBLEM VIIL 

418. In the mixtMned Triangle A CB, the Lengths of 
aU the sides (whereof C A end C B arc Right-lines J are 
supposed given ; it is required to find the Nature of the 
Curve^ide AEB, so thai the Area may be a Ma^dmiun. 




Put the arch A £ = 2?, p 
iuid the ordinate C E = y >* 
then, the fluxion of de area 

ACE b^g ^ Vf^ - y%* 

the fluent of ^ x i«-y«J*, 
^nerated in the time where- 
in^, from C A, increases to 
C B, must be a moxmifm : 
therefore, hy the Thearem^f 



ti$ 



we have yz x i« — y«l 

i a 

9 




•Art 113. 



tAtt.406. 



=• Uff or 



— . Bjut, if C P be sup- 



and conse- 



posed perpendicular to the tangent EP, then will 
i . CE V 

l?1izp(^-^) = cp==cp' 

qwntiy ^=JL; orjCP:CEr3^j::CEryr.«: 
\y yp . 

which proportion, by the LemmOj^ answers to a circle ■; 
whereof the quanti^ a is the diameter. 

Now, that A E A must be an arch of a circle is also 
evident from Prob. 1 ; but, that the same arch, con- 
tinued out, will pass through the angle C, di^es not ap- 
pear from thence, lliis is known, from above; and is 
requisite in finding the particular circle answering to any 
proposed data. 



PROBLEM IX. 

419. Tojind the Path AEB whiA a Body must de^ 
scribe in moving uniformly from one given Point A to 
another B ; so thatj being every where acted on by a 
Forcej or Virtue, which varies according to the Inverse^ 
Duplicate^Ratio of the Distantes from a given Center C, 
the whok Action upon th^ Body shall he a Minimum. 



or raoBun m MAsiaii xt 




H PKttnig AE : 



1 Ed (t 



(=Jf- X *« + *•!•) 
fiw »e meMum of dn- 

KVK WUflB fl0tS VBBB 

the budj in dcMribn^ 
dw pntide Ee fi;.- 
moreoreri if from As 
center C, nth vq 
nven radius ('r; an ardiETfS (^ a dnle Iw deacribedl, 
mtBascting C E in T, we dull have T t (the MieiMW 



of the aAf^ £Ce; > 



^nurcnf^ 



flaent of jT* X «' + y*! i« nqimed to be a m- 
MNMK, and the contemporary fluent (^ f~' A (betweeD 
G A and CB) a eiven quantitr; it Ulowa, from the 
theorem premised at the begmning of the MJEdeB, 
that y~**' u X «" + y^~* muat be equal to a ocd- 
•taut quantity ( ~') uid consequently ^ ' , : 



i/i^—, 



/ a ' 



which i» the wry eqnatkn 



found in the preceding problem. Therefore, if throuf^ 
the three given poinu A, B, and C, the ciTGumfeiQice 
of a drclc be described, the arch thereof tenninated 
l^ A and B will be the path of the body. Q. £. /. 

COXOLLAST. 

420. If F R be a tangent to the ciide, at die »- 
ticmity of the diameter C F, and C A and C E U pro- 



I 

dttoed to meet it in R and Q^ it fi>UMrt tlist the iAkJk 
utaum upon ihi hodj^ in deioribing .die ardl. AEf 
will be proportioQ^ to the correspoiraiiig part R Q of 
the ssia tangent. Fer, if C< be also podnDed to 
meet F R in o^ and E F be drawn, it is plain that the 
triangWa C E F aad CFQ, as also CS e and Cf Q, aie 
similar : whaMeitwiUiie, GE fyj : CF (m):'.CV (m) 

: CQ(oxCj;=l*; BXidCEC^ : Et(z)::Cq(^) 

o^i y i \ 

/. Q 9 «? r-r • wh](A (a being oonfitant) is as (^A 

J' ■ •y 

the force that acts upon the body in describing £ e fij. 
And, as this eveiy where holos, the whole action in 
describiiig A E nms$ therefore be poDorticmaji to B Q. 
Which £^ee (it «» easy to prove) will be to that exerted 
on the body in iii9vj)]g through the okqisA A Et aa the 
chord to the aipotu 



P»0#J-EM X. 

4S1. To determine the Path in whic^ a iSWlf mi^ 
move front one given Point A to another B, in the shortest 
Time potable i siqifponng >Ae Vdoeity U^ b^ ifety 
wk^ey prop^rtimof to ^m/ Power (jf) of the DiOdm^ 

Here everf . tlmg will fcsnida as in^ the precedii^. 
proUem; onfy y~^ must be wrote instead of y"*. 

Therrfore we have t/^^^x u x ^ + y^"^ = a 
CWMltat^t quantity ; wUA ^na^^ty i^ ime the tenas 

homologous) let be ^^tod by -^ ; tben» by reduction, 

by-' 6 , Ed\ cp ^cp 

and consequendy C P = ^ Henoey if j>ss(V w. ^ 



\ 



til or noBULMs os uaximu xt ■mmtm 

vdooity be oonstuit s thea C'P mu^ ewy * wimmvi^ 
the hoij must, in thu caie, de miift •• tight Bmi 

But, if pssl, then CP beingssSf; ihftcaam vil 

• Art. 74w be a logarithmie spiral, whose eenter is C : * esMpiia 
that particular ease, where C AesC B» irfien itrdigM^ 
rates to a cirde. 

Lastly, if p = S, the curve will be a ciide (lyAe 
prtcedmg Lemma) whose diametw is ^, and wlisse 

periphery passes through the giren point C. 

After the same manner, the Tslne of C P (vpsn 

whidi the nature of the curve depends) may be d»- 

termined, when the velMty is expomdea by any giftti 

function f'Sj of the distance (yj from the- eenMMlf 

fAitW.fy^. ^^ Q^ writing S in the room rf y f «c> 

b St 

will come out C P= — ; where b and e represent con- 
stant quantities. 

When the velocity is that whidi the body may ac- 
quire, in descendiiLg ^rough BE, hf a centripetal force 
expressed by y^, tni^ the value of S (the measure of 



1 Art 221*^** velocity) being interpreted by V^d^'— jf^*J 

(where CB=4J we therefore have C P=z^LZLzSZ 

e 

for the equation of the curve of the swiftest descent, 
according to this last hypothma of a centripetal force 
varying as any power p of the distance. 

4SS. Besides the Problems already resolved in this 
section, there are others of the same nature which are 
confined to more particular restrictions, and require a 
different method of solution. 




Thus, if Q^ MmoA S hd mippoMA ta denoee MVf 
given powers, or fimetams, rf ^ ordinate (jf) ii 

a curve ANM, and the A F JNt 

nature of the eurve be 
required, so that, when 
the fluent of Qx be- 
comes equal to a jriven 
quantity, .tibe fluent 
of Rif may also be- 
come equal to another 
given quantity, and that of Sz^ a maximum or nt^- 
nvmum: then, because there is, in this case, a second 
ecjuation, or new condition, bqrond what is to be met 
with in any of the fbregomg problems, the method of so- 
lution hitherto eaq^lained, will, therefore, be insufficient. 
But, by a process sunilar to that whereby the said method 
was demonstrated (assuming, here, three eamessions, and 
three indeterminate quantities, instead of two)** a ge- •Art 407. 
neral answer to this problem (under all its restrictions) 
will be obtained : and is e:diibited -by the equation, 

^=sC — — y . ; wherein p and a denote constant 
quantities. 

42S. Thoueh it seems unnecessary to put down the 
invention of this equation, after what has been hinted 
above, yet it may not be improper to observe, by way 
of corollary, that if Q = 1, 22 «= 1, and S sy*, the 

eqwltion will then become -7- = p±qsfi exmiaang 

X 

the nature of the curve, when, the whole abscissa (AM) 
andcorresponding arch (AN) bdngbothgiven quantities, 
the fluent of yi is a maximum ot minimum, according 
as the value of n is positive or negative : in both which 
cases, itisveiy easy to perceive, that the curve' must 

be concave to A M^ and that the vd[ue of —, or its 



AM 09 ttOBl.SMi 1MB M AXIMIt Wt 



enulp^fj^f wswtij OMrabiCi oMMBeit jfinsBBtei: 
imenot.wemjr tnftrtlutt thefl||A of f jT anl be » 
gtthre in the former case, anA pontfani m the litter. 

£9. Let the eurve ABDE, be the c i fl to M yiii ? 
formed by a slender chain, or perfbcclj flexflble ead> 




B 

sumnded by its two extaremes in the horiflontal list 

A E : then, sinee its center of grmntjr nmss be tke 

lowest possible, the fluent ofyi^, men AC=A£, nrnt 

"Art 173. therefore be a fiuix«BH»i;* whoice (n being, bsressl) 

our equation {•^ssp± qjf) beoooaes -7 =d j^ 

^ X 90 

But, in order to reduce it to a more convenient 
form, let the distance (D F) of the lowest poioi of the 
curve from the horizontal-line A E be put = 6 ; then, 
when y ( B C ) becomes r= 6, » will be s i ^ and 
therefore me equation, in that drcumstanoe, is 1 = j» 

-^ qh; whence p ^ 1 + qh^ and consequently - c: 



1 4-f ft ^ qy sz\ + q X b — ^: which, by putting 
b-^y ( D H ) =3 « and a ^ — is reduced to --> asl 

q X 



+ — : from whence a^ i« ( = a+$f x 3&^) = a-\-s^ 



X z* — s^ ; and consequently B Ds= l/2a« +«*• 

For another example (wherein the exponent 11 mjl 
be negative) Id the required curve be that along 



DEPXKDtKro trpoN A PAKTiccrtAE ctmvfe. 2S5 

which a body may descend, by its own gravity^ 

firom one given point A to another B, in less time 

than through any other line of the same length. In 

which case, the fluent of iy^ being a mtnmtlm, 

when X and z become equal to given quantities, our 

equation (by writing — f for n) will here become 

z 

-r=i>+2y^* from whence exterminatmg i, or ;5, by 

means of the equation i2-f-y«=i«, tfie fluent may also 
be determined. 



SECTION XL 

The Resolution of Problems of various Kinds. 

r 

PROBLEM L 

424. XM^NY hyperbolical Logarithm (tf) being given, U 
is proposed to Jind the natural Number anstoemg thereto. 

If the number sought be denoted by l+o?, we shall 

• 

(by Art. 126) have y = 9 ot y + «y— » = 0. 

Let Ay + By^ + Cy^ &c. = » ; then Ay + 9,Byy 
+ ^Cy'^y ^- = ^5 and our equation wiU become 

v^ Ayy-\^ By'y + Cy'y &c > ^ 
- Ay ^ ZByy - SC^y - 42)/^ &c. > "" "* 

Whence, by cbmpariiig the honiologous terms, we 
get ^ = 1. 5 = |=|.C=f = ^.i> = 

¥=o:i *"• '^'•^'^ * + ^ + T+A-^ 

al^+clrs *"• ^ ( = 1 + ^>> the number 
sought. 

VOL. II. tt 
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PflOBLEM li. 

4ta. The Saduu AO and tu^ oKk ABtfaCMk 
ABD btii^ given; to Jini Oe SmeBC, aad Co-aim 
OC «f that Iiyeh. 

Let AO (BO) s r, AB » «, AjC =«, £C s j, 




"CJ\ 



B&=i, Bit=i, and hn =:y; because of the similar 
t^angks OBC and Bn&, it wiH be 

OB (r) : BC (y) ;: B6 (f) : Bn (i) 
And OB (r) : OC (r^-x) ;: B6 (i) : foiry) 
From which we have 

And ryzsrz'^xz. 

Let X = -i2f + jB«« + Ci" + 2>*^ + -&* *c 
Add^ = (Mr + Jz« -fca? +cb* + f2* Ac 

Then, ty substitution and tt^nspositioii, our iw» equa- 
tions will become 

'-rMStrBzz'^SrCz^Z'^iff'Dz^Z'-'BrEz^z &c. S "" 

And 
rai-|-2rfo»+3rcj8r^5+4r&'i+5rc2^i&c. ? _ q 
— ri+ Azz-it BzHAr CzH^ Dz'i &c. J "" 
From which, by equating the homologous terms, we get 
J=0, a=^irBj b^zSrC, c=4irD, d=:SrE ftc 

ABC 

Also a = l, fc = — ;r-, c = — s— , dss— r-fte. 



35r or 

C 1 ' 

5rE =: — — , &c. and consequently B = 5-^ C=xO| 

■^ = " ir:*;^ = "" 2TS7iP ' ^ = ^' ^ =• * 

&c. 



§.6r2 "" ^ . 8 . 4 . 6 . 6 . r5 

Whence, also6( = 8rC) = 0, c ( = 4rD) =- 

I^ence it is evident that y (=a2;+i^+cj8* ^.) 

*" ^ 2.3r*"^2.8.4.6r5 2 . 3 . 4. 5 . 6. 7i^ 
+ &c. And that* (=:il;2;+i?a:«+C;23&c.)=:|^ — 

— &c.* 



2.3.4r^ ^ 2.8.4.6.$r« 

PRQBLEM m. 

426. ToJlnd the Value ofx, when txf is a Minimnra. 

The logarithm cf cf ia=: x x I • x; whose fluxion 
« X I .X -hx being s: 0, we have ( . » si 7- 1. Bi^t 
(by Prob. 1) the number whoae hyp. log. is y will 

be 1 +3^ + ^ +JL^^^ &c. Therefore, by 
writing — 1 instead of y^ wc have ap = 1 — 1 + 

* The sulMtaupe ^ iidB solution (kmg the mast neat 
and artful | have se^ to Aat iiiseful Problem) I had from 
a Ijetter skned ■ ■ 'NetMr ; which was put into jay 

Viands hy^^sLMeadf who received it fr<;fm the late Dr. J9a^ 
to whom it was wrote. 
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Ac 

PROBLEM IV. 

4S7. 7V> cbrulf a given Nvmbtr (a) so that At eoR- 
timud Product of all its Parts mchf be a Maximum; 

It Is evident (from Art. 23) that all the parts must 
be equal : if, therefore, any one cf them he 'deanMed 

by Xj their number will be -• and we shall hsie 

51-. »um»««: «.d therefore its logmthm | x 

a£ 
LmX-B, maximum also : and its fluxion — rTr x L.x 

tAit.«4tx = 1 + 1 + ^ + _1_ +^-^4 &c.=«.71828t 

&c. Therefore the next inferior, or superior, num- 
ber to S.71828 &c. that will exactly measure the 
given number a, is the required value of each part : 

thus, let a jss 10 ; then because g Tlftgftifai- ' ^ * 
nearly, the number of parts in this case, will be 4, and 
the value of eachs=-T-=S . 5. 



y 



PROBLEM V. 

428. To divide a given Angle A O B into two Parts 
AO C and BO C, so that the Product of as^ given 
Pokers, AP% x B Q", o/* their Sines AF and BQ 
may be a Maximum. 



OF VARIOUS KINDS. 2X9 

Let A P, produced, cut the radius O B in D, and 
the arch AB in F; likewise let FE and ALbep^pen- 
dicular to OB, and join O, P : putting AO=sri APsex 
and BQ=^. Then, because 9" ^"^ is to be a maonrnum^ 
we have nx*~^x x y" -I- »* x fM^^y = ; and con- 
sequently nyi= -—iiu^. 

Moreover, since the fluxion 

rx 



of the arch AC h^ 



y/r^ — *« 



and that of BC =b —7==^ 



V^r2 — y (J 
(Art. 142) we also have 




jL_ r. 



X 



or > ^ ,. =s -y -^ ; which multidded by the 

former equation, &c. cives . '^ = y , 

^ V^r« - y^ V r« — x* 

or n X — ; — = mx : whence, becmise O Q 

'^-7====r, we have » x P D (=mx) s= m x AP : 

and therefore P D : AP : : m ! n ; whence (by com- 
position and division) AD : DF : : m+n \ m— »; liut 
(hy Sim. Trian.) AD ! DF : : AL : FE ; consequently 
m+n : HI— n : I AL I FE ; that is, as the sum of the 
indices of the two proposed powers is to their dxf^ 
ference^ so the sine of the whole given angle to the 
sine of the difference of its two required parts. 
This proportion is given m words, at length, because 
it will be found of frequent use in the solution of Me* 
ehanical Problems* 



THE BM0S.DTIO1I OV PiOtLIMS 



PROBLEM VI. 

4II9. To thok) thai the leaH TViaiwfa (ibe €M it de- 
scribed uftoMe, and the greatest ParaUmrram m^ 4 gimm 
Curve ABCj concave to its Axisf willbewhmtkeJ^i^ 

tangent FT is equal to the Base BV of the BmMfbgrm 
or half the Base BT of the Triangle. 




t 



T A 



It aliens from Art. 25,^ and is dttnoiittriiUe trf 
€ommon geometry, that the greatest paralldogram ihai 
can be inscribed in the triangle BTK (supposing ths 

C'tipn of T R to remain the same) will be that whose 
! Bl? is half the base BT of tne trian^e: ^ theie- 
finre, as a greater fi^re cannot possibly be infleribed in 
the curve BAG tnan in the triangle BTR circum* 
scribing it, the greatest parallelogram that can be in* 
«ietibed, either in the triangle or tlie curve, must be that 
above specified. 

But now, to make it also appear that the tnsBOfjke 
BTR is a minimum when FT = BF ; let BtfheKif 
other eircumscribinjg triangle, and let the two IMraiiti 
T E R and ter intersect eaich other in P. Tb^ 
£R beingzxET, it is plain that R P is lett thtti Pf^ 
and Pr (less than PR les& than PT) less than Pt ; Aon^ 
fore, the sides P R and P r of the trimgle R P r beiilg 
less than the sides, PT and Pt of the triati^ T P r^ 
0nd the opposite angles R P r and TPt equal tb dieh 
Dther, it fellows that the triangle RPr is less than TP< ; 
and consequently, by adding the trapezium B T P r to 
Iwth, it appars th^t B T K is less than Btr, 



OB VAdUOOS^ XUiJMI. ^^1 

' CoitOtLAUY. 

430. Hence the greatest inscribed parallelogram is. 
half the least ctrcurnscribing triangle. 

In the same way it may be proved, that the greaUst 
inscribed eylindeTy and the least drcumecribing cone, 
in J and ahout, the solid generated by revolution oja given 
curve, will he when the sub-tangent is equal to twice the 
altitude q/* the cylinder^ or ^ of the altitude of the 
cone : and that the two figures will be to each other ifl 
the ratio of4i fa 9. 

PROELEM VIL 

481. Three Points Af Bf C being given, to find the 
Position of a fourth Point P, so that, if Lines be drawn 
from thence to the three former, the Sum of the Products ' 
a X AP, b X BP, and c x CP {where a, b and c denote^ 
given Numbers) shall be a Minimum. 




If CP and BP be produoed to E and F, it v^iH appear 
from Art. 35 and 36, that the sine of BP£ must be So 
that of APE, as a to i ; and the sine of C?1? (ftPE) 
to that of A P F, as a to c. Therefore, the sines of 
the three angles BPE, APE, and APF (which ^gles, 
taken all together, make two right-ones) -bekig in the 
given ratio of a, b and c, it follows, that, if a tri-^ 
ttngle RST be coDstiructed, whose sides BS, ST and 
AT are in the said ratio of a, b and c, the angles 
T, R and S apposite thereto, will be respectively lo^ual 



^ / 
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to the fore-mentioned angles BPE, APE and APF. 
From whence, all the angles at the point P hmg 

S'ven, the position of that point is j^ven by comnvxi 
eometry. 

But it is observable, that, when one of the three 
given quantities a, &, c (suppose a) is equal to^ or 
greater than, the sum of tne other two, a trian^ 
cannot then be formed whose sides are pro portional to 
the said quantities : in that case the point P will fill 
in the point (A) corrcspon^ng to the greatest quan- 
tity (a). For, it is plain that b x AB is 1^ than b x BP 
+ fc X AP; andthatc x AC is less thane x CP +c x AP; 
whence, by adding the less, to the less, and the neater 
to the greater, it afso appears that b x AB 4- c x AC nnut 

be less than 6 x BP + c x CP + ft+cx AP less thait 
ftxBP + cxCP+ax AP; because a (by hypothecs) 

is equal to, or greater than, b + c. 

PROBLEM VIII. 

432. To determine in what Latitude a Right4ine per^ 
pentUeular- to the Surface of the EaHh^ and Another 
drawn, from the same Point, to the Center^ make the 
greatest Angle, possibk, with each other ; the ratio of the 
Axis and the Equator eal Diameter being supposed given. 

Let AE represent the Equa- 
toreal diameter, and SP the 
axis of the earth (taken as 
an oblate spheroid) also let 
BO and RM represent the 
two lines specified in the 
problem, whereof let the latter 
(perpendicular to ARS) meet 
SP m M ; and let RB be per- 
pendicular to S P. 

It is evident, from the property of the ellipsis, that 

SP^ : AE^: : bo : BM. And (by Trigonometry) BO 

: 3M : : tang. BRO : tang. BRM ; whence, by equa- 




r t)Y VABIOUS niSDt. 

lity, SP« : AE*::taiig.BRO : tang^BRM; there- 
fore, by composition and division, AjS^ + S P^ : A£^ 
— SP^r.tang. BRM+tang. BRO : tang. BRM-^ 
tang. BRO. But, the sum of the tangents of any ttoo 
angles is to their difference^ as the sine of the sum of 
those angles to the sine of their difference;''^ whence it 

follows that AE«-f SP« : AE«-SP«: : sine (BR M-f 

BRO):sineBRM-.BRO (ORM). 

Now, since the ratio of the two first ten^s ia 
constant, or in every part of the ellipsis the same, it is 
obvious that the angle ORIMI^ <Nr its sine, will be. 
the greatest possible^ when its antecedent (the sine of 

B RM + B R O) is the greatest possible, that is when 
BRM + BRO=:a right-angle and its sine=radius. 
Therefore, in the proposed drcumstance, when ORM 
is a maximum, our last proportion will become A £^ + 
S P* : AE^-S P*: iradius : sine of O R M : and half 
the angle, so &und, added 46% will give (BRMVthe 
complement of the required latitude ; because B R M 
+ BRO(or2BRM-.ORM) being = SO**, it is 
evident that 2 B R M=:90''+ O R M^ and consequently 
BRM=:4!6« + f ORM* . 

PROBLEM IX. 

433. Of all the Semi-^cubical Parabolas, to determine 
that whereof the Length of the Curve being given, the 
Area shall be a M^^imum. 

The general equation is ax^ssy^: moreover^ the 

5 

area is umve^sally =: -^f and ihe length of the curve 

= ^^L _ ll (see Art. 187). Let the hst of these 
be put = €, and, by ordering the equation, you will 



T— f 



♦Vide p. 56 of my TrigQjiometry. 
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g^J^ 



d* X vie + 8al*— 4o 



9 



whanioe 




(awl 



eonseciuently ^ bebgamaa.«^ it is evident tfcat 



iM 4a^ must IBcewise be a mactimmm: wUdi^ pat mto 
flttximiSy and rsdnoed, gives a st c x ^ ■■ : 

whence » and ^ wiU also be found. 

PROBLEM X. 



Id4 To deiermine the Satto of the Per^^hery of a^ 
given EUipiii to that ofiU eercumecrSnwg Ctrtk. 

Can the semi-transverse axis C B, a; the eemi-eoii- 
jugate C Ey c; any ordinate D B, jr ; ttd its distance 

G 

E 




C D B 

CD finm the center, a.* then (by the nature of the 
curve) jf being = - y^a* — x^^ we have y = 



— cx« 



-~y====5=-; and consequently i (V^»*+y*) = 



a l/a* — «•« 



: which^ by making d z=l 



— -s — will fe leduoed to f =s 



J — ^^. **, 



(by throving the dnmerat^t into a ti^lM^ wherec^ the 
whole flueaty when « heeomia =: (^ mSt bb^ a (E R B) 

" '^ ^ 2.2 ~ 2.8.4.4 2.2.4.4.6.6 ~ 

a.^^^i^s ««.) (by A«. m<A^ i 

denotes the length of the arch G n B, or {of the peri- 
phery of the circumscribing circle, 
iience it Mowb tfaiU thcf peripherjr of the ellipsis is 

to that of its circumscribing ckde, as 1 ^-^ 

^'^TWTiTi "8.8. 4.4. 6. d /^- ^'^/- 
d . . 1.3d ■ S.6d :r» . *-7^ ^ r^ 



8.8 4.4 6.6 8.8 

&c. to unity : where A^ By C, D &c. denote the pre- 
ceding tends, under their proper signs. 

PROBLEM XL 

435. To deterMifU the HiffererUe between the Length 
of the Arch of a Semuhyperbola infinittly producedy and 
its Asyrnplole, 

Call the semi-transverse axis (A G) a; the semi- 
conjugate (or itis equal AI^) b; the distance (GF) 6f 
any ordinate from the center, x; the ordinate itself, 
y ; and the arch corfespottdibg, z: then^ from ti£e 

b W yP' m^ fli 

r ture of the curve we have^rs — ».; whence 



ffSfi TBB BltOLOnOH Or XBOlLUIt. 




O N 



hut 
y = — J ; and consequently i (= v i^ + yO = 

V a« a« 
^=== . which, making iP = ;r+F 

(=3 7vi^ ) and « = - will be transformed to i s= 

— — . X A ; whereof the upper surd, ex^ 

panded, is = 1 ^ g- 8cc. Andtherefcoeiss 

into y, + ": — 7 ~ + "T — TT" + 

d i«2Vl-i«« 2t/l-tt« 8Vl-i«* 

— - — , + — y &c. Now the 

8.6/1— tt« 8.6.8 i/l—ic« 

a . -ti 

fluent of the first term hereof, -j into „ /= =" 



XX 



(= > =^'\ is universally expressed by 

— — II — , or its equal --= — : which, if B N 

a A £ 

be parallel to the asymptote E C, will (because A E : 



OF VAftlOUS XlllBtf* ' MT 

CE : ; BP : BNl be also truly represented by BN : and 
this line BN, when x or z becomes infinite, will coin- 
cide with the asymptote. Therefore the fluent 
of the remaming terms is the di&rence soucbt; 
which fluent,, when te ss 1, or ^y = (putting A iix 

1 of the periphery of the circle whose radius is unity) 

willbe^oJ X (I + ^+.^^|lg^ + 

8. 3. 5. 5d^ 8. 8. 5. 5. 7. 7cy ' . .. 

2. % 4. 4. 6. 6.8 ■*■ 2. 2. 4. 4. 6. 6. 8. 8. 10 ^^ ^^ 
Art. 286) but =: when « = (or j^ is infinite). 
Therefore the excess of the asymptote above the curve is 
truly exhibited by the preceding series. Q. jETt'/. 

If a be taken =1, and 6=0^ then d will become 
= 1: and therefore, the curve in this case falling 

into its axis A G, we have Ax (3 + ^ ^ . + - 

8. 8. o. o * iL \ ' /^ V 

S.2. 4.4.6 ■*■ 8.^.4.4.6.6.8 *«•) - ^^ 

or unity. Whoice it appears that the sum of the series 

2 + Xi:? + g.2.4.4.6 " '^^ "^P"^ f 

I of the periphery of the circle who^e radius is 
unity. And, nrom the Problem preceding the last, it 
will likewise ^pear, that the sum of the series 1- 

1 8 8. 3rf6 , fl .,1 - J 

2:2 - ixri - 2.2.4.4.6,6. ^c'Ji^d*- 

noted by the same quantity ; and consequently that 
these two series are equal to each other. From the 
addition and subtraction of which and their multiples, 
various other series may be produced, whose sums a^^e 
explicable by means of the periphery of a circle. 



THB IBiOLpVIpK QW FMPLIIIS 



mkuk wiU hittnut ami NwmUr of^9h^ 

u A M B am 6 i^. alJli«fftl-utfi^. ' 




Let tbe tvunit 
PT, ^fUA is t 
nomial to the eDip- 
f^ A M By nnet 
theaaof A.B faiT; 
and, npnMbg Ae, 

to be ^ prinfipii 
SMUr^iwi^tt^ri of 

llwir leq^^e cUh^ kt ^ gb^ z|jl^ of A P* IP 
C M< (or of aC^ tp Cifi« &c) be that of 1 to fi .* pat- 
ting C E;=:jc^ £D=:^, IIP (E^=A.«pd 4^=*. 

It 18 a knownproperty of the ellipsis, that AC^ : 
CM^IlCEiET; ^thorefine ET=»i;; mom^vtr ET 

rnr; : Dp ^i;: iSPfj^; : iMf/y; by sinpPv^ t^^ 

whence — = - , or ^ds ^; whereof the flneot 
nx y X y 

Art 12e.is L : X— Z : assnL \y^nU \ «* (whqre ^o ^enot^fi 
1^7 constant quantity .at pleasure). UL^poe jre jil^p 

haMelilf zsn jjc L i"? = L I'K, nn^ .craseq^wady 



« if 



, or 



j^«=y. 



PROS I. EM ?IIJ. 



E^piatum of j^ Curve E'^J) tkfi 
r ffEUtpm^ .or ffyperbolas, Jk^mfifg 



Let R T be a tangent to any one of the proposed 
conic sections A R F^ at the intersection R, meeting 



or .T4jii0ii».vnfM. 



m 




O T A 1:0 

the axis AO in T ;' and put AO^fi, OB=sa?> BRszy^ 
nr=Xy Rn = — y ; theix^Cper/ionUs) B T = 



a«— ac« 



in the ellip^, and = ^-^ , jp tihe hyperbola: 

^hsnoe, bj tt9Son of the rsimibx triangles TBIj^ 
and Rr», it wiU be ?-^lf! (BT):^ (BR):: -y 



a*i— x^flc 



a^x 



(Rn) : + ac fm) : thorefSire + jjy = 

ffi X 

'^xSt, sQid .Gpnse^ently ?*• "^ »+ 4^ ^ ^* x JL .: j -^ 

4 or^. Wberp il SifiDfftGs a /QOQstASit.^aanid^, 4rpeAd]jJg 
on the^iven Yalue of A E. 

PROBXEM XIV. ' 

438. JUsttwpJ^oiiitsnjindmmove^ at Jthe same tiit^j 

Jrom ttoo given PaaUuma B and C, with equal Gdtrities, 

along two Rigkt'Linea BA and BC perpendicular to each 

father: it ie prweed to, determine S^e Curve A'S'C, io 

which a RignULint joining the said Points shall alwcnfs 

ie^Twgmtf 

XetJD8 9ii4<i''^rpwraUel tp BA» ^lA Siripespen- 

. di^iilar thereto : putMwg 3 C^ss a, GJX^x^j SD=^3h S*' 

=i, and rt?=y. Thoiefore fiy nm. Triangles) ^ : rf 



f40 
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::y: ^=Dm,andi:i^::a-«(s*) : ^~'^^ 




B^D 



Bh: whence Cm (CD-I>»; = « - ^, and Bii (» 

+ bn) =:y + ^"^^y : which two kst values, be- 
cause the velocities of the bodies are equal, miist aba 

be equal to each other, that is, x — ^=ryH — ^ 

hence, hj making i constant, and taking the flusdoo 
of the whole equation, we get i — — — .^^ = y — 



fcfZflilif. a,£z9i<i?=if ; from wluch thew 

x Jp y^ 



arif»s c— jfl x y2= vi^, and y— = / : where, 

^ ^ V y Vo — a; 

the fluent on both sides being taken, we have 2 yy 

=2 v^ a — 2 i/a — a?, and consequently x = 2 V^ 
-*-y ; whidi equation pertains to the common parabola. 



6* VARIOUS KfvDsi:' 5WI 



Otherwise more universalbf^ thus. 

439. Put Cm=:t? and Bn=tr, and'let these quan- 
tities (instead of being equal) have any given relation 
to each other. Then, since the absolute celerity of nt 
is expressed by v, its anculmr celerity, in a dircictidki per«- 
pendumlar to S m, by which the Ihie S m tends to re- 
volve about the point of contact S as a. center, will 

be truly defined by !^J^^^ x v (Art. 85). 

In the same manner the angular celerity of n, about 

the point S, will be defined by — ^--^ x w. Now', 

as these celerities must be to each other aa the dis- 
tances S m and S n from the center S (or directly as 
the radii) we have Sm '. Sn (: :DS : bn)\ \sin, Bmn x 
V \ sin. Bnm x w ; whence, because sin. Bmn \ 
sin. Bnm\ \ Bn (w) \Bm f a— ©^Ve also have DS :bn\ \ 



tt> X via— t?xM?: therefore, by composition, I) S I 
(D S + i w^ w •. I to I? ! to I? + a — © x w, and conse-^ 



w^v 



quently DS=: . : whence bn (w — 

tr«5 + a— ©Xtt? 



SD)= "-1^ ; andBU ( = Sfr = *^) 
tiw-j-a— ©xw -^»* -^ 



= ""^^ / : firom whence the curve itself 

wv '\- a ^ V X w 

will be given. 

If V and to be taken equal to each other (as above)^ 

then S D (y) will betome = ^\ and B D^tHJ^ 

a a 

to^ . . 

.jza-^^.u) -h — ; in which last, if fdr to its edual 

a ^ 

VOL. II. E 



94& 



THS RBIOLUTIOK OF PB0BLSM8 

\/^ be substituted, we shall have B D = a— 2t/^ 

+^ ; and consequently C D fa— B D) s 2 V^^-y? 
the very same as before. 

PROBLEM XV. 

440. Supposing a Body T to proceed^ unifirmlfy 
(dong a Rtghi'Hne B C, am another Body S, in pursuk 
of the aame^ alwcws directly towards it^ with a Celerity 
which is to that ojTf in any given Ratio^ of 1 to n; it 
is proposed to find the Equation of the Curve A S D 
described by the latter. 

Let the tangent A B, which makes right-angles 
with B C, be put^a, B R=x, R S = ^, and A 8=2: 




then the sub-tangent RT being = ^., we have BT 

=« + -^—T : moreover, since the distances B T and 

A S gone over in the same time, are as the celerities n 
and I, we also have BT (=nxA8) = n2 = x-t- 

^—, : whence, in fluxions (making y constant) — t- 

^= ni ; and consequently — -^ ( = — = ■■ ^ - 

2/ ' ^ Vy- + *- 



OF VARIOUS KINDS. ' 9AS 

the. fluent of which (by Art. 128) is — ?! x log. y 
= log, ^—I — ; but when y = a, x is s ;. 

y 

and then the equation becomes — n x log. a = ; 
therefore the fluent, duly corrected, is n x log. a — n 

X ^og. jr = log. ^^ , or log. — 3= 

W. ?_JI — . Whence it is evident that — 

y y 

= — ^^ 1— i: — , and -^ - X = y/y^ -f x- ; 

from which, by squaring both sides, 2 i is found = 

cCv ifii , ■ ^ . ^ a" v'"" 
-- — ^; whose fluent is 2x = — -=-=^ h 

or* y""''* 

— —-. But when y = a, a: is = 0, and then, 

= — f ?L- = — : therefore the 

tiuent corrected is 2 a? = — ~- — -V — ~- + 

1 — n n-hl 

^^^ Q. £. /. 



1 — w«' 



Otherwise (without second Fluxions), 

441. Put ST=:PandRT=Q. Then since the 
absolute velocity of the body S is denoted by unity, 
that with which the ordinate S R is carried towards the 

body T will be denoted by ^ x 1 or ^ (by Art. 35) 
which subtracted from n the velocity of T, leaves n— 
-p for the relative celerity with which T recedes frona. 

R 2 







Q 

pX « thecdmtj 

dme be takta (1) 
»iA wliidi T teeda 

we have ■-^•■^ 

PT 

"«^« «re oonoenMdeacdT 
2 




fat 
f die 



let P=^-Lr^ and 0==: 



tlKB, bj sifamtutunt we shaD have 










rbici 



tracted, Ac. 

is= 1— n X — ; whose fluent ( conected) u Tfli 
xloff. *=r^xlog. t -^ in X log. a, ct lam. t**' 

4*c\ mi 9^<^ 



v*-% and 

•>-X »*+•=«*»«: i»t JO (=:Sf7lf 

X »»+• = 



.* 



•k** 



<=o 
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:: y : X ,• whence 2 ac = ^ — ^, and 9x vi^ 

y a" 



r=^ h — ^ — h-— — r, the venr same as before. 

1— « n + 1 1 — »^ 



COROLLA&Y. 

44^. If the velocity of #5 be greater than that of T 
^or n be less than unity) the two bodies will concur 
when the latter has moved over a distance expressed by 

= ^ ; because, whoi y becomes:- 0, 2 x is barely:?: 

. But if the, velocity of aS' be less than that of 



Tf it is plain that S can never come up with T : but its 



1 

v2m 



nearest approach will he when y =: 1 x a ; for, 

n + 1 1 

since S T is universally = ,=---7 +*^., let the fluxion 

of this expression be taken and put equal to nothing ; 
and y will be found as above exhibited. 

If the celerities of S and T, instead ef being uni- 
form, vary according to a given law ; theQ^ denoting 
the former by J. and the latter by B^ the equation of 

the curve will be .. — r = — r^ : and if the 

By 
.' fluent of — -^ be explicable by a logarithm^ as L,N; 

«. y ■ 

then, the fluent of -^ ==== being L. ^Ll. — ^L-LL, ♦♦ Art. 13e^ 
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/ 4- /y- 4- «« 



; which cnsdeie^ 



we shall have ,iV = ^ 

gives X = -^'?- — -^L. : whence x will be found. 




PROBLEM XVL 

44*5. To determine the Frustum CDEF of a Trim. 
gular-Prismy of a given Base C F and Altitude B A ; 
which, moving in a Medium, in the Direction of its 
Length B A, shall be resisted the least possible. 

Draw C H parallel to B A meet>> 
ing E D, produceil, tn It ; moK. 
over, let HP, P Q and P R be per. 
pendicular to CD, C H and U H 
respectively. 

h>ince the number of resinii^ 
particles acting upon DC is as 
D H, and the force of each as 

("Trpi) ^^'^ square of the sine of 

the angle of incidence DPR, 

the whole resistance sustained by DC will therefore be 

,, DHxDR2 T.„ ,. , . , . ^ 

expressed by — — -^ — , or DR, which is equal to it (by 

the similarity of the triangles DHP and DPR). Whence 
the resistance upon ADC is truly expressed by AR (AD 
+ D R) and is a minimum when its defect (PJQ) 
below, the given quantity AH (or BC) is a maximMm : 
but PQ is a maximum when CQ and and HQ are equal; 
because, the angle CPH being right, a semi-cirde de- 
scribed upon CH will always pass through the point P ; 
and it is well known that tne greatest ordinate in a 
semi- circle is that which divides the diameter into two 
equal parts. 

Hence the angle D C H, when the resistance upon 
ADC is a minimum^ will be just the half of a right- 
angle, provided BC be ^ven greater than BA ; other- 



E 




wise, the whole |>rt8ni .C A F will be less Feskted t&an 
any frustum C D E F of a greater prism. 

PROBLEM XVII. 

444. To determine the Jngk R B E t^AticA a Plane 
E B F must make tmth the Wind Mowing in a gipen 
Direction HB^ so that the Plane itself nun/ be urged «t 
another given Direction B A with the greatest Force possible. 

^ -p It is knowh, from the re- 

solution of forces, that the 
force whereby the plane EF 
is urged in the given direc- 
tion B A by a particle of 
air, acting in tfie direc- 
tion R B, is directly as the 
rectangle of the sines of 
the angles (A B E; R B E) 

which the two giten directions make with the plane : 
therefore, since the number of particles acting on E F 
is as the sine of R B E, it follows that the whole force, 
or effect, of thfe winEd, in the < direction B A^ will be 
as S. ABE X (S. RBE)^ ; which being a nuuininkmy 
we have (by Prob. 6) 3 ', 1 : : sine of the whole given 

angle RBA *. sineof RBE — ABE. Whence the angles 
RBE and ABE are both given. \ Q. jB. / 

COROLLAEY. 

445. If the angle R B A be a right one (whidr is 
the case with regard to the sails of a windmill) then 

the sine of RBE-ABE being =± f = ,338 &c., we 
shall have RBE -^ ABE ±=10'' *. ^S; and cdniiequeBtly 
RBE ( RBA^ABE ^^^^, . ^^, 

PROBLEM XVIII. 

446. If two Bodies A and B, joined by a Strings be 
urged in opposite Directions^ towards P and Q, by any 
given Forces F and f uniformly continued ; it is pro- 
posed to Jind the Tension of the Strnig^ or the Force 
whereby the Bodies endeavour to tecede from each other/ 
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' ^Sinee F -^y* is the absolute tofne by wliidi AbW9 
liodies are, oonstaiitlj, urged towards P, the wktk 
motion, generated in both, in any time Ty will there- ' 

fore be expressed by F-^fx T: whence, because both 
bodies (by reason m the string) acquire the same 9»* 
locity, the motion generated in Jj alone, will he 

J 

-j jj X F— /x 1\ or that part of the whole defined by 

J 
^j-T—j^. But the motion of J, had it not been 

jetarded by the string (or B) would ha^e been F 
X T; therdTore the loss of motion, by the acdon; 

F / Q 

A B 

upon the string, is F x T— jTlTB'^^^f^ 'j 

fJ+FB 
= ^ J n X T: which, divided by the time T 

fJ+FB 

{wherein that loss or effect Is produced) gives j\^ i 

for the tension of the threap, or the force sufficient to 
cause the said loss of motion. 

« 

The same otherwise. 

447. Because the force Fy was it to act slooe, . would 
communicate, by means of the string, the same ve- 
locity to £ as to Ay the part therefore of the force F 
employed upon B, by which the string is stretched, will 

^ A JL n ^ ^^ ^^ ji -u n ' *^^* ^'°™ *^® ^^'y same 
argument, if the force f was to act alone, the tension 

fA 
of the thread would be / n : therefore, when both 



iht focces act t<^ther, the tension wQl be* ^! . ^ : 

For it is veiy plain that their acting both at the same 
time, no way mfluenoes their respective effiscts on the 
thread. Q. E. I. 

GoEOLLAttY. 

448. If the forces F and/ be respectively expounded 

by the masses, or weights, of the bcoies A and B ; the 

i^A B 
tension rf the thread will then become — t-t-^-. 

Whence it appears that the tension of. a thread sliding 
over a pin or pulley, by. means pf two unequal weights 
A and B^ suspenaed at the ends thereof, is equal to 

"3 — : — = : the double whereof, or -3 =, is the weight 

A '\- B A + B ^ 

which the pin or pulley sustains, while the bodies are in 
motion ; because the thread hangs double, or on both 
sides the pulley. 

If several bodies Ay B^ C, Dj &c. commuiHcating by 
means of a string or wire AF, be urged towards a 
point P, in the mrection of the string or wire, by any 
given forces, p, 0, r, «, &c. respectively, the tension of 
the part A B will be 



_ p X B + C + D&c. -- A X q -¥ r + s&c. ^ 
" A + B+C + D&Q. * 

of the part B C 

^ p+qx'C+D+E &c. ^ A + Bxr+S'\'t Ac. 

A + B + C + Z> &c. ' 



•■••• m^ I 



^ Ah C D E I' 

ofCD 

_ p + q^r X D + E-k-F -- A-hB-^C x s-^-t^v 

"" A-^B^^-i-D 8cc. • 

Sic. &c. 
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AJl wkith easily follows from above; and will an- 
swer alsd in those cases where soikie i^ the finoes are 
supposed to aet in the contrary directioot if every siieh 
Saice be considered as a negative quantity. 

PROBLEM XIX. 

449* Let it bt required to raise a given We^hi N,4q 
a given Height B C, along an indined Plane A C, iy 
means of another given Weight My canneeted (0 tkef&t* 
mer by aJUxible Rope N r M, moving over a Puling at 
C ; tojina the tension of the Rope ; also the Indmmm 
and Length of the Plane^ so that the Time of the wkak 
Ascent may be the least possible. 



or 



xM^aN 



X 



It is well known Aat 
the force by whidi if 
fends to deseend alciig 
the plane AC, or MUr 
inopposition to M (svp- 
poshig BC =s a, and AC 

= T ) will be -^-^ f 
therefore M — , 



is the efficacious force, by which the 




bodies are accelerated : but it is likewise dCTQonstrable 
that the time of describing any line by means of a ve- 
locity uniformly accelerated, is in the subduplicate ratio 
of the length thereof, directly, and the subduplicate 
• Art 903.^^^^^ of the accelerating force, inversely:* whence 
it follows that the time of describing A C will be 

X 

represented by —p=.====:=:^ ; whose fluxion (or that 
of its square) being made equal to nothing, x will 

be found = -^/- , or Jf ; &N ]', a] x. Hence the 

M 
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time of the ascent vfiQ be the least possible, when the 
sine of the planed inc1iiia[tiDn is to the radius, as the 
power {My is to twice the weight (iV) to be raised. 
The tension of the rope will be determined fiK»n 

the last Problem, (by writing N for J, — for F, iK ' 

Xor B, and If for/) and comes out == ' i> r ' xr X**""^* 

Q.JB.L 

PROBLEM XX. 

450. Let A C represeni a piece of Timber, mopeeAk 
about a Center C, making any Angle A C G with the 
Plane of the Horizon CGr ; to determine the Position of a 
Prop or Supporter fi S^afa given Length, wiuch shall 
sustain it with the greatest Facility 9 in any given^ P^^ 
tion ; and also what Inclination AC will have to the H6^ 
rizon when the leas^ Force thai ijan sustain Uf is greattf 
than the least Force in atiy other Position. 

Let R be the^ center of gra- 
vity of the* beam A C, and let 
Rn, Rm, and CD,, be p^rpendl» 
cular to A G, C G, and O S re- 
spectively : putting SO ^ff, CR 
rsr, Cm=Xy and the weight of 
the beam=tt>. 

Then, by the Principles of C S 7?l Tf , G 
Mechanics, we shall hdve, first, 

as 'Rril ', ^"n, or sls r \ x ','. w \ ^ — ) the force, 
which acting at R, in the direction 7tR, is sufficidht to 
sustain the beam^ AC ; secondly, 1^ C O : C R (r) ; : — 



Sfa 




(the quantity last found) ; jTfri ^^^ ^^^^ ^Ue to 
;tippart it at Q, in a perpendicular direction ; and 
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lasUy, as C D : CO; :^ : i~, the force or weight 

BcCUally sustained by the given prop S O. Wbidi fivoe 
will therefore be the least po^ble when'the perpeodi- 
€iilar C D is the greatest possible, let the aa^ <^.]]i- 
dination 6 C A be what it will : but of all txiamdes, 
having the same base (O S) and vertical angle (SCO) 
the isosceles one is known to have the greatest perpen- 
dicular : therefore the triangle C S O will be isosceles, 
and the angles S and O equal to each other, when the 
weL^ht sustained by the prop O S is a miiimtciit. 

But now, to give a solution to the latter part of 
ihq Problem, or to find (supposing the angles S and 

O to be equal) when ^^ x tc is a maxmuniy rlet C D 

produced meet mR in F ; and then, because of the siini- 
'lar triangles CDS and Cm F, we Aall have C D : « 

<Cm) :: SD(f«) : mF.oxj^^^; and oonse- 

quently 7r=r x to = -7— x to : but, since C F Inaecfs 
^ ' CD fa 

the angle mCR, we also have r+x (CR+,Cm) : or 
(Cm) : : V^r* - x* (Rm) : Fm = - 






whence the force x to, acting 

upon the supporter, is likewise truly expressed by 

trx /;rzri 



Tr\/ : whereof the fluxion beine taken and 



put equal to nothing &c. we get x = 

therefore C R : C m (: : 1 : — - — ) \ \ radius : co- 
sine of R C 6 (=51'' \ 50), the inclination required. 
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PROBLEM XXT. 

451. To determine tlut Position of a Beam CI>, mo!><?- 
cWe ab(mt one End C as a Center ^ and sustained at the 
other End Dlya given Weight Q, appended to a Cord 
Q AD passing over a Pulky at a given Point A. 

XT jg Let G be the 

I center of gra- 
vity of the beam ; 
also let DF, GK 
and CH be per- 
pendicular to the 
plane of the ho- 
^L (V ^^^^^^ G rizon, and C L 

^P j\ and AH parallel 

to the same: pat- 
ting AH=a, CH=6, CD=c, CG=d, DL=«, CL 
^j/y and the weight of the beamst&; then .AF 

=a-y, BT^b+x, and AD (•AF«+DF*)== 

t/a^— 2ay+y«+6* + 24jip+J?2; which (because y^ + 

*«=c^) will also be = t/a« + &« + c^ + gJa— 2ay ±s 

t//^ + ^jp— Soy fby putting /«=a2+6«+c^) whose 

ix— ay 
^'''''''^ i/> +2to-~2ay' multipUed' by Q, is the 

momentum of the weight Q, supposing the beam to 
be in motion. Moreover, because D C : D Ll :C G : 

dx dx 

G I, we have G I = — ; whose fluxion, -^, multi- 

c ^ c 

plied by «£), is the momentum of the beam itself in a 
vertical direction. 

Wherefore making these momenta equal to each other 
(according to the Principles cf Mechanics) we get 

^^— ==^XQ=- X «., and consequently 
hi— ay X cQss dwi l/f.^ + 26x — 2«y ; but, since 
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y -I- 2- = c\ we have 2yy -^ 2xi = 0, or — j; = 

* * • 

-'.and diereforc (bjr subatittttioB) U 4* -'*^ x 4;Q 

=r Ari i//«+8AJc— *qy, or 6y -f* ». x cQ 3= i^ x 

\//*^ + Six— 2ay; from whence, and the fbfegoii^ 
equation x*+^'=:c% both x and jr may be determjiked. 

* 

The same otherwise. 

45& It is evident, from Medianics, that the (one 
which, acting in the direction D F, wotdd sustain the 
end D, is to the whole weight w, as C6 to CD; 

CD 

and therefore is =: ttt; x uj: it is Iftewise la|Mm 

that two forces acting in the different directions DF 
and D A, so as to have the same effect in aostainii^ 
DC, or causing it to move about the point C, mu^ be 
to each other, mversely, as the sines of the angles of 
incidence FDC and ADC. Therefore we have STFBC 

C D 

: S. ADC : : Q : '^^ x » ,- from which given ratio 

of the sines, the angles themselves will be found, by an 
algebraic process, independent of fluxions. 

COROLLAEY. 

4A9. If the position of C D be supposed given, and 
the tension of AD (or the weight Q) be required: 
then, from the foregoing proportion, we shall have Qs 

S^ AD r ^CD ^ ^' W"^^ ^" ^^ eKpress the 

tension of A D when the end C is susjbained by a cord 
B C instead of a pin at C . whence it follows that the 
tensions of two cords A D and B C, sustaining a beam 
or rod C D, at its extremes D and C are expressed by 

^ FDC CG ^5'. HCD DG , 

^;^^x^xu,and^-g— x^xu,; and 
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-e •> 



,■ 1. ,. CG DG 

therefore are to each other as y xT^C *^ V ttm ^ ^^ 

as'*?. BCD X CG th S. ADC x DG respectively ; be^ 
cause the sine of F D C, and that of its su[qplement 
H C D are eq^ual to each other. 

PROBLEM XXII. 

454. To determme the Pantton of a Beam DC, «iw- 
pended at its Extremes by two C&rds A D and BC of 
given Lengths, from two given Points A and Win the 
samehorizontallLine AB, 

Let G be the center of gravity of the beam, and let 
D F and C H be perpendicular to A B. 



H B 




It appears, from the Corol. to the last Problem, that 

C P 

the tension of A D is to that of B C, as o a -Kp to 

DG 

y BCD * ^hc'^ce (by the Resolution of Forces) the 

force of AD, in a direction parallel to the horizon, 
is to the force of BC, in the opposite direction, as 

CG ly.ADF, DG ,y.BCH „,. . , 

.y:ADc ^ — ^sr- *^5nBCD ^ -;s5— ^^^* 

forces, that the beam may remain in equilibrio^ must 
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oonsecpehtly be eqaal to each other; and thofieliM 
»9.BCD ^.BCH DG _ , . 

5rADC=^.ADF''cG- B«».P»»» «•**««»» 

the angles themselves, from this equAtioQ and the fflvlB 
lengths of A B, B C, &e. let A D and B G be produced 
to meet each ' other In P, and let P Q, perpencucular to 
AB, be drawn; puttmg ABssa, AI)=ft, BC^c, 
DC=ii, DG=r/, CG=^, AP=», andBP=:>. 
Then,becau8eAB : AP + BP : : AP- BP : AQ-BQ 

AP*^BP' , .^ . .J,' AP»--BP ^ 

=— jg— , we have AQ =r 4 AB + ^^ 

AB*+AP«-BP* , .T« .u • ^ 

~ 9AW * *"* consequently the co-sme (f 

A / • ATM^x u J- 1 ABHAP«-BP 
A (=:sme ADF) to the radius 1 = 0X11 — ap — ' 

whence, from the same argument, it is evident - that 
the co-sine of B (= sine B C H) will be expressed bjr 

ABHBP'-AP^ , , ^ AT^TJu AP*+BP«-A» 
2ABXBP - ;^ndthatofAPBby ^^PxAP 

^ , ^ PD«+pc«-DC' ,;, 

and also by opn — pn — ' which two last qoan^ 

tities being equal to each other, we have P D xP C x 
AP' + BP'-AB^= AP X BP X PD*+PC*-DC« ; that 



is X— 6x^— cxac^+y*— a*=xy XX— il* +^— cf*— iP. 

Moreover,since PC : PD: :iy.ADC(orPI>C) : .y;BCD 

PD *y.BCD *y.BCH 
(or PCD) we also have pc^S^BC^S. ADF "" 

DG 

p-p (by the first equation) ; whence C G x P D x 

S. ADF=DG X PC X S. BCH ; that is CG x PD X 
AB''+AP«-BP« AB«+BP-APf 

SAB x AP =I>GxPCx 2ABxBP ' *" 



CO X PD X BP X A B^+APg-rBP^acDGxPQ y APx 

AB^ 4- BP^— APS whic h in a l gebraic tewpg^ is gy x 

j:— 6xa^+«^— ^]J==/» xy—cxai +^ — j?^ Fipm 
\fhence and the preceding equation. the values of x axyl 
3^ will be known. * 

PROBLEM XXIII. 

455. Supposing a Beam C D moveable about one End 
C, a^ a Center^ to be mistained, at the other End D by 
means of a given Weight P, hanging at a Rope passing 
over a Pulky at a given PoiM A, t)ertical toCi u is pro- 
posed to find the Curve A P K along which the Weight 
must ascendy or descend, so as to be^ tverj/ where j a jnH 
Counterprise to the Biam. 

From the c^t^jp, 
with the radius C p, 
let a semi-circle HKR 
be described, and let 
DB and PF \fb perpl*! 
dicular to t^e vertie^ 
line AHCB ; also l^t 
CD=a, CA«=S, AH 
=c, AFici, VF'4y, 
HB 77 j?| mi th^ length 

of the |»e DAP= m ; 
likewi^ let HQ (h/ be 
the ^ven value of « 



*7- 




""^•w^JK 



(AF) wh^ D ooiacides With H. 

Because tlie weight «nd die beam are alvmya .m 
tquUtbrioj by hTpotbestt^ theif nmmday and obnt^ 
scquently their velocities, in a vertical direction, imist 
b^ every where .in a eonstimt ratio; and th^^finre 
the distji^ce QI* (h-^x) as<«nded by ihe weight P. 
mil be, to the ^stance HB Aescentted by the citid 
of th^ beam. D likewise in a' constant ratio : f^t 
this ratio fee ijiat (A h to any ^ven quantity d, 
t4(at k let i^— c^ : > ;: ft : d, and wp shall ha?ve dA— ! 
^W*2; niorebv^, we Have AT>^ (CD g+AC<-^gAC 

=r:j«— 2d^ + Mx : whence A P f m — AD) = m — 

VOL. II. s 
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After the same mnmcr a eorve nu^ be fimnd, aloig 
wludi a wofffat dfacmjiny, diall be etcrr lAtn in 
ejfifdtirib with another wei^t aanwuHng duoog^ die 
arai of a given cnrre. 

PROBLEM XXIV. 

4S6. ToJInd ike Equatum of a Cwrve ABH, cfaar 
wUek a given Weight P, nupaided iya Aro^PED 
pasiingaveraPHl^lEymustdescemdjtotkaitieTt 
of the String may vary aecm^h^ Uf awg ghem ~ 



Let £ C be pdrpeodicohr, and 
C P paraDdy. to the ^ane of die 
horizon; also let AEsso, ACsrx, 
C Brrj^, EPsro, and kt tlie tcD- 
sum ca the string (or the ftrae 
acting at the end D) be denoted 
b^ any variablei or eoifttan^ qoan- 
tity Q. 

Therefore, *because the cekrilj 
of the weight Py in a Tcrtieal di- 
rection, is to its oeleritjri in the 
direction £ P produoed, (or the 
celerity of the oiber end D) as 
X to Vj it is evident that the wiiiht 

itadf must be to the tending force Q^ inversefy in&t 

latio, and consequently. Piss Qb. 

Furthermore, because EC=sa+x and BC^ssBB*— . 

EC% we have ^ =? ©« — a -f-a?I* : fiom whidi equa- 
tions,' when the relation of P and Q is given, the eone 
itself will also be known. 

Thus, for example, let the ratio of P to Q, he 
constant, or that of m to n, then mi being xs ji^, we 
have (by taking the fluent) mx + na^ nv; idienca 

V sa ii ^ ; and therefinre y« (s= o« + ^ +■' ■ ■ ' 
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-- fl^ — aij — x«) = X 2ar -f — - — x x* j 

^ n n« . 

which is the equation of an hyperbola. 

Again, for a second example, let the tending feroe 
Q be to the weight P, as DE* to AC" x c"^, or » 



5— »T : af* c*~* (supposing i=±PED and tfsany* given 
Ime AF). Therefore, since Q = ,_^ ^ x P, and 



&^^' 



»«— W jp» 



X Pv ( = Qo ^ =± Pop, we have 6 — v\* x 6 



= c*"* x*i, and so 



i+i 



i — a — » 5 — . tj 



•+1 



» +1 



'^ V; whence r:::^"''* =T^"+''- 



m + 



— -— , and t) ( E p. ) = ft - 

wi + 1- 



g— ^..j _ n + 1 X C-- X 






, . . . *Ffom wMeh the 

relation of x and ^, or the value of B C, is dso 
known. 

But if m s 0, and hssl (vhioh will be the ease 
when the force dieting at D is equal to that by whidi a 
beam or rod is made to move about a center, as in 
the last Problem) v will then become, barely, =3 i — 

l^ a]'' -^ ^cx\\ and therefore y^ (= ©» — a + xf) 

=:6^^^V^^°r^*-'^+il«: therefore ABHi* 
in this caise, a line of the fourth order. 



s St 
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PROBLEM XXV. 

^ 457. Supposing a Ray of Light ABCD to be rtfraOiti 
at the Surface of a given Sphere MQND, una after- 
wards reflected any given Number (n) o^ Times^ within 
the Sphere; to^etermine the Distance ofthe Incident R<^ 
AB from the Axis MN, so that the Arch MBCDE, d»- 
tercepted by the p.ven Point M and the emerging May (A 
E, nwrj^ 6e a Minimum. * 

.Let tbe radios 
0B=:1, the sine 
of incideope BB= 
% and ilie sine of 
refraction OPt=y, 
and let thepven 
ratio of the two 
last be that ofp tog. 
Silice all the an- 
gles of incideQce 
and reflexion BCO 

ocn, cno &c. 

aree^iialf the arcs 
BC, CD and DE must also be equal ; and eoByMqueaitly 

MBCDE«=MB4^irTl xBC==MB +^TlxBQ: 

* Art. 8d. whose fluxion is to be equal to nothing.* * Now 
the fluxion .of die arch M B^ whose siiK is w ^Mii 

t Art liJS. radius unity, will be = —7===;+ and that of 

■ • • --....;: 

ttie ardi B Q, whose co-sine (OP) isjr, =s *^\ ' 

Tj u * * 2n + 2 Xy ^ \^ 
Hence we have , ^ 55 1): twit, 

since » : y'. \p ; j, y is=r ;2f and ^ = ^ ; and so tfe 




ka 



X 



ive 



^±£^sO; whence (puttiiig 
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m s= 8» + 2) x is found = — \/ — ^-^ ' ftofet 

q y m* — 1 

which it is obsccvaMe, diat. when 9119 is less than p, or 
£n + 2 less than ^, the arch MBCi>*c6ntmually in 

creases with B M ; and therefore is the least possible, 
when B coincides with M. Q. E, /. 



m 



PROBLEM XXVI. 

458. If two 'Rays of Light PR and Vr^ from a given 
Point P9 making an indefinitely small Angle with each 
other y be reflected at a eiven Curve Surface ABB ; it is 
proposed to determine the CpncoursCy or Focusj Q of the 
reflected Rays R Q and r Q. « ' 

Let RO, |)erpendi- 
cular to the curve, be 
the radiud of a circle 
having the same cur- 
vature with ARB at 
R ; make PH and^M 
perpendicular to R O; 
join Q, O ; and put RO 
= r,PR=j^,RH=t?, 
and RQ=:;2;. 

Then, because the angle of reflection ORQ is eqiud 
to the angle of incidence O R P, the triangles* R Q M 
and RPH will be nmilar, and therefore j^ : vllz I RM 

""^ whetice OQ« (RO^ -f RQ« - 2R0 x BM) 
Hrvz 

y 

But, since this quantity OQ^ continues thesaioe 
f^ hypothesis) irhether we teq/uA one ray ot tfae 
other (mat is, whether v standsfor PB or Pr^ i\» 
fluxion must therefore be eq^uif to nothing; thi^ 




\ - 
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y 

»= v,. y :but(b7Art.85)f=-^;thei«(bfers 

• a 

' ^. ^ : moreover (by' Art. 73) r^^; 

r ^y"<3^ therefore 

Exampk 1. Let ARB be an arch of the logarithmic 
* Art. 74 spiral : whose equation is av ^ btf :* atad Aen, ^ 

beinir=&^, we shall have z *(jr — H"- — :) = «; 
^^^ a ^2^^ — «>y^ 

therefore in this case the incident and reflected. rays 
are equal to each other. 

Ew. % Let ARB be supposed to degenerate into a 
right-line : in which case v being constant, its fluxioii 

V is=0; and therefore z ( = '-^S^js: — v.* whki 

being nc^tive, indicates that the rays do not converge 
after reaction, but, on the contrary, diverse jBxxn a 
point on the contraiy side of ARB, at the distance^. 
Which is very easy to demonstrate by common geo- 
metry. 

PROBLEM XXVIL 

459* Let two Rays of Light PR and Pr^Jiromagiven 
Point P, be refracted at a given Curve Surface ARfi ; to 
determine the Focus Q of the tefracted Rays RQ and rQ. 

Let the lines RO, RH &c. be drawn, and denoted 
as in the preceding Problem : moreover^ let the sine of 
incidence PRH (to the radius 1) be represented by b^ 
and let it be to the sine of refinotion O R Q> in the 
given ratio of 1 to ft. 
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Then (Jy Trigammetry) 1 : ns (sine QRM) : : z (RQ) 
Q M = nsz; and therefore KM = )/z^^n'^8^z* 
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=r 2 V^l— »V. From whence, following the steps 
of the preceding Problem, we also get OQ*==r® + «» 

^2rz\^ i—n^s^ ; and its fluxion 25ri-2rit/l— n« «« 
+ -7===s=0; or ziyl — n*«* - ri x 1 — n««« 

+w«r;z;«i =s 0. But (by Art. 85) i=-.ny; there- 
fore — zy t/l— n*«« H- ry X .1 — nV + nrzsi = : 
moreover Qsj Trig.) 1 (radius) : s (sine of PRH) : : 

^ ( P R ) : Vys — D« ( P H ) whence* we have jry = 
V^-^^, .'=1-^, and si = -3^«'^'+«"J^^ 

— y ^ ; n^hicfa values, of «« and ««, being sub- 
stituted in the forcing equation, it becomes -^ jsy x 



n/ 



i8«i« 



!-»* + — j- + ryxi — ¥ + -^ +»r«x 

2i^=^ = 0, or - ;»y«y^l-n« x j^t»*»'+nKyx 

1— »* xy«+n«©«+iirzx©«y —yc^ssO; or (putting 
V\ - »* X y9 + n«©« s w) T - ^^ "y + a,«y^ + 



's). 
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n»t^jl - nyzvS =? 0. But (by Art. 7S) r s= 'JtS^, 
therefore — zywv + tr*^ + nzv^y — iiyzod = 0, and 



consequently z= 



^yy 



Q. E. I. 



toy + nvy x t; — ii»*y 

' From this solution, that of th^ preoedii^ Problem is 
easily derived : 4^ from hence the caustic (or tile curve 
which is the locus of all the points Q thus found) will 
. likewise be given. 

PROBLEM XXVIII. 

460. To find the Time of the Vibration of a Pp^ukok 

in the Jrch of a Circle, 

Let AB denote tht jieiK 
dulum in a vertical pontMm ; 
and from any point 1^ 91 tbe 
given Arch C JB H, Wheram 
the vibrations are peffimned, 
draw D/paralld to CH; nd 
* let AB=a, BE=c, B/=:j:, 
andBD»je;; by the nature 
of the circle we have i = 



•Art 149. 




ax 



y :* whence 4d 

fluxion of the time, beii^ 

ax 



t ArUS07>a> ^,t will be defined by ^^_^ ^ ^^ ^ ^ 



ai Taf X ^ 

^cx — OP- X l/2a — X V^cx— »* 
_fgl* X X „ X Sx^ 



V cr— «2 



XX,, X 

x(l + 



X 1 
8.6x5 



».8a;«.4.4<^'».4.6-8«^ 



^ r 4 . D . 8 . Ifio^ ' - 
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when x=tcy (oicte^jfif s 0) tt, (bf Art. 142 ml 980^ 

equaltopl/ia X (l+^gT^S + 8.8.4.4,8^ 
3.8.5.51? 8.9.6.6.7.7c* 



8.8.4. 4.6. 6."S^^ 8.8.4.4.6.e.8.8.'a5f 
&:c.) Which therefore Is proportional to the time of 
half one vibration ; where p stands for the $etni-peri- 
phery of the circle whose radius is unity. 

COSOLLAEY I. 

461. .Since the time of the perpeiidicular despeot 
of a body through any given rightJine te, computed 
according to the same method^ is as the fluent of 

-y=- or 8 V M, it follows that tl^e time of falling 

along the diameter B F (8a J, or the diord C B^^'will be t ,^l^j^ 905. 
truly defined by 8 Via : which therefore iff to the 

4 
time of the descent through the areh CDB, as — to 1 

c 8 3c* ^ 

the time of falling through the diameter B F, is.abscH 
lutely given, by Art. 808, the true, time olp vibratioji 
will also be known. • 

COBOttiARV II. • 

^ 468. If the arch in which the pendukm vibrated he 
very small, the above proportion will become, tiearly, 
as 4 to p ; from which it appears, that thz time of 
dtsctnt through any very small arch CB is to that along 
the chord C B, as the periphery of any circle is to four 
times its diameter. 

COBOUAEY III. 

468.^ Hence, we bwp a method for detehmning hb«r 
for a body fr^ descends in a giTtn time ; by knowing 
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the time of vibratum of a given peodiilttm : fiir» if 
BN be assumed fbr tbe space urough which a body would 
descend during the time of one whole Tifaratxnif in 
the very small arch C B H ; then, die distances de- 
*Art 801.scended being as the squares of the* times we have^ 

bom the Uuit Corollary, as ¥ : %]« : : BF (9a) ! BN, 
or 1 : ip^ : a : BN ; that isj aathe square ofthe'dia' 
meter of a circle is to half the square of its periphery^ 
so is the length of the pendulum^ to the digUmce a 
body will freely descend, from rest, in the time of 
one oscillation. Thus, for instance (because it is found 
from experiment that a pendulum S9,% indies long 
vibrates seconds) it will be as 1 : 4,934 (=| P^ I :S%2 
: 193 indies, uie distance which a heavy body Will fidl 
in the first second of time. 

Cqbollaby IV. 

' 464. Moreover, from the fcnregoing series, the time 
which a pendulum, vibrating in an tx^f^pAmg small 
arch, will lose when made to vibrate in a greater aidi 
of the same circle may also be deduced. 

For let 7 be put to denote the number of seocmds 
in S4 hours (or any other given time) then the num- 
ber of vibrations performed in that time will: 'be as 

^ 8.3e. ' ^Mch, Acre. 



2.2:9d ^ 2.2.4.^* &c. • 
fore, in an excedSing small arch (where c may be taken 
as nothing) will be expressed by T: and so the time 
ft) or number of vibrations lost will be T ^ 

T 

=s 7^ X 

- c 3 . 3 c2 . ^ 

1 + ^ ^ ^ + 



2.2.2a 2.2.4.4.25]' 8u5. 



^4._-_. &c, (by dividing by the denominator). 
8a 266a* v / « J / 

Now, if the iiumber of degrees desaibed on each 
side of the perpendicular be represented by D, the 
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arcfa itself, on each side, will be = 3. 14169 8ce. x a 
^180^ which, if the value of 2> be not moie than 

about 15 or ^ degrees, will hie nearly equal to its 
chord, represented by V^2a« (=V^BFxBE). From 

whidh equaticm we get — =>r-7rr: tl^is value, sub- 

. a 6560 



1197 



stituted above, gives t=:Tx 



J0« 



SD^ 



8x6660^ 256x6560^« 



&c. 



= rx 



D^ 



^9AftO ^^^h^ ' ^l^ch, when T is interpreted 

by 86400 seconds (or one whole day) ^becomes =r 1 1 x 
JD^y nearly : and so many are the seconds which wiU be 
lost per diem in the arch D. From whence we gather, 
that if the pendulum measures true time in any smM 
arch, whose degrees on each side the perpendicular 
are denoted by A^ the'mmber of seconds lost ^ diem 
in another arch whose degrees are B^ will be nearly 

8 — 

represented by -^ x B^^A°i thus, if a pendulum 

measures true time, in an arch of 3 degrees, it will 
lose 10| seconds a. day in an arch of 4 degrees, an^ 
24' in an arch of 5 degrees. 

• . . . - . 

. PROBLEM XXIX.- 

465. To determine the Meridional Parts answering to 
any proposed Latitude^ according to Wright^s Projection^ 
applied to the true spheroidal Figure of the Earth. ' 

Let DAR be the ^ 

axis, AB the se- ^ 

mi-equatoreal 'dia- 
meter, and DBR a 
Meridian of the 
Earth ; also let bn 
be an ordinate to 
the ellipsis DBR ; _ 
putting AD(=AR) J^ 




o 



o 



. .1 



3^ THE BB80LUTI0M OF PBOBLSMt 

kI, BAoid, AbsaXj bnasjff ^^'» '"^ ^ ^'^^ 

dicmal distance (in parts of the seini-4^ AD)s«. 
Then, by the nature of the dUpsu, we hsve jrsdx 

* l/l— «*; therefinre p = -y===r; and consequently 
i = \/»^ + 4^^. ^ych, Iq^ putting i^ sb * 

— 1, win be reduced to i = — ; ^. Wbcnceu 

by the mature of the Projection, it will be as .&« 

id\/i^^):AB (i) :: z ( ^^-^ ) : *» 

3cvl4-o« . ^1^^ jg ^{^ fluxion of the quan^ 



required: but we arcrnow to cet the same fhiiigflCKi*> 
pressed in terms of the Latitude of the Plaee n: in 
order thereto^ putting the sine ol that latitude»t«9 wo 

Mave, by trigonometry, as z f — -p y • *^ y 

(dxsc \ 
"y—— ) ; ; radius ( 1 ) I * > and cmse^pieiiiC^ 

s V^l +iV = dr ; from which equation x is fiiundss 
: whence x = ; ; ako 1 — a? = 



d'-y,« "^Typ ^^''"^ d*=l+n and, 

lastly, •r+yP"( = -) = «j;7==^;: whidi 

sereral values being substituted in that of if, found abov^ 

d'i d 



it i>ill become ( = . x . ' x 






•d»x 



n ss 
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iQto two partS) fi>r the more readily finding ike fluent, 

givm^itm ri s— -5= — n-s 5 whoreof Aa flottit 

i^eu^ tekeBy we have 

- C 2.80S585 kc. X id X log. j^ 

i -^2.802686 &c X Jft X log. -^^ 

]&ut, as 8,14159 &c. x Sd (the measure of the whole 
;|^eri][A«fy «f the Earth at the Equator, in pnts of the 
scmi-axis A D) is to 21600 (the measure of the same 
"peripheiy in geographical miles) so is the foresaid value 
of » to 



e corresponding value 




of fi, in gec»graphical miles, or the Meridional Parts 
required. 

COBOLLARY. 

466. If tKe Earth he considered as differing hut little 
from a sphere, d •will be nearly = 1, and consequently 

(l/^iP— 1) the value of hy very small : therefore, in 
iim ttsse, the latter part of our fluedt ( -r— k 

log. . y will become nearly 3= 8440&^« (because 

W iiJiB?5^ X ?— .• But if Ae earth 

Iw taken as a perfect spheie, this last expression vill 
vauubt MoA 80 the value of « will beeome batetysadSSS 

■ ■ ■ ■ ■ J ■ ■ 

* There is a mistake in p. 43 and 44 of my Bissertaflons 
(by finrgettin; to divide by the Modntns 9.3085 &o.) wUch 
nmy from hence be rectified. 
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468. In a$^ Spherical Triangleia if radAf8 it fitq^pM 
Unityy the Product of the Sine» of any tteo ofik^ ^Vlf^ 
drawn into the Co^ne of the Angle they indudei didid'^ 
the Product of their Cd^inesi is equal to the Co^ne of 
the remaining side. 

This is demonstrated by the writers upon Spherics. 

» • 

PROBLEM XXXt. 

469. The EleMitin of the P<^ and the Detiiuftim d' 
the Sun being given, to find at what Time of the JDoy th 
Azimuth of the Sun increases the slowest. 

It is eTident that die 
time sought wJl be when fhe 
fluxion of the hou^-wgle P, 
bears the greatest raCb posn- 
ble to that of the ttdmnw Z. 

•Now the fiuxim'of ^. 

angle P is to that of Z^ 

umversally, as rad. x S.ZO 

IS.PO X co^' O (by Art. 

S56, Case 2). Consequently 

ly. PO X co^s. O co-s, O . . . '• ' f 

rad.xS.Z O-' " ^rZO '" " '^"""""*' "^ ^ 

case, because P may be considered as constiaiiit. 

Let now the sine of P be put = p, its co-sine ^d, 
tlie co-sine of IPZ^b,, that or Z O = x, and that rf 

e^y; then^ the sine of Z O being a= Yl^sfi Wf^ 

have (h/ the Lemma) p V^l—jc^ x y+dx=ib; whence 

b-^d x co^. O ^ y \» 

b^dx ' 
=-r — . ■ ' ,; which put into fluxions, apd re- 
jpxl — *2 '^ 




duoed, gives x = — — --Z — , fiir the sine of the 

d 

sun's altitude at the time required : whence the time 
itself is given. 

P&OBLEM XXXll. 

4*70. To determine the Ratio of the Heat received 
from the Sun in different Latitudes^ during the Time of 
one whole Day, or any Part therecf. 

X.etp=the sine tif, ther sun''s polar-distande Pq (set the 
last Fig.) 
d=sits co-sine, or the sine of the dedination. 
&=rthe sine of the pole^s elevation. 
c=its co-sine, or tne sine of PZ. 
js=:the angle (P) expressing the time from noon« 

jr=:its sine, and l/l— x*=its cosine. 

Then (by the foregoing -Lemma) we shall have 

/icV^l— OP* + M =5 co-sine Z© := sine of the sun's 
altitude. 

Now, it is known that the number of rays falling in 
any given particle of time, upon a given horizontal 
plane, is as that time and the sine of the sun^s alti- 
tude conjunctly : therefore the number <^ rays falling 

m 

in the time i, or •—7== (vide Art. 142) wm 

r X ■■■" vP 

be defined by pcx + bdi : whose fluent pcx + bdz is, 
therefore, as the heat required. 
Where it may be observed^ 

1. That when the latitude and declination are of 
different kinds, or PQ is spreater than 90 d^ee;^ 
the value of d is to be considered ak a negative quati^ 
tity. 

2. That, if the expression for the heat found above 
be divided by t;^ square of the sun''^ distlme^;froH| th^ 
earth, the quotient will exhibit the ratio of the heal^ 
allowing for the e^ij^mtricity of the e^rth^ orUt.* \ , 

VOL. II. T 
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COBOLLAEY I. 

471. If the place proposed be at tUe dquator, die 
heat, received in halt one diurnal rerolutioii^ will be 
barely as p ; because &=:0, 0=1, and xssl. 

Corollary II. 

472. But if the place be at the pole, then the heat 

will be as c! X 3. 14159 &c. since, in this ease, ^asO, 
ft= 1, and z (=semi-circle)=8. 14169 &c. 

* Lemma. 

478. The Number of Particles rfltgk, gixUd Ijf tk 
Sun^ upon the Earthy in a given Timty %» pronwtimial 
to the Angle described about his Center in that Time. 

For, let S r^msent the center 
of the sun, AEB the oibit of the 
earth (or that of anjr other planet) 
andlet E and r be two points there- 
in as near as possible to eadi otbrar: 
since the triangle E S r may be 
taken as rectilineal, its axea, i£ 
the angle ESr be supposed given, 
or every where the same, wiU be 
as S£ X Sr, or SE^j and thoe- 
fore the time of describing £r 
Qmng always as that area) is also explicaUe by S £' : 
but the intensity of the light, or heat, at the distance of 

SE is as 3^^: therefoiS the intensity compounded 
with the time (or the wl^ole number of particles re- 
ceived in that time) will consequently be as g^g^ x SE* 

(ssl) which being every where the same, the propo- 
sition is manifest. 

PROBLEM XXXIII. 

474. To determine the Ratio of the Heat receivedfrom 
the Sun at the Equator and either of the Poks, during 
the Time of one whole Year, or any Part thereof 




OF VARIOUS KINDS. 



5Bfrft 




If the sine of the 
sim!s dedmaticni be 
draioted by d and its 
co-sine by p^ the 
heat received at the 
equator, and the pole, 
during half one di-, 
umal revolution of 
the sun, will be as p __ _ 

anddx3.14l59&c. A B. 

respectively (by the . 

Corollaries to the preceding Problem), 

Let the sun's longitude, considered as variable, be 
now denoted by 2, and its sine hy s ; and let y* be put 
for the sine of the obliquity of the ecliptic: then 
(per Spherics) we shall have d^fs, and consequently p 

( = V^l — cP) = t/lT^y^: wherefore, seeing the 
ratio of heat in the two places, for one * half^day, is 

diat of Vl— /2*«' tofs X 8. 14 &c. let each of these 

s 
tarns be multiplied by . (=^) * expressing* Art. lig. 

the quanti^. of heat falling upon the earth in the 
time of describing z {see the foregoing Lemma) then 



ss 



will 



the products y 9 and 3. 14 f x y>-Il- 

be the fluxions of the required heat, answering to i. 

But now to exhibit the fluents hereof, let A C B be 
an ellipsis whose greater semi-axis A O is = unity^ 
and its excentricity F0==/*; and, supposing ADB to 
be a circle described about the ellipsis, let the arch D H 
express the sun^s longitude firom the equinoctial point ; 
whose sine (OR) being s s^ its co*sme R H will be = 

But, by the property of the ellipsis, O D ^ (1) 

P C : (y/ itTj ^) :: r et (/F^t;^) : rg = 

y/\ — /^ X V^l — «^ .• whcjse flui^ion, being =5 

T 2 
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=: — . ^ = the fluxion of C G. Whence it 

appears that the fluent of — —=£==— is truly defined 

byCG,orCGxAO«. 
But the fluent of the other given fluxionr, 8w \Af x 

yTfZrTv wiU bet=3;14/x l-v^l-««=: A D B >c 



Fp X OD— RH. Therefore the two fluents, when 
H and G onncide with A» will be to each other as 
C A X AO to A D B x F O : whereof the antecedent, 
multiplied by 4, will be as the heat received at the 
equator during one whole year ; and the consequent, 
multiplied by 2, as the heat at the pole in the same 
time (because the sun shines at the pole Only two 
quarters of the year). Hence the required ratio of 
we heat receivea at the equator and pole, in one 
whole year, will be that of CAxAO to DAxFO; 

, /2 8/* 3.8.5/* 

•r,mspecies,asl<^-^^-f5^-g^^ 

* Art. 434.^ &e: to/; which, in numbers, is as 959 to 396^. or 
as 17 to 7, nearly. 

V^ PROBLEM XXXIV. 

475. To jfind when that Part of the Equation of 
Time, arising Jrwn the Obliquity of the Ecliptic to the 
Equinoctial, is a Maximum. 

« 

In the right angled spherical triangle ABC let the 
angle A be that made bv the ecliptic AC, and the 
equinoctial A B ; then the problem will be, to find 
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when the difference be- 
tween the base A B and 
the hypothenuse A C is 
the greatest possible (the 
angle A remaining in- 
variable). Now, (by Art. 
£54) we have co^. B C 
'.sin, C :: fluxion of AC 

fluxion of AB : also {per Spherics) sin. C : co-«. A : I 

co-s. A X rod. 







rod. : c(hs. BC = 



sin. 



whence^ by mul* 



tiplying the two first terms of the former proportion 
by these equal quantities, respectively, we get this new 

proportion, viz. c<hs. BCY \ co-«. A x radius : ; so is 
the fluxion of AC to that of AB. But, when AC — 
A B is a ina^mtim, these fluxions become equal ; and 

consequently co^. JBCf = co^. A x rod. From 
which equation B C^ and £rom thence A C^ will be 
known. Q. E. /• 

The samcy toithout Fluxions. 

476. It will be iper Spherics ) rod. co^s. A : I tang. 

AC : tang. AB; and therefore by composition and 

^ division, rod. + co^. A I rad. — co^. A 1 1 tang. 

AC + tang. A 9 '.tang. AC — tang. AB y, sin. 

AC+AB : sin. AC— AB, by the theorem mentioned 
in Problem 8th : from which, by following the steps 
there laid down, it appears that, radius + co^. A I 

radius — co-s. A i; radius : sine of AC — AJB, when 
a maximum : whence (AC + AB being then = 90®) 
both A C and B C wi]l be given. 



COROLLABY* 

477. Since, radius + co^. A I radius 



ca^. A 



: : co^ng. I A : tang, i A ♦ : ; radius]^ : tang, i Af^ ; 



* Vide p. 70 and 71 of my Trigonometry. 



TBI RiaouvnoM- 1 



tbenltbfe faSuaf : tang, i Af :: fHibiH ^ >uil! M* 
AC - AB. Or, radiut : ioi^'f A :: ttmg. JA ;flie 
auK of the greatest equation : vhich, sugpo&i^ tlie 
an^ A to be SS°S9'*,com« out 9" .9S .it:.3^ 
smriqg, in time, to 9 minutes £4 sepmds. , , 

PROBLEM XXXV. 

478. TodaerlMMtthemtbtabtUtaeJEfiatimofS^mef 

writing f — ''" ' '■'*"■ "' *'■* *^"'- ~— — • i^- 

Hen, c 



ing from tht IneqwU^ of the «SWa apparaa Mo- 




Let ABFD h* tfae 
fjljpaiw in whidi the 
earth reratrea about 
the sun, in die Ibena 
S ; let F be the other 
fbcut, and T the 
place at die earth in 
Its cfflnt at the time 
required. Koreorer, 
about S, at a center, 
let a nrde OEKI be 
described, iriioBe ^a- 
metcT GK issmeen 
pTDpoTtional between 
the two axea AP: and 
BD o£theellq»ia; so 
that the area thereof 
may be equal to that 
•f the ellipsis : and, supposing S m to be indefinitely 
near to ST, let ESn be a sector of the siud circle, equal 
to the area T S nt. 

Then, the time in which the earth moves through 
the arch T m being to the time of one intire rero- 
lution, as the area T S m, or E S n, is to the whole el- 
lipais, or the equal circle G- £ E F ; and these areas 
£Sff, and GEEI being in the ratio of the arch Eft 
to the whole periphery GEKI ; it is evident that E n. 
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or the angles ESn, will express the increase of the mean 
Itrngittide, in the foresaid time of describing the arch Tm : 
and that this angle or increase, by reason of the equa- 
lity of the areas E S n and T S m, will be to the angle 
TSwij expressing the corresponding increase of the true 
Itmgiiudey as S T« to S E«. Therefore, if the former 

' . SEP 

be denoted by JIf, the latter will be represented by — — 

X M. But now to get a proper expression for the 
value of this increase of the true longitude^ in al- 
gebraic terms ; let F T be drawn, and also T H, per- 
pendicular to AP : putting AC (=CP) = fl, CB=6 
C S (=C F)=c, S T=^, and the co-sine of (T S P) 
the earth's distance from its perihelion (to the radius 
T)==a? ; then F T being (= A P - S T) = 80-2: 
(by the property of the eUipsis) and SH=«2; {by Trig,) 

we have FT + ST x FT -ST (2a x 2a-2«)=FS 

xSCH (2cx2xc'^xz) by a known property of tri- 
angles: firom which equation z (ST) is fimnd s= 

£j« c* 6* 

=s . ■ : and this value, with that of E S* 

a + ex a+ ex 

(=ai) being substituted in the increase of the true lon*- 

gitude, found above, we thence get ^ — X M 

for the measure of that increase ; where M denotes the 
increment of the mean motion corresponding. ^ 

This being obtained, let :Q: yp T (in the an- 
nexed figure) represent the southern semi-circle of 
the ecliptic, P the place of the perihelion, Vf the ' ' 
tropic of Capricorn, © the apparent place of the sun 
in the ecliptic, and QQ his declination, at the time 
required: then it appears (from Art. 475) that the 
increase of the true longitude sOs ©, in an indefinitely 
small particle of time, will be to that of the right- 
ascension :& Q, in the same time, as the square of the 
oo-sine of Q© is to a rectangle under the radius »id 
the co-sine of the angle :& : therefore, the former, 
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,ya,entei by tll^ x if X ^' ^ ^: ^ : 

whidi, in ^ required circiimstanoe, when the pfo* 
posed equation (or the difference between the sun^s 




/y^yp ^ 

mean nudian and r^A^ o^cenMon) is 9 iiuunmtem, must 
consequently be equal to {M) the oorrespgnduig ixh- 



erease of mean motion ; and therefore 
co-^. 0Q] 



a X a 4- ex 



rod. X co-«. i& 

But, to obtain the value of the latter part of this 
equation^ also, in algebraic terras, let me sme and 
CD-ijne of (VfP) the distance of the perihdion icora 
yfj be denoted by m and n respectively ^ then, the 
co-sine of P0 bemg (as above) eicpressed by x, and 

its sine by Vl — a?% we shall thence get nx + 

mV^l^oc* E= co-sine of yf == sine of «Qs (fry **e 
Elem. of Trig.) But (putting the sine of the angle 
jGt =z p and its co-sine = q) we have {per Spherics ) 

radius (1) : sine ^ (nx + m^\ — a?-) \\ p\ pnx^r 
/wnV^l— »«=sine of Q0 ; from whence co-s. Qof 



= 1 — pnx + pm V^ 1 — a?2p : which value, with 
that of the co-sine of, the angles, being sub- 

a X (Z "f" coCi 
/^tituted above, we, at length, get —r-^ ^ 



oy ▼jjtioirs kiiDm. Wl 



l^j>n«+jn» t^l^^, from which equatioii the 

value of J? may be determined. 

The foregoing equation, it may be observed) ^ves 
the time of the maximum which precedes the wmter 
solstice ; but if the maximum following that solstice be 
sought, it is but changing the sign of m, and then you 

will have ^^^+<^f ^ l^pnx^pmVl -^ xA\ 

b^ q 

answering in this case. And from the negative roots 
of this and the preceding equation, the times of the 
other maxima, after, and before, the sununer solstice, will 
also be obtained. Q. E. /. 

COBOLLABY. 

479. It is evident that the equation of the earth'ii 
orbit (or that part of the equation of time arising 
from the inequality of the sun s apparent motion^ will 
be a maximum^ when the center of the earth is m the 
intersection I of the ellipsis and the circle ; where the 
Mean Motion and True Longitude increase with the same 
celerity. 

PROBLEM XXXVI. 

480. To determine the Law of the Density of a Me- 
dium and the Curve described therein^ by means of an 
uniform Gravity^ so that the Profectik may, every where, 
tnovewith the same Velocity* 

It appears, from Art. 867^ that \/ ^ is a gene- 

^ X 

ral expression for the celerity in the direction of the 

ordinate PBR; whence ~ x \/ — » or its equal, 

i . . ' 

77=, must be the ttue measure of the absolute cele- 
vx 
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rit J, in the direetion B N : w^ich b^g a constant 
quantity (bj hypothesis) its square must also be oon- 




r^i 



stant) and so we have -z = a ; and consequently x^ 

+y^ (= i«) = ax. 

But, in oidnrtD the solution of the equation thus 
given, make W, 1 : :» ; y, or x^uy ; then, x=zuyy and, 
by substitution, u^y^ + y^ = auy : hence, y being = 



au 



auu 



^ij^l 9 and » = "^JiTjrfj ^^ get J^=a X arcft, whose 
* Art. 149. tangent is «* (and secant V^l+«*); and a: = fa x 

t Art 126. hyp. 1<^. 1 + tt« = a x hyp. log. •! +««. f 

J? 
Therefore, as the hyp. log. of v 1 + a« is' = — , 

the common logarithm 6£ V^l -f- u* will Jse = 



0.434S944 &c. x x 



a 



; andconsequentlyy=a x areA, whose 



radius is unity, and log. secant 



0.4342944 &c. X x 



Moreover, with respect to the density of the medium ; 
if the absolute force of gravity, in the direction Q B, 
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t 

ht'A^cscktSihf unit^, its efficacy in the direction BN, 
wherel^ the body is accelerated, will be expressed \fj 



a? ^ _ u 

-r, or 



its equal y — : which, as the velocity 

is supposed to remain every where the same, must also 
express the force of the resistance, in the opposite di- 
rection, or the true measure of th)e required density. 
This, therefore, if Jf be put for the absolute number 
whose hypedboHcal logarithm is unity, may be had in 

terms of x, and will be 1 — Hf] "/ : because 
hyp. log. Hf (= - ) being = hyp. log. i/l + ««, 



we have \/1 + m^ = AT] "4" whence u^M' —1 , and 

Q.E.J. 



u -*• 



consequently • = 1 — M] • 



PROBLEM XXXVII. 

481. Let a Line, or an inflexible Rod OP (considered 
without regard to Thickness) be supposed ta revolve 
about one of its extremes O, as a Center^ with a Mo^ 
tion regulated according to any given Law ; whilst a 
Ringy or BaU^ carried about with it, and tending to the 
Center O with any given Force ^ is svffered to move or 
slide freely along the said Line or Rod: it is proposed to 
determine the Velocity of the Ringy and its Pressure upon 
the Rodj in any proposed Position^ together with the Na^ 
ture of the Curve A D L describe by means of that 
compound Motion. 

Let O D P be any position of the revolving, line, 
and D the corresponding position of the body : more- 
over, supposing A C K to be the circumference pf a 



m 
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^irde ^eicribed from the center O, through the given 
point A, let the measure of the angular celerity of 
Uiat line, in the said eircumferenoe A C K, be repre- 




sented by « ; also let r denote the celerity of the ring 
at D in the direction DP ; and w the true measure of the 
centripetal force : call O A, a ; O D, » ; and A C, 
z ; and let the given values of u and v, at A, be de- 
noted by b and c respectively. Then it will be, as a .* 

— J the paracentric velocity of the body at 

D ; whose square, divided by the distance O D, gives 

Art 211. —^, for the true measure of the centriiugal force* 

arising from the revolution of the rod : from which 
the centripetal force w being deducted, the remainder, 

— — tr, is the true force whereby the velocity in the 
line O P is accelerated. Therefore (by Art. 218) we 



xu" 



have vv = —7 — to x Jc = 



a 



VrXX 



a^ 



— wx. 



Moreover, because the fluxion of the time is ex- 

• ■ 

pressed cither by — , or by — , these two values must, 
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thecefoie^ be equal to each other, and consequently 



ux 



t> = — : from which, and the preceding equation 

(when u and w are exhibited in terms of x or z) the 
required relation o[ t>, x^ imd z will also become known^ 
But now, in order to determine the action of the rod 
upon the ring, let O d P be indefinitely near to O D P^ 
intersecting ADL and ACK in d and c ; and put 01) = 
x + db. Tnen, because a body, acted on by no other 
force besides that tending to the center, afx>ut which 
it revolves, describes areas proportidnal to the tincies,**-^'**^^ 
and the angular celerity of a ray revolving with the 
body, is, in that case, as the square of the distance 
of the body firom the center, inversely (mde Art. 478) 
it follows that if thci rod was to cease to act upon thc^ 
ring, at the position O D P, the angular celerity at e, 

would then be ^^ x tf, instead of tt+^* There- 

X -h il« 

fore the excess of «+< above ., x «, which is 

=6 + T "— T- &c. is the increase of the said an- 

X x^ 

gular cel^ty, at the distance OC, arising fircmi the 
action of the rod. Therefore it will be, as O C (a) *. .OD 

(x& St<^ $uk^ 
h &c,) 
a a €Uf ^ 

the alteration of the ring^s paracentric vdocity, arising 
from the same causes Which, divided by ( - Jf the 

time wherein t'r is produced, gives ---i-f -o^-a 

ax a 
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8cc. finr the measure of the (bree, by which it 

is pioduoecL From whence, by substituting — in the 

room of - 5 and n^Iecting all the tmns^ after Ae two 

• Az^ 134. first (in order to have the limiting ratio*) we get 

— — H , Tberefinre it will be, as — + — to 

ma ax A 

the rod upon the ring, to the (^ven) o^trift^ fbroe 
«t A (or the fproediat would retain a body in ue circle 
ACE, with ihe vdodty b). Q. E. I. 

COBOLLAKY I. 

• 482* If the angular motion be unifinrm, the equations 
feund above, will become v6 = -— ^ tei, and v = 

^* From the ktter of which, by taking the fluxion, 

^ b£ . . b^atx 

we have i& ss -7-; whence (by substitution) ^-tj- = 

—J- — iwj, and consequently » — —^ = — — ; 

from the solution of which, the relation of x and z 

(bx\ 
-Tj being 

also known, the action upon the rod, which in this case 
is barely = (== -^j-y will be given likewise, 



w' 
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— * ) the centrifugal force in the cbde 

A C K, as -7- to unity. 

Corollary II. 

« 

483. But if the angular celerity he proportional to 
any power (x"^) of the distance, and the centripetal 
force tip be, also, supposed to vary according to some 

Sower (jS") of the same distance : then, putting p to 
enote the centripetal, and q the oentrifogal force, at ^ 

the giY^Q point A, the value of to will here he e&- 

pounded by -^ xp, and that of t^ '''7~3;;X^* and there- 
finre, the paracentric velocity of the ring at D bdbag = 
— X 6 X — (= ... ) It will be as — : — —rr 

• * ? • ""l^rrr ^ ?> *^® centrifugal force at D.* Hence* Art 211. 

t?t; = ^ g^^^ — ^~-'; whereof the (corrected) fluent 
is i«« _ ic« - g^'"""' _ ^'^' _ JSf— 

^ * ~ 8m+2xa«-+' n+lxa" Sm+2 

+ - - : firom whence t» is found = 
n+1 

V ,„+i ^+1 m + l.a«-+» n + l.d" 



and i (= ^= filf ^ = 



bxf^x 



^ w+1 n+J ni + 1, a2-+> n+l.c 
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moraover. hy subfttiuitiiig 6x t^ and its fluxion, we 
get •-X+* — = »+« x-;rri' ^qfressing the aetion 



loretorey 



in that case, i wiU become = 



V<-''*f*^) 



X aj« — fa* — 




Bkpratting the natuie of the tnrjeetorjr deseribed hj 
means of a centripetal force, varying aocai din g to any 
power (3^) of the distance. JBut this equation wiU 
oe rendered somewhat more commodious, bj sobsi huti ng 
the values of b andc: for, if OQ (pCTpcndipnlar to 
the tangent at A) be doioted by A, u wiU b^ h : 

^a« — A« (AQ) :: b (the celerity in the dirtection AC) 

•Art 36. to c = "^ — ^^=the cderity in the direction AH.* 

h 

t Art9ll.Therefinre, 6 bemg = Vaq^^ we have c« =s -p--- og ; 

and i= / ^ == r — rr— : 

^ ** n+l.f n+l. jcr+* 

which equation is the same, in effect, with that given 
in Art. ^4S, by a different method. 

COBOLLAKY III. 

484. If the angular celerity be supposed unifinrm, and 
the ring to have no other motion along the rod than 
what it acquires from its centrifugal force ; then c, m, and 
p being all of them equal to nothing, z will here be^ 

bi oj^ - 

come, barely = y ^^ = .• ^. ^. - *^^ 

a 



A / . gxl* v^ jc« — a«' ' 



the number whose hyp. log. is -^ be denoted by n 
JV, we shall have ^l^-i — ^ "^^ = JV; from which 



JV 1 
« is found 3sd x -7r^ + :it«B; whence j^ 16 also had s 

jsr 1 

fare^ it will be (by CoroL I) as unity is to -^ ^j^ 

so b the angular velocit]^ ("$) in the arch A C K to the 
velocity with which the body recedes from the center 
of motion : and so» likewise, is^ the centriftigal force 
in that arch to hdif the pressure upon the rod. By 



taking z = the whole periphery, ot -^ = g x 3. 145 

.ATr^ iV wiB ctaHne xsat *d Sd5» 6i att*jp^ = «W.*T >^d(:^ 
ttim wh^kse k ait»p^ii«i titet ii(0 ^Mad^ of t&% Ht^ 
from the center at the end of one entire revolution will 
bb aknoBii968'tim6s afr great as^aJt first. 

48& I£a body be sugposed-to d^^oend ttom the point||0) 
C8(6e ikentxt^.) hj me force of lisr own gnlivi^, along 
an inclined plane O^V ; whilst the plane itself moves un^ 
flintfyraBbutt tSat pbiiSt, ftohim f oil&iitsf j^iScfhtSSlP, 
then the place, and the pressure of the body upon the 
d|ane,i«irany,^ven position OOP, mij alsa be derived, 
mim tlie eouations in iC!ovdlar^l» Forlbt 6B( (p^r^n- 
dicukur to OH) be put =^ ; and let t^& |atio of the cen- 
tilfolpil^jlbroria t&e cmlMS^tE^tc/ t& fo^oE giwJ: 
vity (given by Art, 217) be as r to UHity: then, as 

tlb wtamir of tir foxoftr foror nr exprei^ bJ^'^V 
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that of the latter must be rqpceseated by --:;.aiid, 
consequently) its efficacy in the direction PO, hj 

-4 (= ( — X?rPi J ' which value being substituted 
ra^ ^ \ra OC/ ° 

for — zt;, in the aforesaid Corollary, we have x — 
---='^^. But now, in order to the solution of this 




equation, put the radius O C (a) = \ C^si the ope- 
nUioii may be as simple as possible) abOf^iop^^of ^9 



z^ : z^ 



• Art. 495.1et its equal z — y-^ + q a a g * &c. be tnibsthnted 
and let x be assumed = Az^ +Bz^ + Cz'' +jDj6« Ac 

r ♦ - 

Then, by proceeding as is taught in Ait.' SOf^. die 
wlue of X win come out = - into ^ t ^ g ^'g g ^ 

■ * 

+ &c Whence 



2. 8. 4. 6. 6. 7. 8. 9. 10. 11 



the Telocity y^J in the^ jdane, is also fimnd s 
~mto J "^ i ^ 4 5 6 *®' Whidi, iheietm^vi^ 



6T VARIOVS KIKBS. Wl 

to (bj the angular velocity of the. plane, in the ardi 

E C K, as -^ + ^ 8.4.5 6 "*" **' *° ^' Mowciver, 

the centrifugal force in the said arch bein^ denoted hj 
r (the force of gravity being unity) it will likewise be 

(bythe above-mentioned Corol.) as 1 ; -r y.r y (-T-=f) 



• • • ' • \ 

Z A 



2^ . ;r»o 



^'"^ 3. 4. 5. 6 "^ 8. 4. 5. 6. 7. 8. 9. 10 - *^^* ^^'^ 

force stiffident to kieqp the body upon the plane. Bat 
the £>rce of gria^y in a direction perpendicular to 
the plane (the wei^t of the body' being represaftted 

OB ' 2^ 2^ 

by ttn%^ is prr^ = 1 — « + ^ ^ . * 8cc. From Art. 485. 

which deducting the quantity last found, there rests 1 — 

X +f:sr4 - 2.3.4.5.6 *"• ^°' *" ^''^^ f"^ 

sure of the body upon the plane. By putting which 
equal to nothing, 2* will be found = 0. 67715; an- 
swering to an angle (E O C) of 47** : 9' : which angle 
is therefore the inclination, when the force of gravity is 
no longer sufficient to keq> the body upon the plane. . 

Though the value of Xj given abovQ, is found by 
an' infinite series, yet the sum of that series is easUy 
e^bited by the measures'of angles and ratios. • For, 

)>uttmg i\r to denote the number whose bjrpeibolieiil 
bgarithmis^r, ^ ^ . . .^ 

wehavef-j , ^, ^, 1 tArt.48* 

half the difference of which two equations is xr -f- 
f-s-^r-7-Tr + ^ r. . ^ ^ ^ &c. = 



2.8.4.6 8.3.4.5.6.7 2 2JV 

u2 
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ftMB which tdotlgl - g^+p-j-.-^ g^g g^ 

ke.ssy; and dividing the mtnindfr by 8^» dieie te- 

35^ — I 

~- — n. — ^) fir tibe true Talue of x. Whidi, if 

fogiiiiidy amy be expcembi indgpnidflnt of r ; Ij.piit- 
ting JLm the JUstanOe thrmirii whkh a bodj fiedy de- 

4PIM« i« tbe first aeooiid «f nincv aoduAnrig & tp 4l^ 
^ot^ tlie volodty of the nbqie (p$r MeMuU in Ae 
udfL ECK: fir thai, tAe ralie of tb^ ^MofiMel 
ftra^ in the said ardi^ to the fixet of gKvrity Jfx 

•Art.9lLthat of r to l)'bdi^ as Y (= 5^) toSi^«we 

By computations, not Tery tinlike dMs tbitoe, . die 
motion of the moon^s qpcgee, and t^ prihenol Ofua* 
tions of the hmar oiKt may be exhftitod, oy means 
of jumper apiHcoapinations, derived bmHk li^ jMend 
Moatioos in Art. 48L But tUa. ip a mmMnMlip 
tbM wonld require a v^eluiiie of .ila^, la tteal it^ 
finit minojfbs^ vith all the attention aidi )Hnn|ntnilf 
anttahle to the inqportanoe of the sulgect. 



nm 
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VOLUME THE SECOND. 



.... - V 

SfiCT. f .— Th6 method of inVestig^dng the indefi- 
ni^cJY small increfnetits of the sides and ai^es of tfi- 
m^SekiH thk 6e0tiQi[|» i» 1^ no means so ^^9^ mi 
con»rehensive as the following. 
"The general proposition may be thus stated :— 

Of the three Angles and ihree Side^ of aiqf&fherumi 
Triangky any two Being canstavd, and the PSixwn of 
any one qf the Variables heUng^j^veny required the 
FluxUki of any one^if the other l^ruMes, 

Lei the ai^es of the triangle he denoted by A^ ^. 
C, aKd tlie^sS^ n$p$tetivcijr oj^Q^ti^ by «, J, c ; and 
first let us suppose two sides, (as <l h) invariable, and 
the fluxitin,of the .third side ^v^, to find that of the 
an^es A^B^C. 

B^ Togoboaie^ (see Woodhouse, or Gxi^ory) we 
ha\« 

M COS, a — cos, &. COS. c cos. a 1 

COS. A ^ — 



"^Itmfm^^^mmmmm ^1^ ^^^^mm^-m — «^ 



sin, b, sin, c sin, b * sin, c 

COS. b COS. a 

sin.b^ simiC. 

•. COS. b 1 COS. a COS. c 

COS. B s= -~-. ^, r— ;. 't — . 

sm. a sm^ c sin. a 4tH. c 



p cot. c coi.a^cot.b 

nn, a . sin. b sin. a . tin. b 



I 



• 



And takiiu; the fluxions of theie expressions we get (see 
W. 1, p. 168). 

... . C09. a c . C09. c COS, b c 

^n. 6 nn. ^c mi. 6 mi* ^c 
... r% cos, b e . cos, c . co9« a c 

— ». nil. jBs : X . ^ +-; X-T— 7" 

sm. a «tn. ^c nfi. a mi. ^c 

C. • ^w C olW. C 
. mi. C =s — -: =■*"!• 

stn, a • mit ^ 

.. A' cos, a. C09. c-^cos, b — m* a 

lience -yss as 

c*. sin. A. sm,b, sin.H . mi» <^. sm. &• m. c 

eef.&-*eof.a.eo9. c shLb « » 

X- — : z = — : — p' - * ^ xcos.]^ 

stMm II • mi. € mi* xf • mi. v. mi. c 



C09. jB 

mi 



AL ■ . M' 

m. MS • ^n. c 



• « 



Therefine >!' ss :-! — x c .••..;•;•..., 1 

«iii. c ' 

similarly jB'. S5 — -r^ x c" ,.... 9 

«». c ' 

, >-. c sin, c ' c ' 

and CT =: as or = 

mi. a. mi. &• mt. C sin, b x mi. A 

^. — L. d 

«tii. a , sin. B 

Now» instead of a and by let a and c be constant, 
imd it will be found exactly in the same manner, that 

.. cot, C • ,. 
-4 =? :-— X b 

sin, o 

Ji = -7 ; or = . 

mi. a • sin, C sin, c • mi. A 

C. CO€» .iS J • 

= — -: — r- X b 
sm, b 



I 
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Again, suppose b and c constant, and we get 

J. a a 

A = ___ or =s •— 



sin. b . ^. C 9tn. c . m. ^ 

y^. coi. C . 

B =1 : X a 

sin. a 

^» cot, B 

C = — -: X a 

sin, a 

The three first equations are sufficient to resolve, Two 
sides being given and the Jluxion of the third, of any 
spherical triangle ; required the fiuxum of each of the 
ungks. 

Secondly. Any two of the sides being constant^ and 
thejtuxion of an angle given; let it be required to find 
the fluxion of the third side, and of the remaining 
angles. 

From the above results we get 

c* = — twm^B X. sin, c x A' 4 

B' =: cot. A X tan. B x A' ^ 5 

= : -. 5- X ^ ... 6 

9%n, A . COS* B 
which three forms completely resolve the second case. 

Thirdly. Let lis suppose an angle, and its opposite 
side constant (as A^ a J and the fluxion of a side (c) 
given, to find b\ B\ and C 

By Trigonometry we have 

sin. A ^ sin. C sin. B 

sin. a sin, c ^ sin. b 

09fg A. 

Therefore, m. C = — r-^ — - x sin, c, and taking the 

sin, a 



fluxions 



^. sin. A cos. Q 

C z=i— X j:^ X C 

sin. a cos. C 



911 A|>M«««JCv 

9t$L C COB. C 

Alio m. B ss -7^^ — X m. & 

«m. a 

Thcfcfiire 21' = ^?M X ^2f4 Xt';wl^ 

mi-a cot.il 

«y . eo*. a— eo9. b • cot. c ' 

^yinreo9.4 7: — ' ■;srt;- - 4 : ^- ' 

Old cot. Jx(6*€ot. &.tm.c+c* cot. c.t£i.&)s&*t«|.^. 
oot. e-^e tm. c cot. 6. 

"^^ ^ oob. A. )MI».C. ovt. J— tM»S. C0i'.O 

. , . . . . eot. O'-'Cfm. ik oot, ^ 

c Itm. c. eof • o— cot. c. tin. 6 x : — y ■ , i i *im I 

tm. ft> tm. c /' 

sr ' ^ ' ^ ' . - ■ :. — ■ ■ "■i ■ . ^i 

, cot. tfTrOOt. 0. cot* C . • 

eof. 6. tm. c x * ; — r — r^ ;— ttii. a . cot. c 

tfM. #• tm. €. " 

ftm. %+oot. *c> • eot. l-*eof • a .cot. e tm. b 

o^t.a.^. 6— f cot. ^&-fttii. ^6^ • cot.e rin. c 

cot. ft— cof» a. cot^ f 
■s — c X : — ^ ^ 

eqi, c— ^. a • COS. b eofr, (7 



1 J ! ■ 4 ■ ■ ' 



tm. ^. tdi,! i^ 

w «• cot. ^ « 

Hence = — c x ^ 

cot. C 

tw. B 
B'siUm,. U» cot. ft x&'iaF — c' ]i; uiv, Xcoe.ft...8 

cot*I; 

and C :sc X tan. C x cot. c 9 

VcppitUf. Le| J, a be eonstait as heSun^ \mk dit 
fluxum of an angle, £', be given to find b\ c\ C . 

From equation (8) we get 

cot. Cx toll- & D* iA 

tin. xf' 



^ 



.• -. C09.J2 tan. ixcm.JB ». ^ , 

C09. C . MUi B 

cot.BxB' • 11 

m. Cx^, c X tan.b 



m^Caatc X tan,Cxc^.c^ ^ 



UfL B 



xB'^^""^ X B' ...... IS 

C08» O 

Fifthly. Let an angle and eidier of its oc^ocenf 
sides (as A^^b) be 4»nstant, and tibe fluxioa •£ either of 
the odier sides (as cj he fprnen; required to /find 
a f B f C. 

As before, we have 

COS. A . sin. b . sin. cz^cos. a^^cas. b . cas^c 

,» . cuit.b. mL c^sin.bxcos. e. iiBm.A 
JSenoea =c x — - — - 



■(^■i«i"«iiwi" 



co«. i • sin* c— m. i x co«« c x 



4111. a 

COS. a'^cos, b . caSh c 



=cx .. *^*'^^ 

sm. a 

COS. b . Csin. ^c + co5. ^c) — oi9^. a * cos. c 

=SC X ^— ^ : :-^— 

cos. b •— COS. a • COS. C . y> 

s=C X J = = iC X COS. B 

sin, d . 4t9t» iC 

iSfH^i 8i% 4=^<^. fr x««-r^ — 9 and taljpg the flwMns, 

sttt. a 
Ac w^ obtaik 

^. stn. i. sin. jf . tos. a . — sin. b. sin. A. cos.a x c 

Jo = — 55 ; — ;; X a SS-»^ — » ; — 

COS. B. am. ^a sm^ ^a 

= — sin. B X cot. axe 

Again, sin. C = — 1-— : — ;, « am^ taking the fluxions 

sin. a 

^.^. c\ COS. «. sin.B-hB\ cos. B, sin. c 
we get e a ^^^ n ,, ^ „ --_I^ 

StSft b . €98. C 



S9t AFfKMBlX. 

-s ' . - — — r= X (mi. a . CM. c — jiti. c • 

nn, a • «tii. 6 . ccw. C 

cM^fl.. cot. 23) 

c'. tftii. jB cw. c^cas. a . cos. b^ . , . 

= -T 7,X : r— T — (bywibst.) 

nn. a x cos. C nn. a . nit. b 

c\ 8ttu£ 

nn, a 

ELence, then, we collect 

USSC X C08. B 13 

ffss^sin. Bxcot* axe 14 

C = — : X C 16 

Sin. a 



SixtUy. Let A^bhe oonstaiit as befor^ and let the 
fluxion of either angle (as B') be given ; required to 
a y c f c n 

From (14) we get immediately 

tan, a «. ,^ 

c = : — ^ X B 16 

sin. B 

Also a* = c* xco«. S=— tew. a. cot.BxB' ... 17 

and C = f^ X c= - _?— 18 

«tn. a COS. a 

Seventhly. Let any two angles (as Ay B) be con- 
stant, and let the fluxion of a side opposite to one of 
them (as a) be given ; required to find b\ c\ and C. 

sill* B 
Since sin. b = . ' x sin, a, we have 

sin, A 

, . sin, B cos, a 

b = :— - X a 

cos, o , sin, A 

sin,b xos, a . . , 

= r . — ; X a ^ian, b x cot, axa 

cos b sin, a 



APFSMBIX. 

Again^ by Trigonometry, we have 

stn. 



tan. — xtatL— = — , and taking the 

^ « a^b+c 

sin, 

2 

fluxions 

a+b'+c a-^b+c ' A ^ B a ^-V -^c 

— X COS. — X tan, --■ tan. --= ;; 

£ % 2 2 a 

a'^b'^c 

COS. ~ 

2 
Hence 

{a +o)x(aw. — - — — ocw — tan.--tan.-^ 

^' 2 2 22 

a+b-^c a-^-b+c^ A^ B 

COS. — hcoff* — ^r — T- ten.— ton.— - 

2 2 2 2 

a+i+c a+J-c a+6+c . a+6-c 

-(fl+y)^ 2 2^ 2 2_ 

a+6+c a+&-<; a+i+c . a+6-< 

5i». — - — , co«. — - — hccw.— -r — . sin. ^ ■ 
2 2 2 2 



(a+i+c a+6-c\ 
^ Ai / • • »»v wit. C 

a +0J x ;- _^ = (a +6 ) . -^— 

a^h^c a+6-c\ «wi.(a+i) 

— +-^) 

But i"= ton. 6 x cot, a x a' 

r«, c, . • •^ . «»• i • CO*. a\ sin. c 

Therefore c = a x (1+ : — ) x . ^ , , . 

COS. b . sin. a/ sin. (a -f o) 

a' sin. c 



sin. a . COS. b 



Again, since sin. C = sin. c x -r' 



5tn. a 



m 

^ COS. c 9m. A «or. a . tin. c xmL A 

C=^c X — T^x^— « X ^x . . 

cosnC tm. a co§, C tm. ^a 

a iUL A fwLe.^os.c co9.i|.tw. €\ 

€08^ C Vm. ^a» toif 99f^, *a / 

"" nil. a. cos.C, co8.b \ m. a I rin^ h /' 

^ tt : »■■■ ■ ss a X nn. Cxloii* 5 

Hene^ ooUecting results^ w^ get ' 

ft'sstan. & X cdf. a X a* 19 

• mi* c g^g^ 

, c = n ; X a 90 

8%n, a • cot. 6 

EkhtUr. Lit ^, JB te oonBtaiit, tnd CT giveir ; 
iemimfkfe'. 

' From. (21) we get 

tf ag . Mj( X C ;.•••• ;. fSt 

sm,€ 

mt* c « .mi* c ^» 

mi. a • COS. k mi. V. mi.9. mi.a 

■ ' ' % "''■***•*>..»•*>♦<»»•>• ** 

mi. a » ml* S 

Ninthly. Let A B he constaji^ oi^ the thviixm 
of the nde lying between them (c) be given ; to fin^ 
a^ Oy ml c • 

Fmii (Sl^ we get 

mt. a . cos. b . ^^^ 

«tn. c 

From (19) we hn^re 

« . ^ , . * mto i • Off « <i^ ' ^1^ 

6 :=:.tan. XiCgi$, axa si — : ' x c ... %o 

stn. c ' 
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And from (Si4) 

C = sin* a . sin. B x c » S7 

The last three cases we haVe resolved without the 
aid of the supplemental triangle. 

This method has one gr^ advantage over that In 
lS^ te^t^^ in exhibiting imetb^ the fluxion be positive 
or negative, or whether the side or angle be increasing 
or decreasinff. See 1, 2, ♦, 6, 7, 8^10, K, 14, 16, 17, 
18, &c. Tne reader is advised to apply these observa- 
eiopi ip the astrgnomind extmphs^ 

The forms for right-angle^, tdailgles may evidently 
be deduced, as particular cases, from the above forms. 
]M[fi^ver, i| siimW proc^ wiU apply in Aiding die 
fluxions of the sides and angles mplanm triangles ftcmk 
corresponding data. See CotesU Estimatio Errorum in 
mixta Mathesi. 

SECT. XI*«<-Tb^ sutrject of Fhuqgnal Eouaticms, 
from the time of Simpson, has been cultivafed with 
very enoii^t ^ii|Qon||L a^d m^ny importmi iw4tf^ 
unknown at that period, have been obtained. 

The limits oT nn appendix not permitting us to 
discuss the subject in its detail, we shall present the 
student merely with an outline of these improvements. 

I. Let the variables be already separated. 

1 . * — L J. y =0 



Make - = •a+fcr-^^ca^-f (i??*+ex* =? t/^ 



^ <« f« f* a^ 



Put X •\-^ :=z Uy and x — ^ = o. •• . ^ :. 

Then x = -rr— , and y:;= --— ' 

= j+ctt+l d . (!<«+«•) + 1 ctt (tt« + 3t>«).,. (1) 

andl^=f=^'=X-F 

= 6t)+cii» + Jdo. (8««-|-t>*)+| c w (ii*>v«).(a) 
Multiplying equation (1) by v, and subtracting, we get 

-_— —_.=:-©'+ cttt>', which being again multi- 
plied by — , we have 

and taking the fluents, t' being oonsidoiiBd constant^ 

II* 1 



t) 



«*« 



Hence - = y/X + ^/F = v v/C + <6t + cu* 



By the same'process ve resolve 

* 1_ - 

and obtain 

Also 
^-- .-_ JIT— F io+ctn^+ 



"" t/C + d.(a7+y) + e.(«+y)* 



AnEHlMX. SOS 

By this method we find the fluent of 



to be 

Also from . 

(3)...... . . + y \ = 0, 

(4). Instead of resolving, by the above method, the 
equation ~ r. l 

X y 

+ .— = 



we have (^n. ~'a?= arc whose sine is x to radius 1, &c.) 

M». •"'» + wn.^'y = c&iiiBt, = «n. "'c (the constant 
being perfectly arbitrary). 

Hence c = sin, {sin. ~'x + sin, ~'^) 

=^n. («»."'«) QOB. (m»."'^) + CO*. («n.~'«) x 
sim, {sin. ~^y) 

= X . l/l— ^ ± t/l— X* x^, as it will be 
readily perceived by attending to the meaning of the 
symbols sin. "'«, &c. 

5. Required to resolve 

We have-on. (ion, "'a? + tan. "'y) = cons^ = tan. "'c 
Hence 

^ "• •^ l+tan.{tan.''^x).t€m.(timr'y) 



9M • AFPBKPIX, 

6. JRequired to lastke 

£ y 

Here we have 

l^. (r + V^l +«*)+/€gr. (y+ /l +5f«) = coiwf . = log. c. 
Therefore, by logarithms 

which admits rf fbrther reductions. 

^he above me th ods show that the flaentSy althoii^ 
logarithmic or circular, when taken sepantely, may 
firequentiy be vmdarea atgebrae, by a jJtupMr aiBlUB{itiiiii 
of tae form of the arbitrary constant. 

II. We wiff now proceed to soIvq Hofmogeneous 
Equations^ cnr those whose terms are eadi of the same 
dimension, wfaidi oomprehend an extensiT^ dbuB, add' 
presoit little difficulty. 

Every Homogeneous Equalifln. mapb^^ndwed t» 
this form 

^ = a function at^ =/(^* 

For the equation being ^ = -r^ (JH and N are ho- 

£ iv 

mogeneous functions of x and y), assume 

y 

^ = w, or^ = xu 

Then, substituting for y in M and A^, ^ will rise to 
tbe same dimension in every term of themi and by iM* 

sion^ = --- will become a function of the new viffklfe 

». N 

enly« That k 
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Therefore le H ss fu 

• • 

and - = ■ in which the variables being sepa* 

X fu -^ u 

rated we have 



log, a? = I -Ti 

Jfu — u 



Ex:iJ = ^i±i^. 

LiBt y :=iUX 

ux -{- txfn «"••+• buTtxT 1 + ift* 



Then 



X auro(r aU 



rfl* 



and - = r— ; T' which is to be resxdved as a 

rational fraction (Sect. V, Vol. II). 
(2). As a more simple case take, 



xy — yi = ac • ^x^ +^*. 

Here we get 

dc u 

and hg. x = &jf . C^ + ^T+IF} + hgc 

Therefore a!=c rtt+ •!+;;««) =c . (^ + I ^' + y\ 
and by reducdon 

(3). - = i±if . 
Assume ar = ««. Then y^"4f s ^2Lltif ss tf + 1 

TOL. II. X 
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Therefore ^ = ; = «, 

y u +1— M 

and log. ^ = M + const = m — log c, 

or M = /o^« cy, 
and cy=e" (e being the hyperbolic base) 

Therefore ^=—. 

(4.) - = — -^ . Make x=:yu 

^ ^ y t^ ^ 

andwegetj^\/^^ = c. 

(6.) (ax i-by) .y+Cfx+gy) x = 0. Makey^xu 

and we get - = — ; — ^ ^ and taking the 

fluents we shall obtain, after the requisite reductions^ 



logC.Cx+y)--- 



X 



X _ 

or C . (xA-y) = c""+». 
This process is applicable even when such forms as 

log. ( )j «* 9 COS. (- j &c. and generally any functions 
of *^, enter the equation. 

X 

III. (1). Equations reducible to the form 

^ + Jx'^i/* + A,x''y* + AiX^y^+ = 

X 

Tfiay be rendered homogeneous by the assumption 

y "sz u^ z=: W^"^, 
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whenever 



807 



= &c. 



1— n t 1— n, 1— n. 

For we find, by taking the fluxion and substituting, 
that 

rir-*.T + -4x"tr'+ -4,ic*v" + = 0, 

which will be homogeneous when 

r — l5=:m + »r = w\ + n^r = &c. 

or when 

m + 1 m, + 1 

r = r = = = &c. 

1 — « 1 — n, 

Ex. 1. ^ + ^J7"y + -4. - = 0. " 

X ^ ' X 

Ex.2. ^+-4jry +i<i« *-* j^^+-4»* "^^ j^^= 0, 

and so on to an indefinite extent. 

Generally, to investigate the Conditions for rendering 
the above Equation honwgeneous by 4issumptions of 
the form 

y zs. tt'jc'. 

Since- = rtt'^V.- + «%'*•"*• we have, by sub- 
op X ^ 



. • . • 



stitution, 

rtt'^V^+«w'a?^» + Jx*"+*'tt"'+ J.ar * "u " 4- &c. = 0, 

and it is evident that when this transformed equation is 
Aomog'eneoM^, we must have 

7*4.^— Issm+n^+nrsmi+n^^+n^r = &c. 

w+n— 1 .«+l m,+n, — 1 .5+1 

1— n 1— n 

the conditions required. 

X 2 
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It appears hence that innumerable equationi of the 
form 



^ f Asry + J,x *^ " + &c.= 6, 



by assumptions such as 

may be rendered homogeneous, and therefore int^able* 

In a similar manned tioay be finmd the conoztions 
requisite to ike api^calftlity of iStke asBUibptioiL 



r a r g 



y r= avTX' + aiU'd?' + d^U^X^ + • 

in rendering an equation of ^he above form homo^ 
neous, a^ »if ^s, &c. r, r^ r,, &c «, Siy s^, &c- being 
constants to be determined by convenient assnmplions 
in' the result, and u a new variable. 

Ex. Requirtd the dmikitnui of At^tabiSiy ^the 
Equation 

K + Ay + Bar z=0 (a) 

* • . 

by the Ammptum 

y =: aO^ + UX\ 

By taking the fluxions, and substituting finr^ and y 
in the equadbn, we obtain 

^x'+ (asx^'-{-Ja^a^)+u(s,x'^ +2Aax ') + 

Let « — 1 s 8» I ad ^ ^tt^ :^ <(T 

«i — 1 = « + «' j and s' + ZA» ='(E)J 

1 
Henoe « = — 1, « = — and ^^ = — 2:^a £= — 8. 



^ 
^ 



^ = -J- + M*-*. 



«— » 
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ind T x"^ + -4u*»-^ + jB*- = 0, 

X 

it 
or- + -4tt««-« + Bar** = (b) 

whidi is homogeneous when m = — S. 

When 9» is — 4, equation (b) is reducible to 

^tt«+5 "^ i^ "^ "• 

Hence, then, the given equation becomes int^rable in 
the cases of m=^ — S, and m = — 4, wheu transformed 
to equation (b) by the assumption 

ar' 

Again, let u s= ^^'"*, and jc^"*"* ;= Xi . 

Then, by substituting for u and v, x and «, ¥(e get, 
after ph^er reductions, 

and putting 
JB ^ II14-4 

|i + A,y,' + a;*" = ra,) 

which being siinikr to equation (a), may be tieated in 
like manner. 

Hence, by putting ^i = -rj- + Uixr*, we obtain, as 
before, 

-:^ + J.ttM"^ + B,x, ' = (bj 

Xi 

which is integrable when mi^-^Zj and when mi= — 4. 

Hence it is evident that by repeating the (^peration 
f* dmes and putting successively 
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=A, 



=A, 



m+8 
■g, 

&c.=&c. 
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m+3 

A, 

m,+3 

wij + S 



= iB, 



= JB, 



= 5, 



&c.=&c. ^ 



w+4 "^ 

m, + 4 
wii+8 
wia + 4 
wig+8 
&c.=&c.^ 



= «l3 



we shall at length arrive at an equation 

ilu^ 111+4 

— + A^uj^xr^ + Bj»^^ = r^MJ 

which is integraUe when lu^ = -^ 2 or — 4 ; and the 
equation from which this is immediately derived 



Ji + A^y^^ + 5^«" = 0. 



r«.; 



isintegrablewhen wi^=0(for then -^ — ^ j^ +»m=^)^ 

hence the given equation (a) is int^aUe whenever 
m^ = 0,-2, or —4. 

. 3m+8 
"But m, = 



WI3 = — 



8m+7 
7m +12 



mi =: — 



' "" 5m +9 
&c. = &c. 

(2^— l)m+4/x 



•*• W»/i* = — 



/xm+2/x+ 1 
Hence equation fa) is integrable when 
(2ft— l)m + 4^«. 



or when m = — 



fim+2/x + l 

4/A 



= or —2 or -4, 

4/A 



2f.-l 



or —2, or — 



2fc+l' 
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This example contains a complete discussion of 
Count RiccatCs Equation. , 

Every equation of the forms 

X 

^ + -4y2 + JBar 4. -^ ^ are reducible to the 

X '^ X ' 

and 4 + Ay^oir + Bjr+Cyx'^ 
form of Riccati*s equation, by the respective assumptions 

«^* = 1^, V = tf H ; xf*^^zsUy and thenv = t?4-*7-' 

X ^ An 

a 

(2). Equations of the form 

y ^ Jxy + jBo? "3^ " 4- &c. ^ 
~- ^ — --. y 
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* oxy + bx'q' + &c. 

may ie rendered Homogeneous by the Jlssumption 



m-p+l 



m + »^ = wi| + TTij = &c. =p +ry+r — 1 
= p, + r^i + r — 1 = &c. 
Ao/cZ good simultaneously. 

The truth of this becomes evident upon substituting 
in the given equation for y and y; and equating the 
sums of the exponents in the results. 

(3.) Equations of the form 

I ^ A+Bx+Cy _^ 

X a + bx + cy ' '^ 

become Homogefieous by the Assumptions 

A -^ Bx + Cy — ul 
and a -{• bx -^ cy z=: vj 
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. _ ^ ( • Hence, by elunination^ 



FmB±+ Cysiu 
and bit 

Ct? — cti 

.'. by substitution we have 
6t£ — Bi3 ie 



C6-ai + ; = ®» 
whence is easily derived 

ii Bv 4- Cu 

_ZLrr - rb) 

i bv + cu ' -^ 

which being homogeneoui, is theire&Mre integrable. 

(4.) Equations of the general form 
x'{aA + h^ + }, + x''{a, j-+i, J + ."} 

+ «3* {03 ~ + ^3 • - + } + &C. &C. = 0, 

the logarithmic forms — S^c, being taken in awf 

Xi 

order whatever, become homogene(ms by assuming 









X.' 


cs W, 








m 


= tt. 








*3 


= Ms 








&C. 


r= &C. 


and 


making the proper substitutions. 




For ^ 


2^ 


u, 






Xt 


1 


V, 






&c. 


= &c. 
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and /. we get, by substitution, . 

4- &c. = 0. which is homogeneous, the sum of expo- 
nents in each term being Zero. 

Ex. 1. ^ + -^ = — -, (seep. 890). 
First we reduce this to the above form by bringing it to 

\x ^ y)^ X 

Then, putting jf zs,u^ x*"*^^ s= o, and substituting 

16^ 1 ^ ii 

— . -^ for — , and — -=• . — for — , we get 

n u y m + l «) op ° 

(p ^ T u\ 1 ^ 

which is manifei^tly homogeneous, and may therefore be 
integrated whatever be the value of n. 

It appears from the text, that Simpson was not . 
acquainted with any method o^ integrating the above 
equation, except in the case of n=r. It is easy even 
Iiy the method of &ctors (that which he uses), to 
accomplish this object. 

Equations of the form 
(^ary« + 5«V + >(^^ + *f) + 

(-4Vy + W»/ + ) (a'l + *'|) = 

are reducible to homogeneity , whenever 

9iubmi dmuUanMmly. 
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^ , > and substituting for x^ y^ and 



For, putting^ = «' 

and X 

i, y, the second factors preserve their form, and first 
factors are rendered homogeneous by making 

nr+fiw=n,r+mi«=&c.=:gr+l>«=jii*+j»i«=&c. 

whence 

Wi— Wl wis"" Wl| 



«— w, »i— n-, 



- = &c. 



Generally f, (r, y, 5r, &c.) . (a — h 6 — + &c.) ' 

X y 

• • 

X y 

= y* (*>^5 ^9 &c,) (a' h 6' — + ••••) «M[y always 

X y 

be rendered homogeneous when the functions denoted ty 
fify are capable of such transformation by substittUions 
of the form 

« = tt% y = Ui * &c. 

For by substituting for x, y, &c. the powers of any 
other variables, we do not change the form of 

(a . ~ + 6 . — + ) &c. &c. 

X y 

which, therefore, remain homogeneous. 

The foregoing considerations will enable the student 
to integrate a great number of curious and interesting 
equations. Many will, doubtless, occur, of a perfectly 
novel character. 



y x^ • y 

The equation —, — j x — = «' becomes 

^ X Va + y X 

homogeneous by putting ^\^ Z^ ^ i ' ^^ ^^ fi^^ 
-cfter much labour^ that 



a+y ^ Jc- + ^(l + V^^) V^a+y ) ^^ 
a2 + 2(l-v/2) \/Y+y 
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Also ■? = l/2jp*+fty becomes so, by putting^ = «*. 

^ . y Av+Be' ^ , ^ 

Again, ^ H — = 0, becomes homogeneous 

by putting « = e-. 

IV. Having discussed at some length the subject 
of Homogeneous Equations^ we now come to an exten- 
sive and highly important class, called Linear Equa- 
tions. 

To integrate the general Linear Equation of the first 
order 

where X^ X' denote any functions of x. 
heiy = uv. Then 

y f) . it u . f) 

XXX 

jand by substitution we get 

— :- -f — r- + X.uv + X' - 0; 

X X 

3nd since we can make another assumption with r^ard 
to u, &c. let 



M5 




Then v . — 



Hence - + Xx = 

V 



••• ^ . t> -f: fXx = const. = I.e. 

.-. — = e^f^' 
c 

and t> = cc"-^**. 
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tlence ma •— = • 

t) c 

C9 the final arbitrary constant, being put s off. 

Ex. 1. 4 - ~ - — . «^ = 0, 
X a a 

Here JT:?: — — 

a 

^= -—it" 

a 

-^ a 

and fxX'e^'"'' = - ^ /afi e""-. 

But, integrating by parts, we faave 

« « JT 

/af^ c"2e t= - o^^ e ^ + a. (n-1) fjr*e~x 

m X » 

&c. = &c. 
Hence, by successively substituting, we get 

/xJCt^"" = ce"* («» + 7wix"-»+ n . (n — 1) a«x*-^ 
+ n. (n-1) (n-2)a^j;^ ) 

a X 

.\y = €• {— cc"* (4:*+nar*^'+n.(n-l)a«jr-8 + ...)+C} 
which is exactly the same result as that in page SQ3, 
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dednoed by dor autlior from priBd{Jies hm ifltdlfigiUei 
and conclusive. For the controversy whidh thait ela- 
tion led to, see London Mag, for June 1775, and 
T^umer's Exercises^ page 94. See dso Irish Trans. 
VII, 861. 

In his Miscellaneous Tracts^ Simpson subsequently 
^ve a general method of integrating Linear Equations 
with constant co^^ments ofaU orders. 

Ex. 2. ^ + y^ — - a » a 

Ans. j^= C («+ i/l+j:2)--^ . {x+ l/I+J^)-" + 

a 
^. . ^v (a:+ i/l+a?2) Euler Inst. Cal. Int. I. 

Ex. 3. f + („-l)|- — +^-^z^, = 0. 

vrhich expresses the sum of the imsA 
m m4-l wi + 2 , 

See Li^ange. Thiork des Panctiona Analytt^ptes, 
pagem 



t • > 



being drawn from the vertex^ making an angle of 46** 
with the axis, the ordinati ihay fe t& the corresponding 
subtangentj as (a) to that part of the ordinate produced, 
which is intercepted by the curve and the line drawn from 
the vertex. 

Let X = the abscissa of the curve measured from the 
vertex, a^ ^ t^ iKHlEesp|»nding ordinate. Then once 
the Z is 46^, the part ot the ordinate cut off by the line 
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iisiiiiig from the vertex == x. •*. the part interoqpted 
s^— jr. Hence 

• yx 

which gives 

ax 

— = y — X, 

y 

which is linear, with respect to x and its fluxion. 

, This may be int^rated more expeditiously than by 
the general method, m putting 

j^ - a: = tt, 

which gives 

a a— tt' 

Hence - =» fc — / (a — m) = /. 

a ^ a— fi 

? c 



a— j^+x 

.••x=s^ + ae* + C = y + ac* — fl> 
which expresses the nature required. 

7%e Equation 

I + J5, + xy+' = 0, 

tf reducible to the linear form, by putting u = jf^. 
For the equation becomes, by substituting for y andy^ 

a 

- — wJTtt — nJP = 0. 

a; 

Hence 

1 = tt = - e^- {fnotX'e^' + C}. 

Ex. 1. ^ + y — xy' = 0, gives an integral, 

X 
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— =zu = x + l+ce^. 

^"^ ^-i"^ r^ - «l/5 = 0, gives 

- i 1 — T* 

/y = c.a-»*) — 3— • 

v.— FFSenccer the eqimtion 

Py + Qx = (a) 

gives 

^ = ^ (h) 

X y 

(P and Q denoting functions of xy and constants^ and 

-7 , -r the partial fjuxional coefficients of P and Q, 

X y 

relative to x andy respectively J^ it is irUegrable, 

u 
For, let P = T fu being a Ainction of x, y, at 

present undetennbed;. 

P' u Q' 

Then — = -rr = -r- (by equation i). 
K yx y 



S19 



2£ U 



yx xy 

i-ii- 

and taking the integrals on the supposition that y is the 
only variable^ we have Q = -. 

X 

Hence, by substitution, equation (a) becomes 

^ T.y + -7 » =s = 1/ Ca^) 

which is a complete fluxion. 
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Now, since t y s /H/ 

\ we have 
_ If ^ ' 

and T dp as Qi 
d9 



or 



/, or /, denoting that the int^al is taken on the sup- 
I«Mtion of^oi^W constant, and X or Fa function 
of OP ory respectively. 

Henoe 

/./V - f,Qx = r- X (e), 

from whidi equation we can evidently detennine either 
For JT, by putting a? = 0, or jf = 0. 

The eqUati&M (e) md (c) art^ cotueqvenily^ st^ffident 
to determine the integral of (a) whenever the equation of 
condition (h), caUed the Criterion of IntegrahQity, i8 
found to subsist 

Ex. 1. ^ - ^/'^^ = = /V + Q3«. 

1 X 

Here P = - - 



Q = 






— = also -r. 



The equation is, therefore, integrable. 



< 
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(se6 Vol I, pp. 141 and 342) =f / . (i/x« + -f + x) ; 

"^ •/"' *=>'* • ^-?r-^ = ^- (V^M^+*) (Vol. I, 

page 140.) 

* 'Let or = 

Then F — cwimU = 
or F = C 

.-. « = /,Qi + F = / (•xs'T^ + a) + C = ft 

Let C ^='^ l,c^ 
Then / (/a?«+jf« + a:) = fc 
and we finally get 

The equation, being homogeneous, might have bees 
integiatecf by the process delivered in p. 305, Vol. II. 

Ex. 2. 2aryi 4- ax'^y — j^^^ — Sxy'y = 0. 
Here P ^ ax^ — 3xy^ \ 
Q = 2aa:j^-y J 

P' Q' 

.•.-=2aa.-8j^=-, 

or the equation is int^able. 

Now /, Py == /, (as'y - Si'/y) = ox^y - «y^ 
Mid /y Q^ = /y («a»y« — y^Jc) =^ayap2 — y^x 
.*. F^ Jr= oe^y — oc'y — ayxl^ + y^x 
= aa?*y — ayx. 

Let OP =3 0. 
ThenF-C = 

« = /y Qi + F = ayjp2 - y^j: + C = fr 
18 the integral required. ^ 

VOL. II. T 

-7 
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Ex. S. X 8tn.y+xy co8.y'{-y siru x+yd cos, x=0. 

Here P = x cos, y + sin. x | 
Q =z y cos, X + sin. y f ' 

P' Q' 

.*. -7- = cos, y + COS. ac = — , 
X y 

or the equation is integrable. 

Again, 

f^Py = f^(xy cos.y + f sin. x) 

s= X sin.y + ysinx (Vol. I, page 385), 
and /y Qx = /, (j(x co»* x + x sin. y) 
= ^ sin. X -i- X sin y« 

Hence F - ^ = 
Let X = 
Then F - C = 0, or F = C 
,•. u =3 /y Qi -f. Y =:zy sin. x -i- x sin. y + C =s 0^ 
is tbe integral required. 

In the preceding examplesf, F has merely been an 
arbitrary constant, or a function of y involving y only. 
Those that follow exemplify the Theory more Imly. 

Ex. 4. X (ax -{-by '\- g) + y {bx + % + G) = 0. 
Here P = bx -{- By + G) . 

Q = ax + fey + g- r 

P QT 

.••-7=6= T-» 

^ If 

or the equation is integrable. 

Again, 

B 
f.Py= bxy + -^y'+ Gy 

a. 
f^Qx^—x^ + bxy + gx 
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Let « = 0. 

Then r= C + -^ j^« + Gy. 

.-. tt = |ac« + -J jr* 4 % + gr-r + ^ + C = 0, 
the integral requifod. 

Then P= y^—- - 5T75 + %0 

or the equation is integrable. 
Again, 

and /y Qi at «1<«» + y^ - tow.-' - 



fm 



X 






Let » s 0. 

9, 



Then F= C + 6y' - 5 - = C' + ^'. 



Hence 

the integral required. 

y2 
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When a = 6 = 0, we have 

which is employed by Laplace in the demonstraticm o£ 
the paraHelqgram of farces. (M^can, C6L 1. 1, p. 6). 



Ex. 6. T.tfr ^ + ^/^^+.yy 

(X+ VX^ +J^«) V X« +y* 

By proceeding as before^ we get 

Ex.7. Letii = ;^ ^?^7=^===a 

Then it will be easily found that 

Again, 

^ r 2» /y r . « 

Let \/ — -=^ = If. Then x = v • -: ; 

and J? + J/ = ?3f"«« Hence by substitution we get 
.-. u^fPy+Qiy^sinr' \/^ + ^- ^> 



/ 
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N0W9 instead of determining Y hj finding the value of 
y*. Pjlf it will be easier to find its fluxion by taking 
diat of equation (1.) on the supposition that x il 
constant. 

Let SJ^-^ = t) 
Then flux, of *tn."* v = . 1= . , rr 

Hence 

and F = C, an arbitrary constant. 

••. u = «».-' l/*^^ + C = 

V ar+y 

.-. «fn.-' SJ^^ = - C = «Vf.-' C 

Hence - = ^ _ ^^ = ^'' 
the integral in its most simple form. 

The same result would have been more readily ob- 
tained by muhiplying the proposed equation by its de- 
nominator, and dividing by y< ; for thereby we get at 
once, 

The above process, however, serves to show, that an 
equation yi—j;^=0 may be rendered immediately in- 
tegrable, either by mtdtiplying each of its terms by 
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— . or by ■ ' — r-r ii ■ ,: , 8 circumstanoe whieli 

induces us to Investigate the integrabDity of fluxions, 
by means of the factor generaUy. 

VI. — There is a quantAyy ajkneticn of x, y^ mhkk 
being multiplied into 

Pj^+Qpt^O (a) 

W9iU render it immkdiaUly ifiUgrcbky Pond Q being aty 
functions whatever ofx^y. 

1. Supposing eq. (e) to have been doived ihna 
eliminating some constant (m) from, its integral, 
f{x^Vj mWO^ and the immediate fluxion {fip^yt m)}' 
s=0 (whidi may always be effected), let us put 

m^(p{x,y) 

Mvn ^ • ni m 

Then = m=s — v+ -r«. 

y ^ ^ 



m 



^ 



m ^ X ^ 

m ^ m 



and since neither of these 



y 



Q 
alsoy + p ac =^ 

equations contains the constant Cni)^ and are also prime 
to each other, they are identical. 

.ml 

And since m is a complete fluxicm, -r • -p must be the 

•7 

factor that renders P^+Qi also a complete fluxion; 
that is, whenever the equation (a) has arisen from the 
elimination of some constant (m) from its integral^ by 
means of the immediate fMxion, that equation becomes 

m 1 

immediately integrable by the factor -r- • p- 
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The same may be proved of the factor ~r • -^^ 

S. Let Vy^QSii^^ be supposed to have been gene- 
rated by the addition of P.y + 4 i^O, P^ + ^^==0, 
•P3y+Q3^==0y &c* which are each susceptible of im- 
mediate inti^ati<m, by a factor of the form 

bdng the eliminated constants; then, calling these 
factors, /A. , fA^., fAj 8cc. we have 

m\ +wi'8+m*3-f ...=fA|. (Piy + Q, a^) 4-/^4, (P,y + Q^x) 

+ &C = (fA, P, +fAiP<j + ^3 P3+ ...) y+(/=*lQl+f*2Q2+-0 * 

and m'l+it's-f being a oomplete fluxion, it will be 

sihdim as before, that — ^ — ^ — j~2 — ^ is a factor ca- 
pable of completing the fluxion Py-\-Qx, 

The proposition may be proved, in like manner for 
other cases. Those above, which, in a certain degree^ 
coincide, are sufficient to show that a factor (^) exists 
Capable of rendering 

(Py + Qi)f*=:0 

a complete fluxion. Hence, it may easily be shown, 
that thiere are innumerable such factors ; 

/ For, putting (Py + Qx) /x=w', we have 

fm denoting any function whatever of (m). 
Ex. xy — yx = 0. 

y 

This equation we know has an integral - = m. 

••• W — J^*) f* = wi = — rj — 
.•. ^ = -J is one value of ft, 
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Bnd(i^-j/i)-;^ = (^) ^.|^(^|)=0 being. 

complete fluxion, will give innumerable others. 
The integral will be the same for every factor. 

= 0, 

P'. ^ = c; 

X 

^ 

^"'c denoting the inverse rf ^. 

Althou|^, as we have just seen, there are inau- 
merable nctors capable of completing the fluxion 

Py -^ Qk^ 0, (a) 

they have been found but in very few cases, the prin- 
cipal of which are the following. 

The Complementary Factor may he fownd, (1.) when 

P' Q' 1 /Q' P'\ 

— = — ; (2.) when -=^ , ( _ — — ) is independent 

X y F \ y X / 

1 /Q' P'\ 

ofyfOr-— (-: ) ofx; (S) when the integral 

Q \y X / 

is known; (4) when we can separate the variables; 
(5) when we can so decompose the equation into parts of 
the form P,y -f Q, ac, PjV + Q«^ &«• <" ^^ obtain 
out- of the innumerable Complementary Factors of the 
parts, those which are identical. 

(1.) Let fc be the factor- Then since 

3S a complete fluxion, we have 

0^- ^ W ^p_ 3jg_^ 



X 



y 
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X y V* y/ . 

an equation whidi it generally is more difficult to in- 
t^rate than the one proposed. In the present case, 
we have 

X y 

X 

.•. — «+ -T y = 0, 

or lAzs, const, = c. 

Equations of this kind satisfy the Criterion of In^ 
i^rabUity. 

(2.) Let-^ ("^ — '-rj be independent of y. 
Then ..,_. ^^ « ^j =- - ^. - (eq.6) 

X X y X \x y « 

.■.!i =!(?-?) (.) 

whence we find ^ in terms of x. 

I /Q' P\ , 

Similarly, if jj l- r J be independent of x, it 

may be shown that 

(j: y /Q' P'\ 

7 ^ Q v;^ " "^z ^'^ 

Ex. 1 . The Linear Equation is 

y + Xyx + X'x = 
Here P = 1, Q = Xj^ + Jt' 
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.*. p- . ( -r T- ) — -^ which being independait of 



y 

^9 we have 



— = jc JT 



,-. fA = e^'^ 



.•. f'^y+(Xy^-X')e^'^ s 0, is a complete fluxion, 
which may be integrated by the method in p. 819. 

Ex. 2. a + (flflc + 9.hyy) V\ + x« = 0, gives 
1 /Z^ _ ^^ « %^ 1 ^_ 

Henee by equation (c) 

/ . ft = — / . v^m? 

1 



.'. <* 



\/l + j:« 



Ex. 3. j:'y + (4x«j^ - . i ^ i = 0, gives 
• • 

(AX 

— = - , and multiplying by f* = >r, we get the 

integral 

x^y + \/l — «2 = c. 

. (3.) Let the known integral be m a= /ft (Py + Qi), 
Then we have 

which being identical 

2^ 1 U \ 

y P X id 
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(4.) Uy and y be the imo new Tirialifes eiueeptible 
«f beug sejtaiated when sofaititutod in the equation 
Py+ Qi=:0, the result will be of the form 

2C being a function of x\ and Y of ^, 

Ek. TjT jPy + Qip = 0, be' iomogeneous^ tack term 
being supposed of m dimensions, the variables may be 
sepceratei by putting y zz x^ x, and a Complementary 

Factor is t; — —77-. 
Fy-^Ox 

For substituting, we get 

Pxi' + iPaf + Q) £ = Py + Qx 

x' X _ Py+Qx _ Py-\-Qx ^ 
^^otf^Q^x^ Px {:!f + Q\ "" Py-^-Qx 

- But Q = :r /. (jtO, and P = ar«/ (y) since x will 
rise to the same dimension in every term of Q and P, 
by the substitution of ;r'd7 for^. 

1 . . 

*'• ^ I n ^^ evidently a fimction of x^ alone, or the 

P 

first member of 

x' X _ Py+Qx 
ix^+Q'^x'^ Py+Qx 
P 
is immediately int^rable. 

.•• p ■ ^ is a complementary factor of the Ao- 

mogie?teou« equation, 

Py + Qi = 0. 
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This result may be verified by the CriUrion of /it- 
UgrabUUy. It might have been deduced firom Euler^s 
Theorem (see page 295, Vol. I.) 

The fiictor of 

being acy — yx — x v/x« + y« = — » Vx^ + ^S 

x« •«« + j^« . y — (xy \/«« + y* + ar' + xy«) i = 

becomes integrable by the method explained in pTSlQ, 
Vol. II. The integral is 

y + \/x2 -f y = cx«. 

(6.) Let Py + Qi = P.y + Q|i + P,y + Q.« 
and suppose {P^y, + Q, i) ^i, = v ^ 

Then it.^ 9i tf, f^g $« v will represent the g^cral form of 
the CiympUmtnJtary Factors ; and if, b^ any artifice, we 
can identify them, either of them will, evidently, be 
the Complementary Factor of Py + Q^ = 0. 

Ex. 1. Ayx + B$y + ay-x"i + hjf^'^^^'y = 0- 

Ax By 1 
Here u = — + -^ = — . (Ayx + Bxy) 
X y . xy ^ ^ -^^ 

ox hii 1 

1 1 



tt = Alx + 5fy ^ l.a^y' 
V = alx + bly = l.afy^. 
Hence the general Factors are 
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• 



since fi and ^3 represent arbitrary functions. Now to 
select such forms of these Factors as shall render them 
identical, we will put 

1 1 

and making f, (x^y^) = (x^y^f 

and 9, («-y) == («-yy 

hy substitution, && we get 

wfaidi will be identical if 

AG =z ag --n ) ^^ jf 
and jBG — 1 = Jg* — m ) 

a + &9t — am 



G = 



(lB-6J 



A+Bn^Am 

•*. the Complementary Factor rf the proposed equa- 
tion is 



^ •B-hA " mB'-kA 

X xy , 

which will give an intend 

Ex.2, (ax-y i/«« +y — a«) y — (ay + « V^a?^ +y-««)i 
as =s ojf — ayjc — fyy + aij V^j«+y«— a« 
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.'. ^1 5= »"^, fli = 1 

Mb 

1 /I 1 V 



^1 1 1,11 1 

«nd $, . — T . 



which detennining the identky of the fiuston of the 

.1 

parts, give that of the proposed equation = ■ ^ , . 

and the integral is 

a tanr' '^ + a to».""' l/x*+y-^= C 

Mr tf 

or a . ianr^ -^ . ^ - V^»«+A^— a^ = C 

In the preceding discussion we bave seen that eeerj 
equation of the rorm Py + Qi=0, is susceptible gc 
b^kig rendered iminediatelijr mtegrahk \xf means of a 
Factor, although it is very difficmt, if not impossible, 
in most cases, to discover tne form of that fictor. If tfiis 
could be effected generally, the inte^ation of equations 
between two variables, would be completely accomplbhed. 



APFSMBIX. S35 

£uler and others, despairing of any great success in 
tbis pursuit, havo abandoned it for tne reverse one— 
that of findkig the relation which ought to subsist 
between P and Q» given in form only, that the eauation 
Py-\- QirsO may become integrable when multipiiQl by 
a &ctor also given in fbrm. By this method an in- 
finity of equations are integrable, but being suck as 
scarcely ever are encountered in the Resolution of Pro- 
blems m the other branches of sdenee, it is sufficient to 
state that such a method exists. We should not, indeed, 
have insisted so much at length on the Direct Method, 
were it not of importance, as we shall see herea^er, to 
estaUish the ftet of the existeiioe dT a Factor capable 
of raidemig Py 4- Qi =0, a complete fluxion. 

Sjimpeion ioppears from pp. 289 and S90, Vol. II» to 
have beciR but little aoouainted with this Theory. 

W^ niciw pass oa to ISmsutar Solutions of Pluxional 
£jftfaCum^ whu^ are so ^nominated because of their 
not being comprised in the general form, with the 
arbitrary constant of the integral. 



VII.— -€¥»«! y ^ JTf (a Jimeiion of»} am integral 
^^ X jF {^iff y)i to find whether it be a Singular 

iSWulMM, ormerefy apctrticmkLr hdegrol ieduciblejrom 
th» Gemral fint^at y^ ^f for, e) by assigning to l&c 
ctrbitrary constant c some particidar value cf. 

If y=jr be a Particular luteal, since y—y, must 
= when c = c', we have, by the Theory of Algebraic 
^Equations, 

y, —j^ r= (c - O* X Q (1) 

m being the hidbest kideK of c — e', and Q sudi a 
function of a: and c—c' as shall neither =0 noi oo when 
e ^ d. 

Let {c^dy X Q = A. Then 
yi^y -^ K and by the meslioa ^ ^ F (ar, Vi > 

X . 
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= F {x,y+k) = I + - = F(T, jf) + J. But, bf 
Taylor's Theorem, F {x, y + h) ss F(x, y) + 

But -r is evidently (by the supposition with r^ard 

to Q) susceptible of developement, acrording to the 
ascending powers of A. Hence then, we infer that 
^ s X, wiU be a Particular Inte^id or a Singukr 
Solution, according as the members of equation (2) can 
or cannot be rendered identical^ that is, aocordiiig as 

-r: or —z &c. is not oo or is oo . 

Hence to find the Singular Solutions of an equaiioK 

• •• 

y y 

-, ^ F(x, y\ put r: = 00 , and the resulting vam» 

X xy 

between x and y which satisfy the proposed will be 
Singular Solutions. Others may he found by the like 

X 

research with regard <o tt = oo . 

^ yx 

Ex.1. ^ = 1 + ^^-IlJil 

X a* 

y x^9,y . , ^ 

Here vr = r-^ = oo cives no result. But 

xy a* ° - 

x^ _ -g^y _ 

y« — xy 4- a« = 
which does not satisfy the proposed, and is therefbie no 
singular Solution. 
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ly ' 



Ex. 2. ^ = 2j: + 2v^x'^ - v. 

y 1 

Here -r = y = oo 

,\y =z x^ is a Singular Solution, 

, X — X-V^xs— y 
and — = -^ — J y = «? 

and .*. X 4- V^«- —• j^ = 0, giving y = 
a Singular Solution. 



. Ex. 3r T 



X 



\/x^ + ^^ — C" — .V 

X- + V" = c«. 



gives 



Ex. 4. -r = V^5(* — X- + a, gives 



J/ = X. 



- Other examples may be seen in a Collection of Ex- 
amples of Applications of Integral Cal. by 6. Peacock, 
A. M. &c. 

Given the ' General Integral m = jf ( x, y, c ) = 
of Py + Qx = 0, to Jind its Singular Sdution^y 

^ any. 

« • 

a ii u , . . 

Since w = - ac 4- t V + — c* =: 0, it is clear that c 

* ,y ^ 

may either be constant, (wheD c*=0), or such a function 
of x,y, that 



-. =t 

c 



(1) 



In the former case c = const, being substituted in 

y (^» y? «) = 0, gives only a Particular Integral. In 

the latter, c may either be a particular constant, or a 

function of (a*, y), which being substituted in/ (r, y, £) 

VOL. II. z . 



t: 
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=0 will yield either a Particular Integral, or a Singular 
Solution respectively. 

Hence the values of c derivable from Eq . (1) which 
are variable^ produce^ ( except in extreme eases ) 
when substituted in the General Integral, Singular 
Solutions. 

Ex. 1. Given m =: x*— sin, (3y + c)=0 the General 
Integral of y = . , to find its Singular So- 

lutions. 

U V Sv 

Here —. = cos. (2y + c) = ; .'. % + c s= -g- , -^, 

— , &c. .-. 1 — X- = 0, and 1 + i-" = are both 

Singular Solutions. 

Ex. 2. Given («^ -\-y'-b) (y^— %) + (a:«— i) c*=0 
to find the Singular Solutions. 

By Eq • (I) we obtain 

c = ^ r^^ J which gives, when subslitutod, 

x^ — o 

X" — 

for a Singular Solution. This, however, is deducible 
from the Generid Integral in the extreme case «£€«€. 

Ex. 8. w = ^* — % + x2 — c2 = 0, the Intend 
^^f (^"— %^) p) - 4ay ^ — «2 — 0^ gives 

"". ! = — J/ and j?2-|-gyi— for a Singular Section. 

ri A . 4. Required the nature of th^ curve t^ which n 
g^j. • A dt line cutting ofi* the same area from an engidor 
space '^ ! every position, is always a tangent. 



\ 

\ 

% 
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Taking the line of abscisss along that bisecting the 
given angle (C)^ and its origin at C, let x and y be the 
rectangular co-ordinates of the curve required. Also 
put 5r" = the given area. Then T being the jpoint of 
intersection of the axis CT with the cutting line AB^ 
and PN the ordinate, at any point of contact P^ we 
evidently have, 

C 
2q^=^CTxsin. T {AT-^BT) = CT"^ sin. T sin. -^ 

^ !_ -^ _ CT^sin.^Txsin.C 

C\ "^ wt. (^r+GX V^'^cos.^C - COS.'' T ' 

Hence, by proper reduction, we get 

c c 

CT' + q" tan. ^ X c<rf.^ T c=i q"^ cot. — . 
But CT = X —y -:^ cot. T =z -; substituting, 

c c 

therefore, and putting q'^ tan. -^ =6^, and q- cot. -^ ;=«% 
and taking the root, we ha^, 

x-j^ -«. A X V ji -^« ,...,.... (1) 

Now taking the fluxions on the supposition that y is 
constant, there results 



(2) 



i..N^-l-^}=o 

J- = 0«4 J » ^ ...: , (3) 



« • 



or 



. /a^ x^ X » by 

y V £n"~ ^ = 6 -r, and -T = > , r.-, ... (4) 
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X 

If -r = c be substituted in fl) there results 

y 






(g) 



the General Integral^ which is the equation to the 
cutting straight line. 

ay X ^ ■ 

\( T' J be substituted for -7 in (1), we have 

b \/W+y^ y ^ 



hxVh^^-y^^a. (i« +y«), whence 
y2=-(x2-a^)..,. (h) 



a Singular SoltUion^ which shews the locus <»f the 
intersections of all the straight lines represented by. fgj 
taken two and two, or the curve to which th^ are 
tangents^ to be an hyperbola whose semi-axes recKon^ 

/ — C 

from the center C are & and a or 9 \/ tan. — 






and q ^ cot, -^ respectively. 

u 
We shall arrive at the same result by taking -r = 

in eq . (g)^ (which gives c =-Tr . ■ . . 1, and sub- 

stituting this value in eq . (g). 

From this example^ it appeoj^s^ that if we can deter- 
mine from given conditions^ the eqtiation of a curve 
u=:f(x, t/^ c) =: which is supposed to move according 
to a given law, then the locus of the intersections of this 
curve with itself or the curve to which it is always a 
tangent, may be found, by substituting the value of c 
derivedfrom 
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c 
in 
/(x,y,c) = 

the equation to the locus being a Singular Solution of a 
certain Jluxional equation, derivable from the consideration 
thai\the locus and curve, have in every position the same 
subtangent. By this process, .which, in fact, obviates 
the integration of a Fluxional Equation, and is con- 
sequently attended with less labour than other methods, 
an infinite variety of elegant problems relating to the 
motion of curves may be resolved. Our limits will hot 
permit more than two examples. 

Ex. 1. Supposing the center of a circle to move 
in the drcunference of another, whose equation is 
«*+^^=/2, required the Locus of Intersections, 

Let the equation to the moving circle referred to 
same origin and line of abscissae be 

(x^^y^(y^0)^^=zr^ (1) 

a and being the co-ordinates of its center. 
Then ««-|-|S2=:/% and substituting in (1) 

(a:-«)« + O-V^/---«0^— r2=0=M (2) 

and — . = — T + « + . "* - . (y — l/r'^ — a,^) 

U y^ ff^ _ g^ 

= — a/r'^ _ ^« ^ fljy — 






y ' , and similarly & = . 

which give firom eq . (1) 

a:«+y = (r' ± r)« 

the equation to a circle either exterior or interior with 
respect to the moving curve, which is the locus required. 

« 

Ex. 2. Let a straight line move so as always to cut 
off from the lines AX, AY, forming an Z = ^, 
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segments whose difference shall =- a ginen quantity D ; 
required the Locus of Intersections. 

Let y = Mx + N ... (1) be the eqtiation to the 
straight line in any position, refenrdd to the lines 
AX^ AY as co-ordinates originating in Aj and let it be 
supposed to cut them in a, &, respeetively. Then when 
xsO, we have Jb^y^N^ and wh^ ^^0, Aa^ 

« =— -jTL^ and by the question Ab ^ Aa ^ D 

N N 
=a:iV— ^ =3 -jT^. (M ^ 1). Hence flie equation (I) 

becomes 

u ±^ y -^ Mx ^ ^" ■' : =± (») 

in which M raries with the position of the cutting 
linen. Hcnee 

u D MD 



M= 1 -f 



k/ — , which being substituted in eq . ^2), 

and necessary reductions made, we get 

y^ - 2yx ^ x^ — ^.D {y 4- x) + -D^ = 

an equation to a pc^rabola^ since 4x1x1 = (—2)'. 
See Wood's Alg. page 291 . The reader may transfer 
the co-ordinates to rectangular, and thence find the latus 
rectum^ &c. 

The above method will also conduct us to the equa- 
tions of the Cycloid, Epicycloid, and generally of all 
curves generated by the revolution of one given curve 
upon another. It will, moi^covet, be useful in de- 
termining Caustic Curves, whethcar of Refteetion 6r 
of Refraction. 

VII L--^ Hitherto we hav« ccmfiued ouneelved to the 
Ihtegration of Fluxi<mal Equations of the iP'irst Order 
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and Degree. In the resolution of Physical and other 
Problems, however, it frequently happens (from opera- 
tions that may have been performed upon Fbixional 
expressions) that the equation, finally to be int^rated, 
assumes the form 

(a)...P+ Q. "?+*/- + 5'.^. -I- &c.=:0 

in which P, Q, JB, &c. are certain functions of x, y. 

' Equations of this kind are evidently reducible to those 

of the First Order and First Degree, by the resolution 

y 

of equation (a) algebraically with respect to -. In &ct, 

X 

supposing r, r, , r.^, 8lc. frinctions of jt, ^, to represent 
the recU roots of (a), we have 

'? - r = 0, ^ - r. = 0, &c. 

X X ^ 

which being integrated by the processes already ex 
plained, theur integrals, supposed ic=0, J?, = 0, JBj^O, 
&C. will each satisfy the equation. Also since 

Flux. (R X R, X &c.) =:R\ R,. R, Sac. 

+ R\. R. R^. &c. + R\. R . R^. &c. + &fi. 

and R' = 0, JR', = 0, R\ = &c. 

it is evident tliat the product of any number of R=^Oi 
R^ = 0, R2 = 0, &c. will likewise satisfy the proposed 
equation. 

Ex-1. j^. ^ + 2x. 4 =3/. 

TT y — X -\- V x^ + y* 
Here 4 = = — 

X y 

yy -f XX _ 

and y/x^ +y = c + X 
or y- c= «cjj -f C-. 



« 
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Ex. 2. ^ - OX' = 0. 



Here 4 = + l/ox. 



2 2 y 

'y — 3 voJf' + c,^ = — -g YQx^ + c, 
and combining these values, we have 

Although the above method is general in principle, 
yet it is frequently more commodious, in particular cases, 

to adopt the following processes. 

• • 

(1.) Let the Fluxumal Equation involve -r, or — 

X y 

with one of the variables (Xj y) only, or be of the form 

y 

Then putting -r =^ p^ since 

y =zpx ^ fp'x 

we have by substitution^ 

y =: px-- fpf. (p) (2) 

which being integrated, and p eliminated from equa- 
tions (1) and (2), we shall have the integral required. 

y2 1 
Ex. 1. Let 1 + ^ = -. 

«2 X 

1 

Here x = 



1 +p«* 
r.y rzr^x — tan,"^ p + C. 

But from p =: \^ . 

y = V^x - x" - tanr' \/ -^ + C. 
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Ex. 2. Let J^ + ^ = ojc . 4. 

X* OP 

Here (after making f =s to*) &c. we get 

and from the proposed equation determining the values 
of p and .*. of u, we easily obtain the required int^al. * 

(2.) All Equations of the Forms ( 

, = .. I +/. (i.) -(I) 

named after Clairaut^ become integrabk upon taking the 
fluxions, 

y 

For, putting ^ = p. Equation (1) becomes, after 

X 

taking the fluxions, 



>+m.p = o 



.'. |)" = 0, or p = c J 
^and^r+CW^O C 



(8) 
(4) 



P 

andpy derived from (3), being substituted in (1) will 
give the General Solution involving an arbitrary con- 
stant (c). Also, by means of (1^ and (4), we may 
eliminate j>, and thus obtain an mtegral involving no 
arbitrary constant, which will be a Particular Solution. 

Ex. 1.3^ = jT. ^-tayl -f ^. 

X X 

Here, the general solution is 

y = c« + a \/l 4- C-. 
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And since 

«p ^ ± a; 

which heing substituted in the proposed equation, gives 



.'. X H — yJL — • =0, or » = J 



and y 






'^ for the Particular Solutions. 



Ex. 2.j^=t=a:.4-ha\7l +4^. 

By the same process, we easily find 
y :^ ex -\' )/l + c' 



Ex. 3. To ^nd the nature of' a curve, such that the 
locus of the extremity o/' a perpendicular let fall from a 
given point upon the tangent, may b^ a given straight 
line. 

Let a be the distance of tlie given straight line from 
the given point, and supi)06ing i: to be noeasured along 
this distance froo^ th^ g^vcn point, wc shall readily 
obtain 

* • * t\ 

3^ = 2. 4- + «.— . (1 4 ^1, 

^ X y -^"^ 

ovy =px -^ --. (1 + p') 
whose integration afibrds the Particular SitlnlioM 
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ihe equation to a parabola^ whose parameter is 4 a, and 
directrix the given straight line. 

Another example is contained in Art^ 438. 

IX. — We now come to treat of the Inte^ation of , 
Fluxional Equations of Orders superior to the First ; 



and more particularly of those which occur most fre- 
quently in Philosophical inquiries, via. those of the 
Second Order. 

The general equation of the secoiid. order is expres- 
sible by 

in which x is supposed constant, aud f denotes any 
fnnction whatever. 

This equation may be subdivided into the particular 
cases 

/ (^, j;) = 0... 1 \ /y y 

f(}.y)^0...2\ and ^ 

which we shall proceed to integrate separately. 

(1.) Let /• (|, X) = 0. 

Here putting the equation under the form 



= 9* 

X* 

we have 



»2 



X "^ ^ 

X denoting a function of X, 
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=:^. + Cx + C, (a) 

the integral required. 

This method applies also to the form of the n^ order 
whose integral is of the form 

or since C, C,, C„ &c. are arbitrary 

yz:.X^, + C^r-' -f C, X— + C«., (6) 

Ex, 1. Let ^ = or". 

Here^=:a/jr« = r + C* 

Ex. 2. Let *— = a^. 

Here -ST^i = fxfxfxfx ...... /acx to w — 1 terms 

"" 1 . 2 ... n 
.'. by eq . (i), we have 



y •• •• 



X 
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and supposing x constant we have 

/. X = r-==4=== + C (c) 

the integral required. 

This method applies also to all equations of the 
form 






y'-^' 



For putting ■— 5- = «, we have 



*2 :e* 



••• IJ = ?«» 



and by the eq • (c) by integrating, we have 

\/cH-2/tt9te 
Hence deducing u we have 

U =i ^^ X 

whose integral will be given by the fonn (b). 



id) 



Ex 1 i^ — — i^ 

x^ a^ 

Here 



X = f- ^ ^ ^ + C 



a2 



860 APPENDIX. 



=/ 



ay 

y -\- C {c being arbitrary) 

vc*— y- 



^annr'^ -I- C 
c 

y . X ^ C 

or =— = «n. 

c a 

. X C , C X 

•^ a a a a 

X X 

= c' sin. — h e' cos. - , 
a a 



since c and C are perfectly arbitrary. 
Ex. 2. ^7 = 



The integral is 
a: 



= Q fl*(/y - 2c) V^\/y + c + (/. 



3 



Ex. 3. J^ = i?-. 
Here m =s — r. 

••• T- = ^^ 



and equation (d) gives 

x= 1-7=5== + C= I . ^ + C 
J Vc+ 2/iiM J Vc* + w« 

= / . (m + V^c^TV) -I- C 
.-. M + V'c^ + M^ = e^^ = cV 



c'2e'^-.c« 



•*• " - gcV 
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.*• the constants being arbitrary, we have 






X 



since fcef = c e*, and fc^ = — 06""*= ce 
(3.)Let/.(|,i)=0,|=,.|. 

y 

Here putting . - = ji, we get 

p 

X = 



p 



(e; 



f 1> 
J 9(P) 

•••^ = /?fe ; • 'f^ 

and eliminating p firom equations (e) and ( f ), we get 
the integral required. 

This process likewise apf^MS to the fenn 

For making -— p = ti, we have 

♦ 

- = <Pm 
and we hence gM 



852 APPENDIX. 

U = (P'JT (1) 

and by form (6), we finally get ^ in tenns of x and 
constants. 

Ex. 1. Reauired the nature of the curvey whose radius 
of curvature is constant y i. e. let 



(1.1) 






a = - 



x« 



Here|. = -l.(l+f)^=,g), 



and by equations (e) and {f) 






—op ap 






and eliminating />, we get after reduction 

(c - x)« + (c - j^)« = a» 
the' equation to a drek whose radius is (a). 

(4.) i>f / (I , I , X) = 0, or J = * (I , ,). 

Making ^ = ^, we have 

V 

^ = (p{Py X) '(g) 

which being of the 'first order, may be integrated in 
certain cases by methods already explained. 
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Let the integral thus obtained be 

.',y = f!it^'x (h) 

N. B. It is, in some instances, more convenient to 
get the form 

x = <^p Cg'J 

in which case 

y = fpx — px — fxp = j}X — fp Vp (AO 

whence by aid of equation (^) we eliminate p and thereby 
obtain the integral required. 

Ex. (1.) Required the curve whose radius of curwi' 
twre is a given function X of its abscissa x, 

" Here X= - ' 
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y. 



whence 



1 -f p« J -^ 



KOAf 



''■•y - J ^izr^^ 

which expresses the nature of the curve required. 
Ex. 2. Let (1 -hp«) + ap ^ = a^/l + p«. 

X X 

This equation becomes Linear, when put under the 
fton 
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which being solved by the ustial oiethod, gives 

ap + c 

w henoe, by eq . {A) 

and substituting for (ji), we finally get 

y = va^ +c* — ar* — c-c, " ■ ■ ^ - ■ = . 

.*^ e' (c -/««+€« -.x«) 

Making - = />, we have 

or|>p*=y?>0,j^J (1) 

whose integral, found by previous m^ods, let be 

TP = <pYj^; ... (2), bry = ^' rpj (8) 

as may be most convenient. 

If ^ = ^' (y)^ we have 

(4) 



"""J ?^j^ 



Ex.l. Let|-r3/| + a)=|-(l+g) 



/ 



\ 



y P d 



which being JLinear with respect Jo v, hy tbe form (a) 
116, 



in page 81 6, we have 



(6) 



and«= 1^ = 0/. «p) -he/* Jp + l/l+p^} 



. ' . . «J/ ± c Vy^ -}- a^ — c' 
and substituting for p its value •^. -^ ^ , 

derived from eq . 6, we have the integral required. 

Ex. 2. ^ H- -T H- jBy = Z>, which is the Linear 

Equation of the Second OrAet with cpunstard co- 
eScicnts. 

Here ^ + -ip + JBy = Z> 

Qf^E. ^ Jp ^ Sy sz D. 

Let By — Z) :p Bu. Then , we easily ^t 

^+J?- + J =0 
u p 

which, being homqgeneom, becoi^es, after x|^akingp=: uv, 
and substituting, &c. 



u 



— t)t? 



— tw 



a and b being the roots of i>^ + Jt>+B=0. 

Rencp 

• • _• 

V tf tt 

X =s — = — =s — 

-t5 



8aS 



86$ 
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and we .*. have 

— ^ax^ '— ^ ^ bx ^ —- 
u r— A' u "" ©—a 

.-. / . CM . (t? — A) = ax, / . c'tt (i> — a) =s bx 

f^ c** 

.•. t)— A = — , t> — a= -7— 
' tu cu 

whence 

a — A V c c / 

c, c" being arbitrary. 

Hence 

D D 

the integral required, which will require some sli^t 
modifications when a, 6 are either imaginary or equaL , 
This will be noticed hereafter. 

We will take two other particular ^cases of the general 
equation of the second degree, viz. 

-5 + P| +Q3/ = 0i (6) 

and J + P-| + Qj,=i2^ (7) 
P, Q, R being functions of x only. 

(6.) To integrate |- + P |- + Qy = 0. 

Let 5^ = e^". Then |- = uef , j =e/«.(^ + ««), 

and substituting, kc. we get 

J +«' + P«+Q = (A) 
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an equation of the Jirst order, which being integrated 
will give u in terms of* and .\y = c^"* in terms of «. 

(7.) To integrate the general linear equation of the 
second order, 

I' + 'P-f + Qy = R- 

This must first be reduced to the form (6) by as- 
suming 

y ^ y.v 

which gives 
f = f *+l'5'"|-=l'" + ^^'|- + 5- •5'' 

XX X X X* X- x^ ^ 

and by substitution 

Now assuming 
' .. . 

^' + P.f +Qj/, = : (a)- 

we have also 

But equation (a), the .same in fotm as (6), may be in- 
tegrated in like manner, producing 

y^ =/W •••• (c) 

which being substituted in e^ . £ renders it a Linear 

EqiuUion of the First Order, with respect to (-). 
Hence we find 

and V = fxf'x = ?a: .". (e) 
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Hence we finally d«tenfiifie 

Ex. (1.) — + 7- • - - ^ = ^^m • 

Here P = 1 , Q = - 1 , i? = -A. 

f f . (Aj by lY^idi (a) is integrated bectrihiiil 
- + ««+!!== 4 ...! (m) 

Make 11. =a - ; then we get 
u 

^hieh beii]^ Aoniogfeikfoi^, put Jt t= x j tcj , and we obfSm 

iii __ «? -f- «, — 1 . 
M Xi . («f — 1) * 

whence. 



1 ^ Ai + 1 
X, V jc, — 1 



and therefore, since Xi = «i:, we have 

X («* — 1) » 

•,yi = c^"' =-—-....:..... (r) . 

Again, eq . (ft) heiiicfe becbiil^ 

W "^ S* Jt(x2-l)''~(x«-^l)« 
whose integral, which Is easily found (see p. 356) gives 

J(ax+c) XX 

_ ax + c , , -r— 1 
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Henoe, we finally have 



mm 

Ex. (2.) -^ -f y = — J CO*. 0?. 

Here P = 0, Q = 1, jR = — -4 cos, or. And the 
integral is 

Ax 

J^ = C «». X 4- € COS, X — ~"q^ ^'^' *• 



V a^ — 1 m 

Ex. (3.) J? ~ -4;r J^ = ^±T • 

X 2 

Here V = -r-? • (ca^ TJ- 



\ 



(8.) We shall csonclude this division with exhibiting 
the integration of the General Linear Equation^ 

Pn + Ap^, + Bp^ + Np, + My = X 

where |),= '^jpjrz: ^, 8U5. = &c. -4, B, C 

X X* 



-AT, M are constant, and X is a function of x. 

"1-1 • . • '^ 

For this purpose, we will take the equation of the 

third order 

p, + Ap., + Bp, + Cy == Jr {A) 

Assume 



m X m tc 



Then since 

/>, = e-^lmfy, A + y^ 
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By su^ticuting &c. in the above equations, we get 
^ + (8m« + ZJm + fi) ^' + (8m + J) y, + 

(m* + Jm« -{- Bm + C) fy, x = -^. 

Now assuming 

m' + Jm^ + 5iii + C = (1) 

wc reduce the integration to that of 

I + ^. f + B.y. = ^ (a) 

ji,, Bjbeingput forSm« + 2^m-f-B+ and8w + -^. 

By the like assumptions with regard to^j, we find 
m« + J, w, + JS, = (2) 

and ^ + (2m. + J,) y, = r* (*) 

And again (making Sm, -f ^^ =s ^j) 

m, + J, = (S) 

•ndj/fa = r. — ;r* (0 

Henee then we get 

«* . "•/ r ^^ 

m« ptJt m* ^ Xx 

!fl = «' Sy%^-^ ' /C' »J g>(m+»n+,,^) 

tnof iBJf /* Xx 

and jf = e»^/c ' i/c^ i J ^..^^.^^^^^^ 

Again, let the roots of the equations (1), (2), (3), 
be denoted respectively by 
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and diminish the roots of (1) by any one of its roots 
{ci for instance) by putting 

^ u + Gi =z m; 

then th^ resulting equation will be 

u^ + (Sfli + -rf) M« + (Sal + Silflj + B) u + 
c] ^ JaJ+ Bai + C =: 0. 

But by equation a] -f Aa] + Sa, + C = 0. 

we have 

ti2+(3a,-f -4) M + 3aI + 2^fli+J?=0 (20 

whose co-efficients being =^i and J9, , (S) and (S") are 
identical. 

Hence m, = m =r m — a^ ' 

.•. ft, = a^ — <*il 

6i = flj — flj) 

In the same manner it may be shown that 
m^ = mj — ft, , or that 

Ci = 03 — ' a, — (oj — a,) = flj— flj. 

Hence, substituting a, , a^—a^, flj— a^ for m, nt. , m^ , 
we finally obtain 

ax O'^ a.x u'^a.x (^JlX 

y = e' /e* ' xfe' "« - 
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ax 

e 



which will be the complete integral of the Linear Equa- 
tion (A)^ because of the necessary introduction of 
three arbitrary constants by the triple integration. 

By an extension of this process, the equation 

Pn + Ap„„, -f ... Np, + Mi/=: X 

may be integrated, ,and it will be found that if a, , ^z ••• 
a« be roots of the equation 



•i 
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m" + Jm— * + Nm + if = 

the int^ral will be expressed by 

«« («—«)• (••>a2» («.«)» CJTX 

If a^y of the roots Oi , a, &e. be equal, the above 
solution still holds good, containing as before (n) ar- 
bitrary constants. 

If any of them be imaginary, the whole escpression 
may be rendered real by means of the Theorem 



COS. d ± • — 1 .sin.B=z et*"^^! 
and the circumstance of the entering by pairs. 

Ex. 1. 4 - 3 . ^ + sA--y = X. 

Here 

wi^ - 3m« + 3m — 1 = = (m — 1)^ 
or a, = 02 s aj = 1^ and •*. 

y = efxfxfx — 

which is easily integrated when X is known. 
Let X = 0. Then /x x = c, 
and ^ = e' {c^ x^ + c.2 x + C3} . 

Ex. 2. -^ + JSy = X, which is called the Problem 

of the Three Bodies^ firom the circumstance of its in- 
tegration being required in the Theory of the Pertur- 
bations of the motions of Three Heavenly Bodies 
arising firom their mutual attractions. 

In this example, since m^ + -^ = 0, we have 
a, = V^ — jB, ^2 = — V -- B. and 

y = c-'/e"*" ' i r^ = e^'^'^fe'-^'^HfxXe-'^^' 

J pi 



An u ptttionfatf tOB^ kt .^ 1= 0. 

Then /Oxi=c, /.c/e-^^^i= !l^ e-^'^^+c' 

=r:cc"**'^~* 4- c'. Hence 

=c (c(w. xv/B — t/^ * 9tn. xV^B)+c' (c9s. xVTB 

= (o + c) . COS. xs/'B— V^ . (e — «') «Vi. «v/5 
=c cos, x^B+c' sin xVB. 
since the constants are perfectly Arbitri^ry. 

For other partituldr cas^ see Woodhous^'s Astro- 
nomy, pp. 23, 97, 99i 100, 107, &c. 

^. In the preceding divisions we have explained 
the principal methods of integrating Fluxional Equa- 
tions betweei) two vdtiaUes. It yet remains for us to 
initiate the Student in the more refined and abstruse 
Theoij which leads to the Integration of Equations 
involving three variables, 

fiquatiotls of this kind may be represented gene*- 
rally by 

Pi 4= Qy + Ri ^ 0, 

1*, ^5 J?, being any functions of («,^, z) ; and they 
are called Total or Partial Fluxional Equations^ 
according as they involve all at only some one or two 
of jc, y, i. 

The T^al Equation 

^ + Qy + jRi ±= ......... (A) 

being proposed^ it is requiired to investigate the conditicm 
of its integr ability. 

Transform the equation to 

P Q 

= JP, ac + Qi y l>y hypoth. 
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Then, supposing it a perfect fluxion, we have^by 
page 819, Vol. II. 

y X ' 

But since P^ may be considered a function of (y^ x) 
and, again, z a function of (jc, y)j we have 

^ = ^ + i . ^ (see page 286, Vol. I) 

y y y ^ 

and by like reasoning we also get 

• "■" » • • • 

^ X X 2 

and substituting for P, , Q, their values we finally get 
after reduction 

y y X X z z 

the condition required. 

When this condition is fulfilled, we may proceed to 
integrate (A) as follows : 

On the supposition that z (or jc, or y) is constant, 
let the integral of Px + Qy = 0, found by previous 
methods, have the* form of 

m 

f. (x, y, 2r, Z) = 

Z being an arbitrary function. of z ; then taking the 
entire fluxion of this integral, and comparing its terms 
with those of the proposed eq . C^Ji ^^ shall obtain Z' 
in terms of Z, z, z alone, which will give Z, and there- 
fore determine the integral required. 

Ex. 1. Let X (y-^z)-\-y (x'\-z)+z (x+y) = 0. 
Here, since i = 0, we have 

•^ • (y + ^) + y ( »^ + -) = ^ 
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X V 



and considering z constant 

1 (xi-z) + / . (j/ + z) = const, =z I, Z 

/. (x + z) . (y + z) ^ Z. 
Again, taking the fluxions 
Z'=z (i+.i) (y^z) + (y^z) (x^z) 

= i. (x+J^ + 2^) Hr X. (j^ + :j)+y (oi + z) 
= 22i 

.-. Z =: Z^ + C. 

Hence the required integral becomes 

xz + yz + jcy = c 

Ex. S. 2:i+^+j^^=09 does not satisfy the Criterion. 
Ex. 3. (jr» + j^2) ;^ -. (^ _ fl) (j.jj ^ y^). 

Here jc^ + y = Z% 
and we easily find 

Z ^=^ c , (« — a), 

which gives 

X* + y = c« . (2: — a)2. 

Ex. 4. (y"- + yz + z'^) X + (x- + «z -f j^^) y + 

Here -— ; + -^ — =^^ ; = 0, 

X- + xz + z^ y^ + yz + z'^ ' 

whose integral is 

2 C z + ix ,z-h^y? 

or since Z is arbitrary, 

tanr' — -rrr- H- tanr' —7:^ = ton.-' Z 
2;V^3 z/3 
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.-. Z = 






which reduces to 

2- — srx— zy — »ry 
Hence taking the fluxions, &c. we finalfy get 

Would our lidiits permit, much more jnight ,be said 
on the subject of Total Equations. It wpmd he easy 
to show that the method cf Ae Factor is not ttpptiooble 
to them, except whesi th^ CQi^dition {a) is fulfilled (and 
therefore that there are equations between three variables 
whlriii it is jmpo^blje *o mU^9^)9 w4 m»ny pt]^ in- 
teresting circumstances ; but we must proceed to 
Partial JPlu^ipnal JSju^^ions. 

, (1.) Required to integrate 

Since y is not involved, y is supposed constMit, and 
the integral containing an arbitrarj^ftmction of y may 
be obtained, on that hypothesis, by the ordinary methods 
for equations between two variables. Sindlar reasoning 
will apply to the form 



Ex. (1.) f-^ - 3a?*) X s: 0. 

z 
Here -7- = Sx^, .-. ^r = x^ + ^y- 



Ex. («.) X - 4-i/«M^2 = 0. 
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XX 



Here i i= / ■ ' 



Ex. <3.) -r V^fi« -J^« -a?« = a. 

OX 



Here i 



i/a^— ^2— jp* 






Ex. (4.) -T- «y + a;? = 0. 
Here x being constnit, ve ^have 

or z'y s= c = <P». 

i 
Ex. (6.) — . (y + J?*) = y + *^j ^"^^^ '^^g 

homogeneous, we get 

jar X 

imr' Am."' -^ = ianr^ c 

y y 

z ^ 
. J J ^ . 

I 

2? — X 

and -T-; — sBcy s $y. 

X^O Required to tnt^(Ue (twhen possible) the 
Pabtial Linear Eoitatign 

Pp+ Qq^V C^J 



s 
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Pj Q, F, being functions of (*, y, z) and />} f Me 

i i 
partial fuxional coefficients -r, -r, of 2 relative to x^y 

respectively. 

Since z is supposed a function of (x, ^)y we have 

z - px + qy (B) 

and substituting p^ derived from C^J* in eq . A^ we get 
(Pi^ Fx) = 9 (Py^Qx) (a) 

the integration of which presents two cases. 

Case 1. Let P and V contain only (x, z) and P, Q 
only (y, x). 

Then, since 9 is indeterminate 

Pi-ri=0, and ^ (Py-Qx)=0 (ft) 

and there exist factors /«, ia capable of rendering these 
equations perfect fluxions (see p. 319) ilT, J^f'. 

Hence 

M'=iA. (Pz'^Vx):=:^i^q. (Py— Qi) 

which cannot be the case unless -7 n is a function of if, 

^ denoting an arbitrary function. 

Ex. (1 .) Let px + qi/=. nz. 
Here P=:r, Q=^, and V^nz 

,\ xz — nzK = 0, and JK^y — ^x = 



• 



X - y or 

= w -, and ^ = - 

z X y X 

if = — , and M' = ^ 



«- X 



4 



\ 



Ainntmtx. iSH 



which is ftn hom^eme^nsi fimePlon (i(:iif, 

Ex. (2.) px^ + qy^^ z^. 
Here P = j?S Q = yS and F= z« 
/. ;r«i - jt«i =ac 0, x^p^ji^x =3 

...j,=l_I,jr='--l 

a: ar x y 



ocar ^ \ xy J 



Case ^. Whai ar, yj r are inteftnfateij m^ P, Q^ V 
{eq . a), if we can detennine two integrali^ dP eqiMttidns 
ih) viz. M^a^ if^oly the integral of A will also in 
tms case be 

For let 

M =zAx -^-By^ Ci =2&} 

JT = oi + 6y + ci = OS 

then, in order to find the GOiiditicna en which Jlf — ^JTsO 
will satisfy Pp H- Qjfss T, we take the fluxions relatively 
to (z, x)y and (;?, jr)- thi&tehf obttainin^ 

(C-C9, rif';) J> + ^ - a?, (MJ = 

(C-c?, (Mj)q+3--b9, (M) = 0. 

Hence deriving p and q anJstibstituting tltem in eq. (A) 
we get 

^P+5Q+Cr=(p,rilf>. {aP+lQ+cV) ... (/) 

the condition required. 

But since, by hypothesis^ M K»S^M' satisfy equations 
(i), by substituting for i and x their values hence de- 
rived in eq . («), we get 

j1p+ jarQ+CK=o, wid «p+4Q.+cr -t a 

viM dunr tftsit dw^ nOnjiiliDiif /^/> isT lUlffiM bjr 
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Mss^JWy and consequently that it is an integral of the 
proposed equation. 

Now, since we obtain from equations (b) another 
Qi— Y^=0, the rule may be thus stated : 

Find two integrals M=z»f JW^za of any two of the 
equations 

Pz-- Vx^Oy Py - Qx:=iO,Q^^ Fy = ; 
then the integral ofPp-\-Qq=zV will be 

Jf = 9 . JT. 

Ex. 1. Let qxy —px- = y^. 

Here x^z + y^(& = 0, x^y H- xyx = 0. 

From the latter we get ry=:a silT, and substituting 
in the former for y^ 

a y« 

i+« . «-*i=0, and •'• ^ — oTi =^""^=*=^ 



and the integral is 

Ex. 2. px + qy = n^x^+y^. 






Here xz^nx^x^-^y^ = 0, xy^yx = 0. 

The second gives a' = - = Jtf' 

and .-. xz — Tiixt/l+Vs = 

2— ?i\/^H^=«=3f 



.•.5r=n\/x«+j^« + <p^|j. 



For complete information on this subject j which is 
intimately connected with many of the most important 
problems in Geometry and Natural Philosophy (as he 
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ivill discover on consulting the immortal works of 
D'Alembcrt, Euler, Monge, Lagrange, and Laplace), 
the Student is referred to Lacroix, 4to edition. 

Having a] ready exceeded the limits originally pre- 
scribed to ourselves in this Appendix, we shall forbear 
to comment upon the remaining Sections ; and the 
rather, because the details by our author are of them- 
selves su£Sciently ample and diversified. We must not 
omit to notice, however, the oversight committed in 
Art. 399, which our author himself subsequently 
corrected in page 135 of his Miscellaneous Tracts. 



THE BND. 



Printed by T. C. Haoaard, Peterborough-coort, Fieet-gtreet, London. 



